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Abstract-A controlled ordinary differential equation model of an ablation-transpiration cool- 
ing system is considered, based on the R&he approximation scheme for the corresponding partial 
differential equation model in which the thermal swelling is neglected. It is different from the by- 
lines approximation method proposed in [l]. The convergence is proved under the estimates of the 
approximation solutions, and the numerical results of an experimental example are presented. 
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1. INTRODUCTION 

When a space craft is flying very fast in the air, the higher temperature due to the friction of 

the front surface of the craft with the air may cause ablation of the material, which will cause 

damage to the structure of the craft. This problem is even more serious for side shooting of the 

electromagnetic gun which radiates massive amounts of electrical energy. In practice, a thermal 

shield must be designed to prevent this process [2-51. In [2,3], this is implemented by coupling a 

transpiration cooling control design, which can be demonstrated by a one-dimensional version of 

a solid thermal shield, as shown in Figure 1. 
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Figure 1. Schematic representation of the transpiration cooling control system of a 
porous medium slab. 

The thermal shield consists of a porous solid structure of thickness e. The gaseous coolant, 

is input at x = C and a heated air flow is input at x = 0. The coolant flows through the air 

hole of the slab and enters into the heated air flow Q(m), a specified function of the coolant, 

flux m(t) (mass of coolant per unit time flowing through per unit area) on the outer layer of the 
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structure [2,3]: 

Q(m)=cy@, q=qo (1) 

where qo is the theoretical heat flow, h, is the recovery enthalpy, and h, = cpu, is the enthalpy 
of the outer surface. The blocking coefficient @ is different for different coolants. For example, if 
helium is chosen to be the coolant and the condensation is not considered, then 

K&=1-0.724&m-0.13 
40 

When the temperature of the front face exceeds the melting temperature u, of the material, 
the outer layer melts and recedes to the new position x = s(t) after time t (Figure 1). Denote 
by u(z,t) the temperature of the medium at the point x and at an instant of time t, and let uC 
be the temperature of the coolant at the inside of tank. Then Yang [2] formulated this process 
by neglecting the thermal swelling as the following partial differential equation with moving 
boundary: 

_ p(c t) 
- = m(t)(Ah,v - Ahc) = m(t)cpL(u(l, t) - uC), ax (3) 

I &s’(t) - kau($i)’ t, = Q(m(t)), 

where L is the latent heat of melting. AhN = CpLU~, Ahc = C~LU, denote the enthalpy of 
the coolant at the inner face and at the tank storing coolant, respectively, and the thermal 
conductivity k, density p, and the specific heat c,, of the ablation material are all constants, C+L 
is the specific heat of the coolant, a2 = k/(pcp), p(t) = cpL/(pcp)m(t). 

Since the melted part breaks away (by wind for example) from the material immediately after 
melting, the following Signorini boundary condition is necessary [6]: 

u(s(t>,t> L %I7 s’(t) 2 0, [um - u(s(t),t)]s’(t) = 0. 

Noticing that u, = u(s(t),t), uN = u(&t), we finally formulate the ablation transpiration cooling 
control process as the following Stefan-Signorini problem [7]: 

‘Ilt(G t) = (Y2%z(X, t) + p(t)uz(z, t), s(t) < x < c, 

(y2%(C t) + P(t)u(C t> = P(t)% UC > 0, 

u(s(t), t) I wn, s’(t) 2 0, [%rl - u(s(t), t)ls’(t) = 0, (4 

s’(t) = $b.(s(t), t) - al(P(t))u(s(t)?t) + a2Mt))L s(0) = 0, 

where 

Since the following discussion also holds for the case of (r2ur(p) # 0 and k # pL, for simplifi- 
cation, we set, without loss of generality, that a2 = 1, k = pL, and al = 0. Thus, the simpler 
form of our model is: 

ut(x, t) = h(X, t> + P(t)%(x,t), s(t) < x < l, 

zl,(C t) + p(t)@, t> = P(e-k, UC > 0, 

u(s(t), t) L um, s’(t) 2 0, [Urn - ‘LL(s(t), t)ls’(t) = 0, 

s’(t) = uz(s(t),t) + Q@(t)), Q(P(t)) = f 9. 

(5) 
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The initial condition u(z, 0) = be satisfies the consistency condition: 

1 

uo E C2[O$], uc 5 uo L urn, p(G,Q(P(t)) E C1[Om), 
UC 5 uo(5) I %I, o(t) L 0, p(t) I Phf, 4#) + P(wo(q = %P(O), 
210(O) I %I, d,(O) + Q(P(O)) 2 0, 
[210(o) - ~mlbi,(o) + &WV)1 = 0. 

(6) 

We have proved in [7] the following theorem. 

THEOREM 1. There exists a unique classical solution (u(z, t), s(t)) to equation (5) under (6) for 
(2, t) E [s(t), f?] x [0, T] and either 

T = co and s(t) < C for all t > 0, 

T < co and s(T) = C. 

or 

In Section 2, we will give a Rothe approximation scheme to equation (5) and establish the 

convergence result based on the estimates of the approximation solutions. A numerical result of 

an example is given in Section 3. Our results here provide a necessary preparation for further 

study of the control of this problem [8]. 

2. ROTHE APPROXIMATION SCHEME 

Let 

w(z,t) = u, - u(2, t>, z@(5) = 21, - w)(2), 

then equation (5) becomes 

(7) 

I 
Wt(Z, t) = G&G t) + P(t)%(G t) 
w,(C, t) + p(qzo, t) = q@(t), Q = %I - UC > 07 
w(s(t),t) 2 0, s’(t) 2 0, v(s(t),t)s’(t) = 0, (8) 
21(x, 0) = ho, 
s’(t) = -G(s(% t> + Q(P(t)). 

In the following, we use I( . 1) to denote the Co norm of a continuous function. The standard 

transformation 

y = se, 6(y,t) = v(z,t) (9) 

will map [s(t), e] onto [O,e], and equation (8) becomes a fixed domain problem: 

I %(y,t) = -i-- ( > 
2 

c - s(t) %,(Y7 t> + 
[ 
p(t) j&j + s’(t)&&] %(Y> t)3 

& WA t) + P(tbJ(C t) = 48th 

w,q 2 0, 
e 

-- MO, t> + Q(P(t)) 2 0, e - s(t) 

e - $,(O, t> + Q@(t)) c - s(t) 1 
= 0, 

’ s’(t) = -- 
e - s(t) 

fl,(O, t) + Q@(t)). 

Let 

0 = to < tl < t2 < . * * < tN = T, t, - t,_l = At = $ 
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be a partition of [0, T], considering 

P, = D(L), sn = s(L), 

and using the Rothe Approximation scheme to (lo), we obtain a boundary value problem as 
follows: 

L 

j&“;(e) + A&l(e) = 4Pn, 60(Y) = Vo(Y>7 
n 

(11) 

(12) 

(13) 

Using the transformation 

x=s,+ 
c - s, 
-Y, v,(x) = %(Y), e 

we finally obtain the Rothe approximation scheme of problem (8): 

G(X) - G-l(+)) = 21,,(x) + 

At 7% 

p 

n 
+ sn - sn-1 e - 2 

At e - sn I Ud S, c 2 < e, 

4(e) + hhv4 = d, 

%(Sn) 2 0, -4&J + Q(Pn) 2 0, ~&)[-4&d + &(A>1 = 0, 

vo(x) = 21o(x), qx) = e;:;-l 2 - ““,~~-l e, 
?I n 

where s, is determined from 

sn = sn-1 + [-v;_r(s,-1) +&(/L-l)]& so = 0. 

Note t9(sn) = s+~, d(e) = e. 

LEMMA 1. There exists a unique solution {IJ~(x), 1 5 n 5 N} to (13) and 

0 I v,(x) I q, Cl I v;(x) I c2, 

where cl = mint&(x), c2 = max{ 11vo([,qp,-,4,llQll}, and hence, 

0 I sn - sn-I 5 11Q11 At. 

(14) 

(15) 

(16) 

PROOF. Equation (13) can be solved by the method of invariant imbedding (sweep method) [l]: 

where 

( 

R;(x) = -R;(x) - p, + sn iy-1 E n 1 Rd~) + &, 
z;(x) = - [ s~_~ e-x 

&2(z) + pn + sn at z (%) _ 2)n-1(~9(~)) en 1 At ’ 

s,_~ e-5 
It should be noticed that by defining p(x) = R,, + & + sn at e- 

e 
h(z) = -Aexp 

(J ) 
p(7)& - - 

I 
it [exp (~‘dT)dT) 

(17) 

Rn(e) = -P*, 

(18) 

zn(e) = qpn, 

ds < 0. 
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Thus, z)~(x) can be determined from (17) with initial condition 

(19) 

If fv, attains its maximum at 50 E (sn,e), then 

fw,(xo) I f%Pl(~hl>)~ 

If V, attains negative minimum at z = C, by the maximum principle [9], v;(e) < 0, and hence, 

u,(a) > q from the boundary condition at z = f?, a contradiction. If o, attains positive maximum 

at x = s,, then v~(s,) < 0, and hence, w,(s,) = 0 by the boundary at x = sn, a contradiction. 

If V, attains positive maximum at x = e, by the maximum principle, w;(e) > 0, and hence, 

v,(l) < q from the boundary condition at x = e. Noticing that u,(sn) 2 0 and 0 5 us(x) 5 q, 

one has 0 < ‘u,(x) 5 q. Next, let &(x) = w;(x), then 

I = -$L,(~(x)) e - %x-l 

At e-s, 7 

I 0 5 4+m = bm - vnw I PM6 

0 I &(sn> 5 Q(Pn) I llQll~ 

The second inequality of (15) can be obtained by a direct application of the maximum principle 

for elliptic ordinary differential equations [9]. Equation (16) is a consequence of (15) using 

Definition (14). 

Next, take a family of nonpositive functions p, E C2( -00, co) with ,$ 5 0 and 

if t 2 0, 

if t < -2E, 

and consider a penalized problem of (13): 

%n(X) - %(n-l)(W) = g (x) 

At En 

p 

71 
+ sn - k-1 e-x 

At e - S, 1 
4&L sn < x < e, 

4,(e) + P,Q,(~) = 4k 
- 4&n) + Q(Pn) + Pe(wm(4) = 0, 

I 

(20) 

(21) 

T&j(x) = we(x), 19(x) = e;:,-l x - sneyy-l. 
71 12 

LEMMA 2. There exists a unique solution to (21) and the following results hold: 

6) --COE I v,,(x) 5 4, CO = m=G’, I+ llQl1); 
(ii) cl 5 &( ) _ x < ~2, cl = max{minw1,(x), (1 -CO)&}, c2 = max{ 11&j], qP~+coe, maxwh(x)}; 

(iii) b,,(x) - ~(,-~)(x)l I CM ll~~nll I C, 

where C is a constant only depending on the C’ norm of p(t), s(t), and e - s(T), and the Cz 

norm of 210. 

PROOF. Again we solve equation (21) by the method of invariant imbedding. The solution is 

related by the Riccati transformation: 
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Substituting &(x) = R,(z)v,,(s) + ~~(2) into the boundary condition of (21) at s,, we obtain 

(-&(sn) + al(Pn))Ms,) - a, + Q(Pn) + P,(~n(sn)> = 0. 
Define f(t)= (-R,(sn>+al(Pn))t -zn(sn> +Q(&) +LMt), then 

f'(t) = (-KL(GJ + Q(Pn)) +m > 0, f(+m) = co, f(-co) = -00, 

and hence, there exists a unique to such that f(to) = 0. Therefore, equation (21) has a unique 

solution with v,,(s,) = to. 

Now we use mathematical induction. For n = 0, the conclusions (i) and (ii) hold. Supposing 

that it is correct for lc < n, we consider the case of k = n. By the maximum principle, if v,, 

attains negative minimum at ~0, then either w,,(zo) 2 w~(,+~)(~(xo)) or Q(&,)+PE(ven(zo)) 2 0, 

depending on whether xo is located in the interior of (snr a) or on the boundaries. So 

either z)~~(z) 2 -2~, 

or G,(Z) >_ -P + QU$Jl~ 2 -[I+ llQlll~, 
since VO(X) 2 0. This is the first part of (i). If w,, attains positive maximum at 50, then either 

%(ZO) I %(n-l)(WO)) or u,,(xo) 5 q or ZJ,,(XO) 5 0. This is the second part of (i). For the 

proof of (ii), let $J~(x) = v:,(z), then 

(23) 

v&(4 = Q(Pn) + Pe(~n(4). 
Through the same discussion as above, we can get the second part of (ii). Now, we are in a 

position to prove (iii). Let 

qn(x) = fw::,(z)e-x(z-e-6)2) S= e--s, - 
2 ’ 

x > 0, 

then ~~(2) satisfies the following equation: 

77;(2) + 4~(~ - e + 6) + pnSn -AF-1 i:r ---j&(3+ [& -2x-4x2+e+sj2 

- 2 X(X - e + 6) +2 sn 
-&-I 1 

At ,, 
c_s W(X) 1 

where K(z) = 1 _ ,X(29(2)-e-6)*-X(2-e-6)’ and with the boundary conditions: 

&ce) + (,& + kl + 2x6hn(e) = * 

[ 
zx(e - S, - 6) + p:(t) - Pn - sn $n-’ 

1 
77&d 

(24) 
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where --CO& 5 c < q and x > 0 is taken such that 

2x621, 2x(e-s,-6)-4n-2s”~~-l 21. 

Suppose that 77n-r (z) 5 C&-r, then if q* takes a maximum at the interior of (snr e), by noticing 

the fact that JK(s)I 5 &At, 

where Kit > 0 is a constant, 

and 

77,(z) i (I f KroAGNCo, At=;. 

If ~~(2) attains maximum at z = !? or z = sn, then 

by (i) and (ii), which have just been proved. Since 

lim (1 + KIoA~)~ = KIoT, 
t-wx 

we finally get am 2 C or Iv&l _< C from (21). Since 

%z (xl - %(?a- 1) lx) = cY2v;n(x) + 
[ 

-sn_1 c-x 
p, + sn At 

1 

X-29 

At 
e_s 

n 
4&) - v:(,-l)(E)~’ 

( E (6(x),x), 

we have 
%x(x) - %(n-l)(X) < c 

At -’ 
I 

Since the constant C in Lemma 2 is independent of E, by the Ascoli-Arzela Lemma, for any 

integer n, there exists a subsequence of {vEn(x), V&(X)}, still denoted by v,,, for simplification, 

such that 

%I --) vn, 4, + 4, uniformly as E --* 0, 

and from equation (21), 

v& -+ v,N, uniformly ss e + 0. 

If v,(xc) > 0, then by uniform convergence, for small enough E, there is a constant c > 0 such 

that vEn(xe) 2 c > 0. Therefore, -vLv:,(s,) + Q&) = 0 from (21) and -v~(s~) + Q(fl,) = 0, i.e., 

V,(X) is the solution of (13). Since the solution of (13) is unique, the whole sequence of solution 

of (21) converges uniformly to the solution of (13) as E goes to zero. We thus have proved the 

following lemma. 

LEMMA 3. The solution of equation (13),(14) always holds 

Ivnb> - qn-~)(x)I I Cat, II44 5 C, 

where C is a constant only depending on the C’ norm of p(t), s(t), and L - s(T), and the C2 
norm of 210. 

Define 

{ 

six+> = &rct - tn-l)% + @TX - q&a-11, for t E kn-l,tn), 

v&t) = &(t - tn-l>fJn(~> + (&I - t)%-l(z)l, 
(25) 

for t E [k--l, tn>, 
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LEMMA 4. 

(a> 0 I Mt) 5 llQll; 
(b) 0 I w(z,t) L q; 
Cc) bNz(&t)l I ma{ ll~dldh~ llQll h 
(4 vvz(~t) L 0, ifv;(e) 2 0; 

(e) lwd~, t)l I C, 
(f) JZIN~(Z, t1)1 - (vN~(z,~z)~ i CJtl - t2)1’2, for anytl,tz E [&I, t,), where C has the same 

meaning as in Lemma 3. 

PROOF. (a)-(e) are direct consequences of Lemma 1 and Lemma 3 by the definition of IJN(X, t). 
Now we only consider (f). Notice that 

wNxt(Z, t) = 4(x) - 4-l(~) 
At 

and 

wN=t(Z,t) = w;(5) + I s,-1 e-x 
Pn + sn at - e - s, 1 wt/(x) s, -A;-l 

j-$4(4 
n 

= w;(z) + G,(z), 

where IGn(z)I 5 C, E E (6(x),x), t E [tn-I&). For any t,_l 5 tl < t2 < t,, T = (t2 - t1)li2, 

J 
X+7 x+r tz 

[wN&,tl) - vNz(?/>t2)] dy = f S J WNzt (% t) &/ dt 
2 t1 X+7 = 

i 

wZ(x +7) -w;(x)+ J G(Y) dy (tz - tl). 
5 1 

Hence, there exists a point 5 E (5,~ + r) such that 

bNz(‘$tl) - wNz(<,t2)1 5 Cltl - t2\1’2. 

Thus, 

)wNz(x,h) - wNz(&t2)( < b’Nsht1) - wNz(~,h)i + b’Nz(Z,tZ) -wNz(&t2)( +Cltl -t2)1’2 

5 (C + 2 Il~Nzrll 1 It1 - t2p2. 

This is (f). The proof is complete. I 

By the Ascoli-Arzela Lemma, there exists a subsequence of ?JN(X, t), SN(t), still denoted by 
UN, SN for ease of notation, and a function 4(x, t), s(t) such that 

SN --) s, UN --+ 6 ‘t’Nr -+ 4%~ uniformly as IV -i 00, 

WNt * h, ~NXX + &z, in Lm weak star topology, 
(26) 

and 

0 5 s’(t) 5 llQll, 

0 5 4 5 Q, l4z(z,t)l 5 co, Ih( 5 c7 Idh( 5 c7 
l&c(~,h)l - 145(2,t2)l I Clil - t21 112 , for any tl, t2 E [0, T], 

where C has same meaning as in Lemma 4. Now 

sN(T) = s), = e(sn 
n=l 

- h-1) = -$ -&J;_&I) + Q(Pn-I)] At I COT. 
n=l 
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If T is small enough, then sN < Const. < !, 

= -&(SN(tn-l)rtn-1) - ~~s(S~(h~-l),tn-l)] At 
n=l 

N 

+ $+[-&(SN(tn-&n-l) + d&(S(tn-l>,tn-l)l At 

The last term of the above is just a Ftiemann sum. By the uniform convergence, we immediately 

have that 

s(T) = J sT[-4&(~)> t) + QMt)) I cit. 

For any t E (O,T], we then have 

s(t) = J ot[-4.(S(t), t) + Q@(t)) 1 a. (27) 

Next, notice that 

- &(sN(tn), tn) + &ML)) 2 0, 

wN(SN(tn),tn)[-wUk(SN(tn),tn) + Q(P(tn)>l = 0, 

w&(6 tn) + p(tn)vN(6 tn) = d(k), 

at each point of the partition {t,,} associated with N. Since these points are dense in [0, T] as 

N -+ co and the convergence of VNz(z, t), wN(z, t), sN(t) iS Uniform, it follows immediately that 

- 4z(s(t), t) + Q@(t)) 2 0, 

$(s(t), t>[-4’(W t) + Q(P(t)l = 0, 

4z(C t) + P(W(C t) = qO(t). 
(28) 

We shall show that C$(CC, t) = ~(5, t), the solution of problem (8). Since 

wNt(Z, t) = W;(Z) + @&J;(x) + K,(x) = wNzz(x, tn) + P(tn)wNz(? k> + Kn(2), 
SN(tn) < z < l, t E (tn-l,tn), n 2 l, 

where 

Kn(2) = [WA(Z) - w;_l(()] sn iT-1 s = [w;(2) - w;_,(z)] sn -$-I E 
n 

+ w;_1(Q) +I -Ay E(z - <), <, 0 E (79(x),2), g = sn -*F-l -g 
n 

I&(x)( 5 CAtl”, 
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where 

+&At J 
e 

~(tn)VN&, tn)f(x, tn) + GN, (2% 
n=l SN(tn) 

dim- GN = 0. 
* 

By using the uniform convergence (26) and (29), we can easily obtain 

- IJ 
T 

ft$dxdt + w4flM~)~ t) + 
n J 0 J s;T, F#JI(G T) da: - le f(z, @JO(Z) dx 

= J oT[ [&f](e . t> - [dzf(s(t), 41 dt - 11 &fz dz dt + // P(Wf da:dt, (30) 
n Cl 

and (30) holds for any continuous function f with first order derivatives being bounded on fl by 
smooth function approximation, if necessary. 

From [7], we know that the solution w of equation (8) is the only function satisfying (30) for 
such class of function f, thus we have proved that 4 = v. Since w is unique by Theorem 1, the 
whole sequence defined by (25) converges to (s, u). 

THEOREM 2. Let s&t) and VN(z,t) be defined by (25), where w,(z) is produced by Rothe 
approximation scheme (13), (14), then 

sN -'s, ".'N-'v, VNx --$ %, uniformly as N + 00, 

VNt + 'b, VNzx -+ %xc, in Lm weak star topology, 

where (s, v) is the unique solution of equation (8). 

Summarizing the above and returning to the original system (4), we have the following theorem. 

THEOREM 3. The solution of ablation-transpiration cooling equation (4) can be obtained as the 
uniform limit of Rothe approximation solutions sN(t) and uN(x, t) as N goes to infinity: 

sN(t) = &[(t - tn-l)% + (t, - t)sn-11, fort E [L-l,&), 

?&t,t) = &[(t, - tn-l)%(x) + (tn - t)“n-l(x)], 

(31) 
fort E [L-1,&d, 

where s,, and v, are produced by 

sn = s,,-1 + -+(sn-1) - a~(t~~)v,-l(sn-~) + d/Ll)lAt 

?&(x) = &(x)&l(x) + m(x) 

u,(s~) = min 
1 

u,, a2(Pn) + &I(%) 

> -&(sn) + mu%) ’ 

(32) 

R,(C) = -$, 

e - s~_.~ 
where h(x) < 0, z~(x) L 0, S(x) = e _ s 

n 
2 - sne-_T-l C 

n 

R;(z) = -R;(x) - $ 
[ 
P, + ‘, ;y-’ +=I h(x) + --& 

z;(x) = - R&&(x) + -$ 
s~_~ e-x 

pn + sn at >I I (%> _ =-1(f%)) e-,, n a2A.t ' 
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3. NUMERICAL SIMULATION 

73 

The following parameters are taken from an experimental example with a steel bar as the 

ablation material, the melting point of which is 1450°C, and helium as the coolant: 

!? = 0.015 m, c,, = 0.153 kcal/kg.“C, k = 0.0063 kcal/“Csm 

cP~ = 1.24 kcal/kg.“C, p = 7850 kg/m3, h, = 3500 kcal/kg, 

h, = 1728kcal/kg, qo = 5000 kcal/sm2, L = 65 kcal/kg, 

u m = 1450°c, UC = 315q ~~(2) = 516°C. 

The numerical results, shown in Tables 1 and 2 and Figure 2, are obtained by solving (32) through 

a Fortran program. The results demonstrate that if coolant is not input, the steel bar is melted 

in 8.7 seconds, but in the case of coolant being supplied, m = 2.8 (the maximum coolant value in 

our example is m = 4.38), the temperature at the outer surface never attains the melting point. 

Table 1. m = 0, T = 10, N = 30. Table 2. m = 2.8, T = 10, N = 30. 

tn sfv(tn) 

0.0333333 3.186269E- 003 

0.0666667 3.186269E-003 

1 .ooooooo 3.186269E-003 

1.3333330 3.913654E- 003 

1.6666670 4.102717E-003 

2.0000000 4.738931E-003 

2.3333330 4.962004E- 003 

2.6666670 5.557141E-003 

3.0000000 5.8001456-003 

3.3333330 6.375198E-003 

3.6666660 6.635741E-003 

4.0000000 7.181665E-003 

4.3333330 7.4350053-003 

4.6666670 7.990170E-003 

5.0000000 8.259417E-003 

5.3333330 8.818359E-003 

5.6666670 9.115268E-003 

6.0000000 9.678342E- 003 

6.3333340 l.O00987E-002 

6.6666670 l.O58151E-002 

7.0000010 1.0965106-002 

7.3333340 l.l55357E-002 

7.6666680 1.201060E-002 

8.0000010 1.2773673-002 

8.3333340 1.334426E-002 

8.6666670 1.4493268-002 

843.4351 

1406.767 

1450 

1450 

1450 

1450 

1450 

1450 

1450 

1450 

1450 

1450 

1450 

1450 

1450 

1450 

1450 

1450 

1450 

1450 

1450 

1450 

1450 

1450 

1450 

&a siv(tn) 

0.3333333 1.341841E-003 

0.6666667 1.341841E-003 

1.0000000 1.3418416-003 

1.3333330 1.341841E-003 

1.6666670 1.3418416- 003 

2.0000000 1.341841E-003 

2.3333330 1.341841E-003 

2.6666670 1.341841E-003 

3.0000000 1.3418416-003 

3.3333330 1.3418416- 003 

3.6666660 1.341841E-003 

4.0000000 1.341841E- 003 

4.3333330 1.3418413-003 

4.6666670 1.3418416-003 

5.0000000 1.341841E-003 

5.3333330 1.341841E- 003 

5.6666670 1.341841E-003 

6.0000000 1.341841E-003 

6.3333340 1.341841E-003 

6.6666670 1.341841E-003 

7.0000010 1.341841E-003 

7.3333340 1.341841E-003 

7.6666680 1.3418416-003 

8.0000010 1.3418418- 003 

8.3333340 1.3418413-003 

8.6666670 1.341841E- 003 

9.0000000 1.341841E-003 

9.3333330 1.341841E- 003 

9.6666660 1.341841E-003 

9.9999990 1.341841E-003 

706.2200 

789.2970 

799.4745 

792.7454 

782.6046 

779.1092 

769.8155 

765.6064 

764.4061 

765.0331 

766.6870 

769.0807 

771.1402 

773.2373 

774.7437 

776.2341 

784.6915 

781.1058 

779.8939 

779.6635 

779.7626 

779.9884 

780.2437 

780.4897 

780.7261 

780.9316 

781.1009 

781.2509 

781.3953 
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Figure 2. Numerical simulation of an ablation steel bar. 

REFERENCES 

1. G.H. Meyer, One-dimensional parabolic free boundary problems, SIAM 19, 17-34 (1977). 
2. X.S. Yang, Transpiration cooling control of thermal protection, Acta Automatica Sinicu 11, 345-350 (1985). 
3. X.S. Yang, Transpiration cooling with water temperature field, Actu Automatica Sinicu 1’7, 385-394 (1991). 
4. H.D. Fair, Electromagnetic earth-to-space launch, IEEE Trunsuctions on Mugnetics 25, 9-16 (1989). 
5. MR. Palmer, Electromagnetic space launch: A re-evaluation in light of current technology and launch needs 

and feasibility of a near term demonstration, IEEE Trunsuctions on Mugnetics 25 (1) (1989). 
6. L.S. Jiang, Remarks on the Stefan-Signorini problem, In Free Boundary Problems: Vol. III, Res. Notes in 

Math. 120, 13-19, (1985). 
7. B.Z. Guo and Y. Hao, Modelling and solution of a transpiration cooling control system, (to appear). 
8. B.Z. Guo and Y. Hao, A control related problem of an ablation-transpiration cooling control system, (to 

appear). 
9. M.H. Protter and H.F. Weinberger, Maximum Principles in Difierentiul Equations, Springer-Verlag, (1984). 


