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Active Disturbance Rejection Control to
Consensus of Second-Order Stochastic
Multiagent Systems

Mengling Li, Ze-Hao Wu
and Bao-Zhu Guo

Abstract—In this article, we attempt for the first time
to apply the active disturbance rejection control approach
to the disturbance rejection and consensus for a class of
second-order stochastic multiagent systems, whose net-
work topology is undirected and connected. Extended state
observers are designed for online estimation of the unmea-
sured states and random total disturbance, which is the
effect of external nonrandom disturbance, colored noise,
and bounded noise corrupting each agent. Active antidis-
turbance consensus protocols based on the estimates of
unmeasured states and random total disturbance are then
designed to guarantee the consensus in both mean square
and almost sure practical sense, while random total dis-
turbance of each agent is compensated in real time in the
closed loop. Some numerical simulations are performed for
a practical system to verify the rationality of the consensus
protocols.

Index Terms—Active disturbance rejection control
(ADRC), consensus, extended state observer, stochastic
multiagent systems (MASs).

[. INTRODUCTION

ROMOTED by various sorts of research topics like coor-
dination, flocking, and formation of mobile autonomous
agents, the consensus problem for multiagent systems (MASs)
has been attracting considerable attention [1], [2], [3], [4],

(51, (6], [71, [81, [91, [10], [111, [12], [13], [14], [15], [16],
[17], [18]. The consensus problem has been widely investi-
gated for different MASs like integrator-type systems [2], [3];
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general linear systems [4], [5], [6]; and uncertain nonlinear
systems [7], [8], [9]. In particular, since random phenomenon
is often ineluctable in practice, the topic of consensus con-
trol of stochastic MASs has gained increasing research inter-
ests [10]. For instance, the practical consensus tracking and the
exponential leader-following consensus problems for stochastic
MASs by state feedback have been, respectively, investigated
in [11] and [12]. The consensus control of stochastic MASs
by dynamic output-feedback has been addressed in [13], the
consensus control has been, respectively, developed for MASs
with Markovian topologies [14] and the systems with randomly
switching topologies and noises [15], the mean square expo-
nential consensus control of second-order stochastic MASs with
external stochastic disturbances has been investigated in [16], the
adaptive neural network optimal consensus tracking control has
been developed for nonlinear MASs subject to stochastic distur-
bances and actuator bias faults in [17], and the event-triggered
consensus of stochastic MASs has been addressed in [18], to
name just a few.

On the other hand, disturbance rejection is essential in en-
gineering applications, which could be traced back to [19, p.
228], where it is declared that control should not be affected by
both internal uncertainty and external disturbance. Well-known
feedback control approaches, such as proportional-integral—
derivative (PID) control, robust control, and sliding mode control
attenuate disturbances by feedback regulation, which are not
direct and rapid enough to cope with mighty disturbances and
most often robust but at the cost of ruining the nominal per-
formances, and most of available robust control strategies are
worst-case-based designs [20]. These control methods are com-
monly regarded as the passive antidisturbance control ones [20].
Among many other control methods, the active disturbance
rejection control (ADRC) [21] and disturbance observer-based
control (DOBC) [20] are two active antidisturbance control
methods which estimate disturbances in real time and reject
them directly by a compensation control design. Compared
with aforementioned feedback control approaches, a disturbance
observer-based compensator is added in the design of ADRC
and DOBC to improve the robustness and disturbance rejection
of the basal feedback control, which is able to attenuate distur-
bances promptly and is not a worst-case-based design. However,
most of the aforementioned literature about consensus control
of MASs either has been paying too much attention on plant
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without disturbances or has been adopting passive antidistur-
bance consensus control methods only by feedback regulation.
Recently, the disturbance observer-based consensus control of
MASs without considering random factors has been receiving
increasing attention (e.g., see [22], [23], [24], [25], [26]).

Nevertheless, the active disturbance rejection consensus con-
trol of MASs is still in its early phase, and so far as we know,
there are no available studies concerning the random effects.
The deterministic counterpart can be found in [27], where the
extended state observer (ESO)-based consensus problem has
been researched for MASs subject to external disturbance and
input and output delays and in [28], where the practical output
consensus problem has been addressed by the ADRC approach
for nonlinear heterogeneous MASs with limited communication
data rate, unknown nonlinearities, and external disturbance.
The ADRC proposed in the late 1980s is a mighty estima-
tion/cancellation active antidisturbance control strategy to atten-
uate external disturbance and system uncertainty via ESO. As
the well-known PID, ADRC is almost model free. In the last 30
years, ADRC control technology has been validated efficiently
by numerous engineering applications, such as general-purpose
control chips produced by Texas Instruments [29], a dc—dc power
converter [30], robot control [31], power plants [32], and motor
control [33], etc. In addition, in the last 20 years, great attention
has also been paid to the theoretical foundation of ADRC on
stabilization, output regulation, and performance analysis of
controlled plants described by uncertain nonlinear systems [34],
[35],[36], [37], [38] and stochastic nonlinear systems [39], [40],
among many others.

Motivated by aforementioned state-of-the-art research, in this
article, for the first time, we develop the ADRC approach to the
consensus problem for a class of second-order stochastic MASs,
whose network topology is undirected connected. The main
contributions and novelty are as follows: 1) Each agent of the
MAS:s is subject to random uncertainty in large scale including
unmeasured velocity signal and external nonlinear couplings of
the nonrandom disturbance, colored noise, and bounded noise
which are all nonvanishing at any equilibrium; 2) the total effect
of all external nonrandom and random disturbances of each agent
is estimated by ESOs and rejected by an ESO-based compen-
sator in real time in the proposed ADRC framework, providing
anovel active rather than passive disturbance rejection strategy;
and 3) not only the mean square practical consensus problem but
also the almost sure practical one for the second-order stochastic
MASs is resolved.

The rest of this article is organized as follows. The problem
formulation and some preliminaries are presented in Section II.
The ADRC design and main results of the closed-loop conver-
gence are presented in Section III. Some numerical simulations
are carried out to validate the availability of the designed control
protocols in Section I'V. Finally, Section V concludes this article.

[I. PROBLEM FORMULATION AND PRELIMINARIES

Throughout this article, we use some notations as follows.
® represents the Kronecker product; E X represents the expec-
tation of a random variable X; the minimum and maximum
eigenvalues of a positive definite matrix X are denoted by

Amin(X) and A a5 (X), respectively; || - || denotes the 2-norm of
the matrices or vectors; 1,, and 0,,, represent the m x 1 column
vector with all components to be one and zero, respectively;
0,,,xr represents the m x n matrix with all zeros and I, repre-
sents the m x m identity matrix; and diag(ps, . . ., pm ) denotes
a diagonal matrix with diagonal entries p; to p,,,. C(R; [0, c0))
stands for the family of continuous functions from R to [0, c0).

In this article, a network of IV agents is considered. The
communication topology graph is undirected and is denoted
by G ={V,&, A}, where V={1,...,N} is the node set,
E={l, )i, j=1,...,N} CV x Visthe edge set, and A =
[ai;] € RV*N is the weighted adjacency matrix. The edge
(i,4) € & stands for the information flow from agent j to agent
i. For A, a;; = aj; = 1if and only if (4,7) € £ and a;; = 0 if
and only if (i, j) ¢ £. Moreover, a;; = 0 for any ¢ € V. The set
of neighbors of agent i is denoted by N; = {j|j € V, (4,J) €
E} Letd; = e, aij and D = diag(dy, ..., dy). Then the
Laplacian matrix associated with the graph is expressed as
L =D — A. A path from node j to i is a sequence of edges
(4,11), (i1,%2), ..., (ig, ) in the undirected network with dis-
tinct nodes 7; (I =1,..., k). If there exists a path between any
pair of distinct nodes of the undirected graph, it is said to be
connected.

Let B(t) = (By(t),...,Bx(t))" and W (t) = (Wi (), ...,
W (t))" be two mutually independent N-dimensional standard
Brownian motions defined on a complete probability space
(Q, F,{Fi}t>0, P) with  being a sample space, F a o-field,
{Fi}t>0 a filtration, and P a probability measure. This article
addresses ADRC for a class of second-order stochastic MASs
driven by both colored noises and bounded noises as

& (t) = v;(¢)

0;(t) = fi (t, 24 (t), vi(t)) + gi (£, wi(t), i (t)) + wi(t)
yi(t) = Ii(t), = 1, .. .,N

)]

where z;(t) € R,v;(t) € R, u;(¢t) € R, and y;(t) € R rep-
resent the measured position, unmeasured velocity, con-
trol protocol, and measurement output of the agent 7, re-
spectively, and we set x(t) = (x1(t),...,zn(t)) ", v(t) =
(vi(t),...,on()"; fi 1 [0,00) x R? — R is a known system
function of the agent i but f; (¢, z;(t), v;(t)) still represents un-
known system dynamics since v; (¢) is unmeasured; The function
gi : [0,00) x R — R is unknown, w;(t) € R is the colored
noise, and w;(t) := p;(t, B;(t)) is the bounded noise defined
by an unknown function g; : [0,00) x R — R satisfying As-
sumption (A2).

The colored noise w;(t) also known as Ornstein—Uhlenbeck
process [41], [42] can be expressed as the solutions of the It6-
type stochastic differential equations (see, e.g., [41, p. 426], [43,
p. 101])

dw;(t) = —pw; (£)dt + i/ 27 dW;(t) (2

where p1; > 0 and ~y; > 0 are constants denoting the correlation
time and the noise intensity, respectively; the initial values
w;(0) € R are independent of W(¢) and B(t); and we set
w(t) = (wy(t),...,wn(t))". Itis noted that in control theory,
random disturbances are often modeled by white noise, which
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is stationary with zero mean and constant spectral density and is
the generalized derivative of the Brownian motion (see, e.g., [44,
p- 51, Th. 3.14]). However, the white noise cannot always well
model the random disturbances arising in practice because its
o-function correlation is not exactly the one of real processes
with finite or long correlation time [41]. A realistic alternative
could be the colored noise which is an exponentially correlated
process.

For obtaining the disturbance rejection and consensus control
objective, we need the following Assumptions (A1)—(A3) and
Lemma 2.1.

Assumption (A1): Suppose that g;(t,w;,w;) (i =1,...,
N) have respective first-order continuous partial derivative
and second-order continuous partial one with regard to t
and (w;,w;), and there are known constants /; > 0,b;; >
0(t=1,...,N,j=1,2,3) and continuous functions o;; €
C(R;[0,00)) (i =1,...,N,j=1,2)suchthatfort > 0,w; €
R, w; € R

|fi(t,zs,v5) — fi(t, @i, 03)| < Lillog — 04| 3)
9gi(t, wi, @;) n dgi(t, w;, w;) N 9%g;(t, wi, w;)
ot Ow; Ow?
< bj1 + big|w;| + 041 () “4)

< bz + 0i2(w;). (B)

agl (ta Wy, wl)
awi

+ 8291 (ta Wi, wz)
ow?

Assumption (A2): The functions g;(t,;) : [0,00) x R —
R (i =1,..., N) have respective first-order continuous partial
derivative and second-order continuous partial one with regard
to ¢ and ¢;, and there are known constants ¢; > 0, such that for
t>0,¢;, R

d0i(t,si)

ot
119%0i(t,si)
2 o¢?

K2

doi(t, <)
N ‘ 0s;

loi(t, i)l +‘

+ < ¢;. (6)

Remark 2.1: The total effect of all external nonrandom dis-
turbance, colored noise, and bounded noise will be regarded as
the random total disturbance of each agent to be estimated by
ESOs in mean square sense, which motivates the Assumptions
(A1)-(A2). In consideration of the reality that the gain parame-
ters chosen in the domain (11) should be specified, the constants
bi;, c; and nonnegative continuous functions o;; in Assump-
tions (A1)—(A2) are supposed to be known. In addition, the
bounded noises w;(t) := g;(t, B;i(t)) (i =1,...,N) defined
by the unknown functions g;(-,-) satisfying the Assumption
(A2) are realistic. This is because this class of random distur-
bances cover those disturbances without random factors that
have been widely addressed via ADRC in literatures like those
in [34], [35], [36], [37], [38], where w;(t) := 0;(t) are defined
by the functions with regard to ¢ only, and the condition (6) in
Assumption (A2) is degenerated into the conventional condition
requiring the boundedness of disturbances and their derivatives;
for the random counterpart, the bounded noises with practical

background like “sin(¢ + B;(t))” and “cos(t 4+ B;(t))” in [45]
and [46] are also covered.

Assumption (A3): The undirected topology graph § is con-
nected.

Lemma 2.1 [47]: The Laplacian matrix £ of a connected
undirected graph G satisfies: z' Lz = 1 vazl Zjvzl a;;(z; —
z;)? for any x = (z1,...,2x)" € RY, which indicates that
L is positive semidefinite, and 0 is a simple eigenvalue of
L with 1y being the associated eigenvector; The eigenval-
ues of £ can be expressed by 0 = A1 < Ay <--- < Ay, and

. r' La
Ao = .. in —_—
zT1ny=0,240n T T

Now, we introduce the definitions of mean square and almost
sure practical consensus of second-order stochastic MASs (1).

Definition 1: The mean square practical consensus problem
for second-order stochastic MASs (1) is solvable if for any
prescribed € > 0, there exist a set of control protocols such that:
for any initial values, there exists a finite time 7'(¢) such that

Elai(t) —z;(t)] <e, Elvi(t) —v;(t)* <e

forallt > T'(s)andi,5 =1,...,N.

Definition 2: The almost sure practical consensus problem
for second-order stochastic MASs (1) is solvable if for any
prescribed € > 0, there exist a set of control protocols such that:
for any initial values, there exists a finite time 7'(¢) such that

|z (t) — z;(t)] < Awe, |vi(t) —v;(t)] < Awe a.s.

for all t > T(¢) and 4,5 =1,..., N, where A, is a positive
random variable independent of ¢.

The corresponding definitions of mean square and almost
sure practical convergence of the following ESOs (8) can be
introduced similarly.

The control objective of this article is to design ADRC
consensus protocols against large-scale random uncertainty to
solve both the mean square practical consensus problem and
the almost sure practical one for second-order stochastic MASs
(1), which means that the closed-loop states of the collective
of agents reach some common position and velocity not only
in mean square practical sense but also in almost sure practical
one.

IIl. ADRC DESIGN AND MAIN RESULTS

The random total disturbance affecting the performance of
the agent  is

zi(t) == g;(t,w; (1), w;(t)) @)

which is quite general since it combines the unknown nonlinear
coupling of the nonrandom disturbance, colored noise, and
bounded noise. The random total disturbance, as an extended
state of each agent i, is to be estimated online by the following
extended state observers (ESOs):

25(t) = 0i(t) + kar(a(t) — #(t)

0i(t) = fi(t, w5 (t), 05 (1)) + 2i(t) + uq(t)
J.rkzrz(yi(t) — (1))

2i(t) = kar3(yi(t) — #:(t)), i =1,...

(8)
N
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where #;(t),0;(t), and Z;(t) are the respective estimates of
the x,(t), v;(t), and z;(t), and we set Z(t) = (Z1(t),...,
En@)T,0(t) = (01(t),...,on()", and 2(t) = (21(2),...,
2n(t))". The parameters k;(i = 1,2, 3) are selected to ensure
that the matrix

-k 1 0
U= |-k 0 1 C))
—ks 0 O

3x3
is Hurwitz, and r > 0 is the tuning gain parameter specified
in (11). Here and throughout the article, we always drop r for
some relevant solutions like Z(¢), 0(t), 2(¢) by abuse of notations
without confusion.

The control protocols based on ESOs (8) are designed as

B =r Y aij{<xj<t> () + (o5(0) w))}

JeN;

= filt,@i(t),05(t)) — Z(t), i=1,....N  (10)

where a;;’s are the (i, 7)th entry of the adjacency matrix A,
k > 0 is the control gain specified in (11), and —Z;(t)’s are the
ESOs-based compensators providing the “active” disturbance
rejection. Compared with passive antidisturbance control meth-
ods attenuating disturbances only by feedback regulation, the
ESOs-based compensators are designed additionally to achieve
the goal that random total disturbance (7) of each agent is
estimated in real time by ESOs (8) and rejected directly by
the corresponding compensator. It can be found that the control
protocols are the ESOs-based output-feedback ones.

The ranges of two tuning gain parameters r and x are specified
as

11, := {’r S [1700) r> maX{2)\nmax(G) IIEaX li

<N
n)\f\, 5
+ + max ly +27 4)‘max(G) max l; + 2}
)\,2 1<i<N 1<i<N

I, .= {/16(0,00):,%>;1} (11

2
where Ao and Ay are the respective smallest positive and max-
imal eigenvalues of the matrix £ stated in Lemma 2.1, the
constant [; is specified in (3), and the matrix G is specified in
(28). All these relative constants and matrices can be specified
in practice, see for instance those in the numerical example in
Section I'V.

It is noteworthy that the tuning gain parameters r and x are
dependent on the smallest positive and maximal eigenvalues of
the Laplacian matrix £. This is the main reason why we do not
emphasize the designed control protocols (10) in the distributed
sense. It seems to be a sophisticated but practical goal to further
get rid of the dependence.

Remark 3.2: If the estimated values of measured position
x;(t) (i =1,..., N) are adopted, that is, the control protocols
based on ESOs (8) are designed as

u;(t) = K Z aij{(fi'j(t) —2;(t)) + (05(¢) — i)z(t))}

JEN;

— filt,&:(t), 05 (t)) — 2(t), i=1,...,N

then the range of the tuning gain parameter r will be smaller, and
Ji(t,;,v;) are required to be Lipshitz with respect to (x;, v;)
uniformly in ¢ € [0, c0).

Set

T(r) = psrtt + uo (12)

where p; (i = 1,2, 3) are any constants satisfying 1 > 0, o >
0, pus > 1.

The mean square practical convergence of the resulting
closed-loop comprised of (1), (8), and (10) including mean
square practical convergence of the estimation errors of ESOs
and mean square practical consensus of agents is generalized as
the following Theorem 3.1.

Theorem 3.1: Under Assumptions (Al)—-(A3), for any
initial values x(0) € R™ v(0) € RY w(0) € RV, (0) €
RN, 9(0) € RN, 2(0) € RY, there exists globally a unique
strong solution (x'(t),v"(t),27(t),07(¢),27(t))" to the
closed-loop system comprised of (1), (8), and (10), and there

exist r* € I and x € 1I5 such that for any r > r*, there holds
(C)
r2

(DE[ai(t) — @:(t)]* < % Efvi(t) — 0:(t)]* <

Elzi(t) — ()2 < 2

r

13)

(DBL(t) — 2,0 < Blo) — (0 < —  (14)

forallt > T'(r)andi,j = 1,..., N, where © and T are positive
constants independent of r specified in (42) and (45), respec-
tively.

Proof: See “ Proof of Theorem 3.1” in Appendix A. |

Remark 3.3: 1t is noteworthy that the mean square practical
consensus problem for second-order stochastic MASs (1) in
Definition 1 is completely solved by Theorem 3.1. This is
because for any prescribed £ > 0, if max{?%, Tl} < ¢, then the
mean square practical consensus of the second-order stochastic
MAS:s (1) can be obtained by the ESOs-based control protocols
(10) with the tuning gain of ESOs satisfying r > r*, and it
can also be obtained by the ESOs-based control protocols (10)
with the tuning gain of ESOs satisfying r > max{r*, % %
otherwise. In addition, (13) and (14) mean that in practice, if
we need high estimation and consensus accuracy, we need to
tune high gain parameter r of ESOs, and then the corresponding
ESOs-based control protocols (10) are designed. However, the
price and peaking values phenomenon near the initial stage of
the ESOs-based control protocols caused by high gain should
also be considered. Finally, it should be pointed out that not
only the steady-state performance but also more important
transient one are often required in engineering applications.
Equations (13) and (14) in Theorem 3.1 demonstrate exactly
the transient estimation and consensus results by giving upper
bound of estimation and consensus errors in the transient process
t € [T(r),o0). As a direct corollary of Theorem 3.1, the corre-
sponding steady-state estimation and consensus results, i.e., the
estimation and consensus results when ¢ — oo and r — oo, can
be obtained directly.
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Corollary 1: Under Assumptions (A1)—(A3), for any initial
values z(0) € RY v(0) € RY, w(0) € RY,2(0) € RN, 9(0)
€ RN 2(0) € RY, the unique strong solution (z'(t),v'(t),
21(t), 0" (t),27(t))" of the closed-loop system comprised of
(1), (8), and (10) satisfies

t—o0
00

(1) lim E [m) a0+ Juslt) — ()

+ |2 (t) — ,éi(t)ﬂ =0

(i) 1im E[Ja; () — 25 ()] + [os(t) — v, ()7 = 0
fori,j=1,...,N.

Proof: It can be concluded directly from Theorem 3.1. W

On the basis of of Theorem 3.1, the corresponding almost sure
convergence of the closed-loop system in the transient process
is summarized as follows.

Theorem 3.2: Under Assumptions (A1)—(A3), for any initial
values z(0) € RY v(0) € RY w(0) € RY,2(0) € RN, 9(0)
€ RV, 2(0) € RY, there exist r* € II; and k € Il such that
for any r > r*, the unique strong solution (x'(t),v"(¢),
21(t), 0" (t),27(t))" of the closed-loop system comprised of
(1), (8), and (10) satisfies

()12 - 2001 < 2%, Ju(t) - (0] < 22

15)

|z:(t) — 2:(1)| < —ef a.s. (16)
ra
TUJ w
() ealt) = 5] < 2, ()~ vy < 2 s (1)

forall t >T(r) and 4,5 = 1,..., N, where ©, and T, are
positive random variables independent of 7.

Proof: See “Proof of Theorem 3.2 in Appendix B. |

Similar to the illustrations of Remark 3.3, the almost sure prac-
tical consensus problem for second-order stochastic MASs (1)
in Definition 2 is completely solved by Theorem 3.2. Compared
with the convergence result for the average of the estimation and
consensus errors presented in Theorem 3.1, Theorem 3.2 shows
the convergence result for every sample path of the estimation
and consensus errors.

Similar to Corollary 1, the almost sure convergence of the
closed-loop system in the steady-state process is summarized as
the following Corollary 2.

Corollary 2: Under Assumptions (A1)-(A3), for any ini-
tial values x(0) € RV, v(0) € RV, w(0) € RN, #(0) € R,
9(0) € RV, 2(0) € RN, the solution (z'(t),v"(t),27(¢t),
97(t),27(t))" of the closed-loop system comprised of (1), (8),
and (10) satisfies

(i) lim [xxt)—@(t)+|vi<t>—ﬁi<t>|+|zi<t>—z»<t>] ~0as.
(18)

T—00

(i) lim [mu) — ()] + [oilt) - v.j<t>|} —0as. (19

T—00

fores,7=1,...,N.

» ©

Fig. 1. Communication topology.

Proof: It can be concluded directly from Theorem 3.2. W

Remark 3.4: Compared with most available studies con-
cerning consensus control of stochastic MASs and theoretical
researches of ADRC, the difficulty is the sophisticated stochastic
Lyapunov analysis of the closed-loop system resulting from
the combination of large-scale random uncertainty of agents
and the fact that the control protocol for each agent only uses
measurement output and estimates of its neighbors, where the
latter leads to the common dynamic decoupling by the ADRC
approach [34] is impossible in this scenario. This article makes
full use of properties of the undirected connected network topol-
ogy, Kronecker product, augmented state method of ADRC, and
some stochastic analysis methods to overcome the obstacle.

Remark 3.5: 1t is worth noting that when the random noise
vector field does not vanish at the equilibrium at the origin,
most available studies only address the input-to-state consensus
result with respect to the noise as the input or the boundedness
one, resulting from the passive feedback regulation methods. In
addition, the more realistic almost sure consensus problem has
been relatively less addressed in available studies. Compared
with these existing results, in the presence of nonvanishing large-
scale random noises, the main results of this article obtain more
efficient mean square and almost sure practical convergence of
the closed-loop system in both transient and steady-state pro-
cesses, whose estimation and consensus errors can be arbitrary
small by tuning the gain of ESOs, brought by the active real-time
estimation/cancellation of the random total disturbance.

IV. NUMERICAL SIMULATION

For the sake of readability, in this section, some symbols
are used again with the same meaning as previous sections. A
multiple mechanical system with four one-link manipulators [1],
[48] subject to external nonrandom disturbance, colored noise,
and bounded noise is considered. Each mechanical system is
modeled as

MO () +CO; (1) + N sin(V;(t)) = ws (£)+g: (¢, w;i(t), @i (t))
(20)

where i =1,2,3,4, 9;(t),9;(t), and J;(t) denote, respec-
tively, the measured link position, unmeasured velocity, and
unmeasured acceleration of the ith mechanical system, M = 1,
C = 0.03, and N' = 2 represent, respectively, the inertia, the in-
ertia coefficient of viscous friction at the joint, and gravity, u;(t)
is the designed torque as a control input, and g; (¢, w;(t), w;(t))
is the random total disturbance. The communication topology
is presented in Fig. 1. The corresponding Laplacian matrix L is
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vi(t) = 04(t))"

(1)~ i5(1)

o (t) — Da(t)

(vi(t) = By (t)

001 2 3 4 5 6 7 8 9 10 11 12 13 14 15
Time

(a)

agent1
= = —agent2| |

agent3
.......... agentd

001 2 3 4 5 6 7 8 9 10 11 12 13 14 15
Time

(b)

Fig. 2. Trajectories of v, (t) — 0;(t), zi (t) — 2 ().

obtained as

2 -1 -1 0
-1 2 0 -1
L= -1 0 1 O
0 -1 0 1

It can be calculated that four eigenvalues of L are Ay =
0,A0 = 0.5858213 = 2,and A4 = 3.4142. Set yl(t) = .’131(1‘5)
9;(t), v;(t) = ¥;(t). Then system (20) is expressed as

@1

where z;(t) := g;(t,w;(t),w;(t)) is the random total distur-
bance affecting the ith mechanical system. The ESOs are de-
signed for estimation of unmeasured state v; (¢) and random total
disturbance z;(t) of each mechanical system as

2i(t) = 0i(t) + 3% 25(y (1) — &:(1))
0;(t) = —0.030;(t) — 2sin(z;(t)) + 2(¢)
Hui(t) + 3% 25%(yi(t) — 2:(t))

zi(t) = 25%(yi(t) — 24(1))

(22)

agent1
= = —agent2 |

agent3
.......... agentd | -

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
Time

(@)

agent1
= = —agent2 | |

agent3
.......... agentd

2 3 4 5 6 7 8 9 10 11 12 13 14 15

Time
(b)
Fig. 3. Trajectories of z;(t), v;(t) under the random total disturbance
gi(t,w;(t),w;(t)) = cos(t) + w;(t) + w;(t).
) -3 1 07 )
where the gain r =25, and U = | -3 0 1 | is the Hurwitz
-1 0 0

matrix. The ESOs-based control protocols are designed as

wH =103 aij{@cj (1) — (1)) + (5(t) m(ﬂ)}

JEN;

+ 0.030;(t) + 2sin(x;(t)) — 2:(¢) (23)

where £ = 10 is the control gain. A simple calculation shows
that

_1
2

which is the unique positive definite matrix solution of GU +
U'G = —Is.

In the numerical simulations, the initial values are cho-
senas z(0) = (2,—1,1.8,—1.5)T,v(0) = (0.5,0.3,1, —1.2) T,
#(0)=(0.8,1.1,0.6,0.7) ", ©(0)=(1.2,0.8,0.4,0.5) ", 2(0) =
(0.1,0.15,0.3,0.2) ", w; (0) = 0.1.

In Figs. 2 and 3, the random total disturbance is specified
as g;(t,w;(t),w;(t)) = cos(t) + w;(t) + w;(t), where w;(t)
is the colored noise defined as that in (2) with u; =, =
1(1=1,2,3,4), and w;(t) = sin(2t + B;(t)) is the bounded
noise. It is easily found that the Assumptions (A1)—(A3) are
all satisfied. It can be observed from Figs. 2 and 3 that the

Authorized licensed use limited to: Foshan University. Downloaded on June 20,2023 at 00:13:57 UTC from IEEE Xplore. Restrictions apply.



Ll et al.: ADRC TO CONSENSUS OF SECOND-ORDER STOCHASTIC MASs

999

agent1
— = —agent2 ||
agent3
.......... agent | |

2 3 4 5 6 7 8 9 10 11 12 13 14 15
Time

(a)

agent1
- = —agent2| |
agent3
.......... agentd

1.2 3 4 5 6 7 8 9 10 11 12 13 14 15

Time
(®)
Fig. 4. Trajectories of z;(t), v;(¢) under the random total disturbance
gi(t,w; (t),w;(t)) = 2cos(2t) + 1.5w; (t) + 1.2w0;(t).

estimation effect for both unmeasured state v;(¢) and random
total disturbance z;(t) and the obtained consensus effect for
the multiple mechanical system are very satisfactory after a
short time. In Fig. 4, the intensity of the random total distur-
bance is varied as g; (¢, w;(t), w;(t)) = 2 cos(2t) + 1.5w;(t) +
1.2w;(t), where the Assumptions (A1)-(A3) are still valid. It
can be observed that the corresponding good consensus effect
after a short time is still maintained, which reflects the robust
performance of the proposed protocols (23) to a certain extent.

V. CONCLUSION

This article adopts the active disturbance rejection control
for the consensus of a class of second-order stochastic MASs.
The network topology among agents is supposed to be undi-
rected and connected. Each agent of the multiagent systems is
subject to external nonrandom disturbance, colored noise, and
bounded noise, whose total effect is considered as a random
total disturbance. The random total disturbance of each agent
is estimated by ESOs and compensated in the ESOs-based
control protocols in real time. Theoretical proofs are presented
to prove the consensus of agents in both mean square and
almost sure practical sense. The validity of the proposed active
disturbance rejection consensus control strategy is validated
by some numerical simulations. In the future work, it would
be significant to relax the topological structure and introduce
event-triggering mechanisms in both the ESOs and ESOs-based

control protocols, bringing more efficient utilization of commu-
nication/computation resources in networked environment.

APPENDIX A

Proof of Theorem 3.1: Foralli =1,..., N, set

min(t) = r2(2(t) — 2:(1)), ma(t) = r(vi(t) — 0:(t))
Mis(t) = zi(t) — 2i(t),mi(t) = (mia (), miz (), mis (£)) "
n(t) =l @),....nx(1)"
2(t) = & Lisy @i(t) = y1ya(h)

(1) = % Cily v

O‘i(t) = l(t) - 'f(t)v Bz(t = Ui(t) - T}(t)
at) = (a1 (t),....,an(t) ", B(t) = (Br(t),....Bn(t)"
i (t) = fi(t,zi(t),vi(t)) — filt, @i(t), (1))

(24)

Apply 1td’s formula to z; (t) defined in (7) with respect to ¢ along
(1) and (2) to yield that

le(t)

_ {agi(tawz‘(t)»wi(t)) ~ Ogi(t,wi(t),
ot Bwi

@i(t))

piw;(t)

doi(t, Bi(t)) | 19%0i(t, Bi(t))
< ot 3 o} >
102, (t, wi(t), @i(t) (Doilt, Bi(t)\*
2 Ow? ( 0s; ) }dt
. 3gi(t7w5§2,wi(t)) agi(téfi(t))dBi(t)

= Fil (t)dt + ].—‘1'2 (t)dBl (t) + Fig (t)dWl (t)

where we use ¢; as the second argument of the function g; (-, -). It
is easily obtained that n;(¢),7 = 1, ..., N satisfy the following
[t6-type stochastic systems:

dni(t) =7 (ni2(t) — kani () dt
dnio(t) = r (mis(t) — kamin (t) + 1L (t)) dt (25)
dnis(t) = —rksni (t)dt + Ty (t)dt
+Ti2(t)dB;(t) + Tz (t)dWi(t).
Set Cy=1(0,0,1)T, C =(0,1,0)", TIy(t)=(C{T'n

(t), ey OIFNl(t))T ( ) = dlag{ClFlg, 01F227 PN C1
FNQ} S RBNXN,F:;( ) = d1ag{ClI‘13, CiTas, .. Cerg} €
R3V*N and TI(¢) = (Cg Uy (t),...,C Uy (t))". By (25), it is
obtained that 7)(t) satisfies

dn(t) = r(In @ U)n(t)dt + Ty (t)dt + rII(¢)dt
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+ Ty (t)dB(t) +TI's (t)dW(t) (26)
Let D =1y — %lle € RV*N We then have
a(t) = z(t) — x1x1iz(t) = Da(t)
B(t) =v(t) — +1n1%v(t) = Do(t).
We further set ¢(t) = (z"(t),v"(#))" and ®(t) = (a'(t),
BT(t))". We then have ®(t) = Iy ® D(t). In addition, it fol-

lows from Assumption (A3) that £ is symmetrical and hence
DL = LD. Therefore, it can be concluded that ®(t) satisfies

dd(t) = (C3C) @1y — kC4Cy @ L)D(t)dt
— kC4C @ LO(t)dt + Cy @ D(t)dt + Cy @ DIT*(t)dt

where o) :=(27(t),o"(t)",C5:=(1,0)7,Cy :=
(0,1)7,@(t) := Iy ® D(t), 2(t) := (21 (t) —
20(t), .., 2n(t) — 2 () T I (t) = (I (t), ..., N (1) .

We thus conclude that the closed-loop system comprised of (1),
(8), and (10) is equivalent to

dd(t) = (C3C] @ Iy — kCyCy @ L)D(t)dt
—kCLC] @ LO(t)dt + Cy @ DE(t)dt

+Cy @ DII*(t)dt

dn(t) = r(In @ U)n(t)dt + Dy (t)dt + rII(t)dt
+D5(t)dB(t) + Ds(t)dW (t).

It follows from (2) that the colored noises w;(t) (i = 1,...,N)
can be referred to as the extended state variables of (27), and the
bounded noises w;(t) (i =1, ..., N) with deterministic bound
satisfy Assumption (A2). These, together with Assumption
(A1), yield that the drift and diffusion terms of (27) actually
satisfy the local Lipschitz and linear growth conditions. From the
existence-and-unique theorem of the Itd-type stochastic systems
(see,e.g., [43,p.58, Th. 3.6]), there exist a unique global solution
(®7(t),n"(t))" to the equivalent closed-loop system, and the
unique global solution (2" (¢),v" (t),2"(¢),2"(¢),2"(t))" to
the closed-loop system that is comprised of (1), (8), and (10)
can be concluded directly. Choose the Lyapunov candidates as

1
Vi(n() =n' (O)(Ix ® G)u(t), Va(2(t) = ;@' (HQD(?)
where G is the unique positive definite matrix satisfying

GU+U'G = —I;4

27)

(28)

In

2kl
with U given in (9) and Q = [ Iy Iy
follows that:

} . By Lemma 2.1, it

Va(@(1)) = na (0£a(t) + 5 (Walt) + 567 (05

> rhgar! (H)a(t) + BT (Ha(t) + %ﬁT (t)B(t)

where it can be obtained that Vo(®(¢)) > 0 and Vo(®(¢)) =0
if and only if ®(¢) = 0o since k € II,. Define

Vin(t), (t)) = Vin(t)) + Va(®(1)).

By using It6’s formula, one has

av(n(t), ®(t))

= (rnT(t)(I[N @ (GU+UG)nt) +2n" (t)(Ixy @ G)-

(Ty(t) + rII(t +Zr leielen

+ Z % ()0 G01>dt +2n" () (In ® G)Ty(t)dB(t)
+2n" () (In @ G)T3(t)dW (t)

+ {;@T(t) (Q (C3C{ ®In —KCyly ® L)
(O] 9y —rCi1] @ L) Q)<I>(t)
+ o' (1)Q (50401 ® LD(t) + Cy @ DA(t)
L0, ® DH*(t)) }dt

= (= I + 207 (01 © G)Ee) + (D)

+Zr 01G01+Zr ClG01>dt

i=1

+2n" (1) (In @ G)Ta(t)dB(t)

+2n" () (Iny ® G)L'3(t)dW ()

+ <¢T(t)(04 CI RIy —I® Iﬂ?ﬁ)(b(t)

+ k0T (1)((CaC{ + C5CY) © L)D(1)

+ 3" ()1, @ D)Z(t) + @ () (12 ® D)H*(t))dt (29)
where ®(t) := ®(t) — ®(¢). By Assumptions (A1)—(A2), it
follows that there are known positive constants 7; (j = 1,2)

independent of the tuning gain parameter r such that for all
t>0:

El|(Iy ® Q)1 (O] < m

N
E Y (T5(0) + T4(1) < m2 (30)
i=1
and by (3) in Assumption (A1), we also have
i<N i
)| = () < =2 @) 6
It yields from Lemma 2.1 that
— ko' (t)La(t) < —rroa’ (t)alt)
— kBT (R)LA(L) < —rraBT (1)B(1). (32)
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By Young’s inequality and the fact that the maximum eigen-
value of £? is A3, we have

KO (1)((C4Cy + C3C) @ L)B(t)

IN

1 ~ ~
g O + 8T ((Ci0] @ L) (1)

1 A2 -
< Zrhall0(8)|2 + S B (1)) (33)
2
27(1)(1 ® D)3(1) < 5RO + 27 () D*2(1)
1
< sle@I? + 120 (34)
and also
1
@T(H)(12© DI (1) < @@ + [T O (39
Furthermore, by (24), forallt > 0
- B ~ 112
2] = la)? +13))* < 1O
IZ0)12 < ()] (36)

where a(t) := Di(t), B(t) :== Do(t) with Z(t) := (21(t),...,
In) 3 (t) = 2i(t) — 2:(),0(t) = (01(1),...,0n ()7,
0;(t) = v;(t) — 9;(t),i=1,...,N. Choose r*€ll; and
Kk € Il5. Then
. KAy
01 :=1" — 2Ahmax(G) Igz%)](\[l ror?
<N 12
_ maxlS;N i _9 > 0
’I"*
KA
0y 1= 72 —2>0.

By regarding the colored noises w;(t) (i =1,...,N) as the
extended state variables of (27) again, it follows from Assump-
tions (A1)—(A2) that the drift and diffusion terms of (27) satisty
linear growth condition. Hence, it can be easily concluded (see,
e.g.,[43,p.51, Lemma 3.2]) that for any ¢ > 0, fot 20" (s)(In ®
G)a(s)dB(s) + [ 21" (s)(In @ G)T3(s)dW (s) is a martin-
gale so that its expectation becomes zero. This, together with
(29)—(36), yields further that

dE(V (n(t), (1))
dt
= —rElln(t)|I* + 2En" (t)(Ix ® G)(T1(t) + rII(t))

N
+EY (TR +T5(1))C GOy
i=1

+EOT(1)(CyCf @Iy — Iy @ kL)D(t)

+KE®T(1)((C4C + C3C)) @ L)®(t)

+E®"(t) (1o ® D)2(t) + E® ' (¢)(12 @ D)II*(¢)
< —rE|n@)|* +E[ln(t)|* +m

+ 2Amax(G) max. LE|n®)||? + m2Cf GOy

1<i<

1 kA2
+ (1 - rag)E[|0(1)]* + §f~”~l2191||<1>(t)||2 + Uf\éﬂfllﬁ(t)ll2

maxlgigN l2

+E[®®)]* + Elln(t)]* + - LE|n(t)|?
o I-i)x?v maxlgiSN l?
= — (r — 2Amax(G) 121%)1(\{1 Tt - —2)-

2 Kho 2 T

E|n()]* - (T —2)E[|®(t)|* + m + mC| GCy
< = OE[In(t)[|* — 02E[|(t)[|* + 65, (37)
where

03 :=m +7T201TG01.

Set

04 = min{

It follows from (37) that:
dEV (n(t), ®(t))
dt

01 20, }
)‘max(G) ' )‘-max(Q) .

< —OEV (5(t), (1)) + 05
which yields
EV (n(t), ®(t)) < e ""EV (n(0), ®(0)) + -~
for all £ > 0. In addition
EV(n(0), (0)) = EVi(n(0)) + Va(®(0))
< hnax (G) (K| 2(0) |2 + r2(|5(0) || + E[|2(0) %)
+ V2(2(0)).

For any given 11 > 0, we set

05 = sup e M (kmam(C?)(?A56(0)||2 +r2[5(0)]

T>T%

+Ewmm%+wa¢m»)

Since lim e %™ J = 0 (j = 2,4), we can conclude that 05 is
700

a positive constant independent of r. Therefore, for all ¢ > r#1,
one has

0
EV(n(t), (1)) < e "BV (1(0), &(0)) + 52
< OV (5(0), B(0)) + 2
04
<05+ 9—3 =: 0g. (38)
04

Based on the above analysis (37)-(38) and r > r* € I, it
yields that for all £ > r#1

dEV1(n(t))
dt

. 2 T
+ 2)Lmax(CJ) 1215?1(\[ lz]EHn(t) H + 7-‘-26(1 GCy

< —rE[n@)[I* + Elln(®)|* + m
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L 2
< - <r—2xmax(G) max 1) Eln@)I" + 03

.
< = SEn®)* + 05
«__ T
T 2max(G)

By (38), for all ¢ > r#' 4 us with s being any positive con-
stant, it holds

EVi(n(t)) + 0s. (39)

r(t-rk1)

BVi(n(t) < ¢ S BV () + [

<e*#ﬁm96+w<&
- r -r

o r(t-s)
e Fmax(®) f3ds

(40)

where

07 := sup 67#2:(@)7"96 + 293}"max(G)

r>r*

is independent of r. Therefore, for ¢ > r#' 4+ o and ¢ =
1,..., N, itholds

. EVi(n(t)) _ ©
(1) — (1) < i < =
Elx;(t) — 2:(t)]" < )‘«min(G)r2 =3
R EVi(n) _ ©
2
. — D < _
Bloi(t) ~ o) < 5 <
. EVi(n(t)) _ ©
Elz;(t) — 2;(t)|? — 41
J5(t) ~ 2P < ST < @1
where
o= (42)
) )‘min(G)
This gives (13). Similarly to (37) and by (40), for all ¢ > r#1 +
L2, we have
dEVL(®(t)) Ko 9
— 2 < — | —= =2 | E||®(t
< (2 ()|
s (14 D My Uy g
Aor? r2 K
K,)Lg —4 98
< — —=——EV(® — 4
< e EV(R) + @)
where

n)»?\j maxi<i<N l?
(1 + )»27‘*2 + 2 )97

Os :=
8 Amin(G)

By (38), forall t > T'(r) := pgrt* + us defined as that in (12)
with 3 > 1, one has

PEV3(D(1))
E[[@(t)]* £ ——— =~
Amin(Q)
2 7M(t7r“17u2) m
=@ EVa((r + pi2))
t
—|—L/ eiﬁ(t*s)%ds
)‘min(Q) TR+ o r
< 26 mmrdevrn | Wskmax(Q)

kmin(Q) T(K?)Q - 4))¥min(Q)

T
<4 (44)
where
2967“ _ _kip—4 (u3—1)rk1
T:= sup4<e Tmax(Q) \H3

r>r* )"min(Q)
2‘98)\max(Q) (45)

(KJ)"Z - 4))\m1n(Q)

is a constant independent of gain parameter r. The (44) yields

Elei(r) — #(1) = Bloy(0) < E|2(9)]” < 1

o(t) = EIB:(1) < E[B(0)]? <

Eloi() - »
fort > T(r)andi = 1,..., N. This further yields that
Blai(t) ~ 2,0 < - Elui(t) ~ o) <
forall7,5 =1,..., N. The proof is then completed. |
APPENDIX B

Proof of Theorem 3.2: We only prove that the first inequality
in (17) holds, and others can be obtained similarly. By Theorem
3.1 and Chebyshev’s inequality ([43, p.5]), there exist r* € II;
and x € Il such that for any r > 7* and all ¢ > T'(r), it holds
that

VT 1
P%mw—wwzﬁé}smgmmw—@wﬁgﬁ
(46)

for m € Z* and 4,5 =1,..., N. From the Borel-Cantelli’s
lemma ([43, p.7]), for almost all w € €2, there exists a random
variable m*(w) such that whenever m > m*(w), we have
myvY

|2i(t) — ;)] < —%

rz
for all ¢t>T(r) and ¢,j =1,...,N. Define T, =m*(w)
V/T > 0 which is an r-independent random variable. The proof
is then completed. ]

(47)
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