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Further Results on Stabilization of Chaotic Systems Based on Fuzzy
Memory Sampled-Data Control

Yajuan Liu, Ju H. Park

Abstract—This note investigates sampled-data control for chaotic sys-
tems. A memory sampled-data control scheme that involves a constant
signal transmission delay is employed for the first time to tackle the stabi-
lization problem for Takagi-Sugeno fuzzy systems. The advantage of the
constructed Lyapunov functional lies in the fact that it is neither necessar-
ily positive on sampling intervals nor necessarily continuous at sampling
instants. By introducing a modified Lyapunov functional that involves the
state of a constant signal transmission delay, a delay-dependent stability
criterion is derived so that the closed-loop system is asymptotically sta-
ble. The desired sampled-data controller can be achieved by solving a set
of linear matrix inequalities. Compared with the existing results, a larger
sampling period is obtained by this new approach. A simulation example is
presented to illustrate the effectiveness and conservatism reduction of the
proposed scheme.

Index Terms—Chaotic system, fuzzy memory sampled-data control,
Takagi-Sugeno (T-S) fuzzy model.

I. INTRODUCTION

Recently, an increasing attention has been focused on control of
chaotic dynamical systems due to its potential applications in power
converters, chemical reactions, biological systems, information pro-
cessing, secure communication, among many others [1]. The chaos,
as a major characteristic of complex dynamical systems, possesses
irregular and unpredictable behaviors. In many situations, chaos should
be avoided or purposely controlled because it could lead systems to
undesirable performance-degraded situations [2]. Nowadays, various
control approaches have been proposed to synchronize the chaotic sys-
tems [3], [4].
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Over the past few decades, the fuzzy-model-based control approach
has been a promising approach to deal with complex nonlinear systems
or even nonanalytic systems. In various fuzzy-model-based control
approach, the Takagi—Sugeno (T-S) fuzzy model is an effective way
to describe the dynamical behaviors of different types of nonlinear
processes [5]—[8]. It has been shown that many chaotic systems can be
exactly represented by T-S fuzzy models including chaotic systems. In
this situation, a highly complex chaotic system can be systematically
analyzed and synthesized by the well-established linear system theory.
As a result, various kinds of T-S fuzzy control approaches have been
applied to chaotic systems, including fuzzy state-feedback control [9]
and fuzzy impulsive control [10].

Implementing the fuzzy controllers using microcontrollers or dig-
ital computers, which are available with simplicity, scalability, and
cost-effectiveness, can reduce the implementation cost and time [7].
However, the closed-loop control system becomes a sampled-data con-
trol system, which contains both continuous and discrete-time signals.
More specifically, the inputs and outputs of plants are usually continu-
ous, but the controllers are generally discrete. It is, therefore, difficult
to analyze stability of such systems because the discontinuity produced
makes system dynamics more complicated. Until now, three approaches
have been used to analyze and synthesize sampled-data systems: The
first one is based on discrete models [11], the second one is based on
impulsive models [12], and the last is input delay approach [13], which
is based on the continuous-time model with time-varying input delay.
Compared with the other two approaches, the main advantage of the
input delay approach is that it does not require the sampling distances to
be constant. Furthermore, the sampling holder can be modeled as a de-
layed control input. The stability and stabilization conditions can then
be established by using the Lyapunov—Krasovskii functional method.
Owing to this reason, the input delay approach is popular and has
been widely used to sampled-data systems and networked control sys-
tems [14]-[17]. Very recently, by the input delay approach, the fuzzy
sampled-data control for chaotic systems was investigated in [18] and
[19]. Further results have been derived by constructing a new Lyapunov
functional, which is continuous at sampling times but not necessarily
positive definite inside the sampling intervals [20], [21]. Furthermore,
stochastic sampled-data robust stabilization for the T-S fuzzy neutral
systems with randomly occurring uncertainties and time-varying de-
lays was investigated in [22]. However, these methods [18]-[21] suffer
from some drawbacks.

1) The constructed Lyapunov functional in [18]-[21] needs to sat-

isfy the positive condition inside the sampling intervals.

2) The Jensen’s inequality is used to estimate the upper bound of

some cross terms.

3) The information on the actual sampling pattern has not

been fully utilized in [18]-[21], which may lead to some
conservatism.
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It is, therefore, significant and necessary to improve further the re-
sults reported in [18]—[21], which constitutes one of motivations in this
study.

On the other hand, stabilization for linear systems has been inves-
tigated by memory sampled-data control. It means that the updating
signal successfully transmitted from the sampler to controller and to
zero-order hold (ZOH) at instant ¢, has experienced a constant signal
transmission delay [23], [24]. Hence, the fuzzy sampled-data control
with a constant signal transmission delay is an even more significant
type of control compared with the sampled-data proportional control.
To the best of the authors’ knowledge, the problem of fuzzy memory
sampled-data control for chaotic systems has not been studied, which
is another motivation in this paper. It should be noted that the main
difference between the memory controller and the unmemory one is
that whether the updating signal successfully transmitted signal from
the sampler to controller and to ZOH at the instant ¢;, has experienced
a constant signal transmission delay 7 or not.

Motivated by above discussion, our attention focuses on studying
the fuzzy sampled-data control problem for chaotic systems, which
can be represented by a T-S fuzzy model. A memory sampled-data
control scheme that is more general than the conventional sampled-
data one is used to deal with this problem. The main advantage of the
modified Lyapunov functional is that it enables us to make full use of
the information on the piecewise constant input and the actual sampling
pattern. By choosing a modified Lyapunov functional that involves the
state of the constant delay and employing an inequality given in [25],
some less conservative stabilization conditions are presented such that
the closed-loop systems is asymptotically stable.

The main contributions of this paper are as follows: 1) A memory
sampled-data control scheme is first introduced to the fuzzy sampled-
data systems; and 2) a less conservative stabilization design via the
fuzzy sampled-data control is obtained for chaotic systems.

Notations: Throughout this paper, * denotes the elements below the
main diagonal of a symmetric block matrix, / denotes the identity
matrix with appropriate dimensions, R" denotes the n-dimensional
Euclidean space, and R™*" is the set of all m x n real matrices.
For symmetric matrices A and B, the notation A > B (respectively,
A > B) means that the matrix A — B is positive definite (respectively,
nonnegative). diag{. ..} denotes the block diagonal matrix.

II. PROBLEM STATEMENT

The T-S fuzzy model is a kind of fuzzy system, which is described
by a set of fuzzy IF-THEN rules to represent local linear input—output
relations for a nonlinear system. The ith rule of this fuzzy model is of
the following form

Rule i: IF 64 (t) is M;; and ... and IF 6,, (¢) is M;,, THEN

@(t) = A;z(t) + Byu(t) )

where z(t) € R" is the state-space vector, ¢ (t),...,0, (t) are the
premise variables, M ; are the fuzzy sets characterized by membership
function, ¢ = 1,2,...,7, r is the index number of fuzzy rules, and
matrices A; and B; are the known constant matrices of appropriate
dimensions.

Using singleton fuzzifier, product inference, and center-average
defuzzifier, the T-S system (1) can be represented by

i) = D ha(6(t)[Ai(t) + Bru(t) @)

where h; (6(t)) denotes the normalized membership function satisfying

wi (0(t))

hi(6(t)) = m

s wi (0(t)) = H Mi;(0;(1) (3
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in which M;; (0;(t)) is the grade of membership of 6, (¢) in M;;. Itis
assumed that

0, (00)) > 0, 3" wi(6(0)) > 0 ¥ > 0. @

The following conditions are always assumed in fuzzy system
modeling:

BO) 2 0. 3 hi(0(e) = 1. )

In this paper, it is assumed that we only have the measurement z (¢, )
at the sampling instant ¢;, that is, only discrete measurements of x(t)
are available for control purposes, and the control signal is assumed to
be generated by using a ZOH function with a sequence of hold times

—+00

The stabilization problem is investigated under the parallel dis-
tributed compensation (PDC) scheme. In the PDC scheme, fuzzy sam-
pling controllers share the same premise parts with (2), that is, the
sampling controller for rule j is given by

Controller Rule j:
IF 0, (t) is M;y and ... and IF 6, (t) is M}, , THEN
u(t) = Kijo(ty) + Kojo(ty —n), tr <<ty

j=1,2,...,r ™)

where 7 is a constant delay.
So, the overall state feedback controller is inferred by

u(t) = Z By (0(t)) Iy (tr) + Koy (te —n)l,s (®)

t <t <tpgr.

Remark 1: The simplest and most popular way of reconstructing
a continuous-time signal from a discrete-time signal in control sys-
tems is simply to keep the signal constant until a new sample becomes
available. This transforms the discrete-time sequence into a piecewise
constant continuous-time signal, and the device performing this trans-
formation is called a ZOH.

Remark 2: Different from the control scheme proposed in [18]—
[21], aconstant signal transmission delay 7 that is introduced in [23] and
[24] s also considered for the first time for chaotic systems represented
as T-S fuzzy model in this paper. When K, ; = 0, the control scheme
can be reduced into the sampled-data proportional control one adopted
in [18]—[21]. In this sense, the control scheme employed in [18]-[21]
is a special case of this paper.

In addition, the sampling is not required to be periodic, and the only
assumption is that the distance between any two consecutive sampling
instants belongs to an interval. Especially, it is assumed that

tk+1 — 1y = hkt < h (9)

for all £ > 0, where h > 0.
Substituting (7) into (1), the closed-loop system via sampled-data
and state quantized control is formulated as follows:

B(t) = YD hi(0()hy (0(t)[Ase(t)

i=1j=1

Now, the following lemma is introduced for the proof of the main
results.
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Lemma 1 (see [25]): For a given matrix R > 0, the following
inequality holds for all continuously differentiable function z(¢) in
[a,b] € R":

—(b—a) / 7 (s)Ri(s)ds
~[(b) — z(a)]" R[z(b)

where Q = x(b) + z(a) — 2 fb

b—a Ja

IA

—2(a)] — 3QT RQ

x(s)ds.

III. MAIN RESULTS

In this section, a sufficient condition on the stability for chaotic
systems with the memory sampled-data controllers in the form of (7)
will be derived.

For the sake of simplicity of matrix and vector representation,

I, € R (i =1,2,...,6) are defined as block entry matrices (for
example I, = [0 00 I 0 0]T). The other notations are defined as
t
0 (t) = [qT (t) =" (t1.) (/ .q:T(s)ds) a7 (t)
t—tp \Jy,
o (e =) @ (= n)]
Y = LPIT + L, PIT —[I, — LM, I}
— LML — L) =YW, - W'y,

—3Y,,; Wy — 3W, Yay;
—[I = LI\ [I - L,]"

h?
— [ = L]Q2If — LQs[I) — L]" + 7I4X[4T

— hy I;SIF

+ L RI] — I, — I§|R[I, — I5]"

+R2LWIT - %[16 — W[l — I,]"
+ (LG + 1,Gy + I,G3)®
+o"(I,G, + I,Gy + I, G3)"

22 = —12M3[2T — [Il IZ I5]N[Il IQ I5]T

Yy = [I, LIM[I, LT +[I, I, )N[I, I, I;)"
+ LSIT + 1L, SIT + I, — L)Q, IT
+ L[ — L] + QoI + LiQ- 17

al (t) = [a" (1) «" (t) & (tx — )]

N = [Ny N, 00 N3 0]

Wy = 1[I —10000]

Wy = [I1 —21000]

® = [A; BiK,; 0 — 1 B,;K>; 0].

Theorem 1: For a given scalar h > 0, the closed sampled-data sys-
tem (10) of the fuzzy system (1) under controller (7) with gain matrices
K ; and K,; is asymptotically stable if there exist symmetric positive

matrices P, R, W, X, M = [A f M 1] symmetric matrices

* M
Ny N> N
S7Q17Q27N: * N4 N5
* % Ng

any matrices Gy, G», G5, Y15, Ya;; with appropriate dimensions and
positive scalars a and [ such that the following LMIs hold for all
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hp €[0,h], 0,5 =1,2,...,r:

ih + hi 23 _112};]\;7( <0 (1)
Y+ hiXe hYi;oo 3hi Yo %N
. e 73h(,)€Ml 8 <0 a2
* * * X
Proof: Consider the following Lyapunov functional:
:ZV, )yt € [trytisr) (13)
where
Vi(t) = 2’ (t)Pa(t)
) = - [ [ O] a2 a
th $(tk) a:(tk)
Va(t) = (he — (t = t))(t =ty )" () Sw(t)
Vi(t) = (b — (t = t))[2(t) — 2(t)]" [Q1 (2(t) — x(ty))
+2Qqx(t; —n)]
Vai(t) = (hi — (t—t))(t — ti)a" (t)Na(t)
Vs(t) = / / s)dsda
Vi) = n? / # (5)Wit(s)ds
- / )= wlan —0)) W (a(s) — alty —n))ds
where v(t) = jfk x(s)ds

Since V(t,) < lim V (¢), it is clear that the Lyapunov functional
t—vf,]:

V (t) is neither necessarily positive on sampling intervals nor necessar-
ily continuous at sampling instants.
The time derivatives of V; (¢) and V4 (t) can be calculated as

Vi) = 22" (t)Pit),

i == [ [20] a6 o

(i — (t— 1) L?((ti))rM [ a.i:((t) }

(14)

€T tk)

_ / 7 () My (s)ds — 227 (1) MT [2(t) — w(ty )]

—(t : t)a” (L) Msa(ty,)
(= (t—t2)) {;(S;))]T M {;((t?)} . (15)
By Lemma 1,
—/t: 7 (5) My (s)ds
< OWI MW, +3WS MWAEW).  (16)

IR 7
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With matrices Y7,; and Y5;; at hand, it is easy to obtain

1 .
ﬁ(M1W1 —(t =) Y1) M7 (MW — (¢ — 1) Y145) > 0
1
ﬁ(M1W2 — (t —tg)Yoi; )T M7 (ML Wy — (t — £ )Yay;) > 0.
— Uk
Hence
L wranw
tftk 1 1V
< =YW =W Y+ (E— )Y M7 Y, A7)
1
—szTlez
< Yo Wa = Wy Yaij + (t — 1) Yoy, My Yaij. (18)

The derivatives of V5 (t), V4 (t), and V; (t) can be estimated by
Va(t) = —hpol (£)Sv(t) + 2(hy, — (t — )T (£)Sz(t)  (19)
Vi(t) = —[a(t) — 2(t)]" [Q1 ((t) — x(tr)) + 2Qax(ty — )]
+2(hy = (t = 1)) [(x(t) — x(t))"
+at (te —n)Q:]a(t) (20)
Vs(t) = —(t —t)a” (ONa(t) + (he = (t = )" () Na(t)

+2(hy — (8= t))(t =t )" (£)Nii(t). 1)
For any positive matrix X, it is easy to obtain
2hy — (t =)t — t)ET (NE(t) <
% (gT (ONXTNTE() + 47 (t)Xx'(t)) G
An upper bound of Vj (¢) is given by
Vs(t) < nfa” (t)Ra(t)
—[z(t) —a(t—n)]" Rlz(t) —z(t—n)]. (23

Calculating the time derivative of V7 () gives

2

Vi(t) = W (OWi(t) — T (a(t — ) — a(te =) W

x (x(t —n) —x(ty —n)). (24)
Based on system (10), it is easy to have that
23 N hi(0(0)h (0(t))[e" ()G + € (1) Ga
i=1j=1
+el (t, —n)G3] x [—2(t) + Az (t) + Bi K1 jz(ty)
+ BiKyjz(t, —n)] =0 (25)
and hence
V(t) < T (H)2E(t) (26)

where ¥ =3, + L NXINT 4 (t — 1) (D + V{5, M Vi +
3Y,L M Yai5) + (hi — (t —t))Xs. Since ¥ is a convex combi-

nation of ¢ — ¢, and hj, — (¢t — ¢; ), by using the Schur complement,
> < 0 if and only if (11) and (12) hold. This completes the proof of
the theorem. |

By Theorem 1, the memory sampled-data controller design method
for system (10) is provided by Theorem 2. For the sake of simplicity
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of matrix, the following notations are used:

N = [GTN,G GTN,G 00 GT N3G 0]"
21 = Ilplz_ +I4P11T - [II 7[2]]\7[2]2]1 *IQMQT[II *IQ]T

=YWy = W Yy, = 3Y5) Wy — 3W) Yy

2ij

— e LSIT — I, — L]Q\[I, — I,)"
_ _ h2
= = BIQ I = BQu[h = B + 5 LXI]

+n*LRIT —[I, — I5)R[I, — Is)*

+ R LWIT — ﬁ[
4 4 4

Is — LW (I — I;]"
+ (I, + aly + pI;)® + &7 (I, + oI, + BI;)T

Sy = —LMIf —[I, I, N[, I, I;]*
I, LIM[I, )" +[I, I, L|N[I, I, I;]"
+ LSIT + LS + 1 — L)Q I] + LQ [T, — I,)"
+15Q2[4T + I4Q2I5T-

Theorem 2: For given scalars h > 0, > 0, and # > 0, system
(10) is asymptotically stable if there exist symmetric positive matrices

P,RW,X,M = [*‘"“ M } , symmetric matrices

* My
S [N N
S,Q1,Q2, N = | x Ny N;
* * NG

and any matrices G, le‘j , 1721‘]‘ ,T';,T5; with appropriate dimensions
such that the following LMIs hold forall by, € [0,h],4,5 = 1,2,...,7r:

_ o R
Y+ hyp s Q}LQJ\;( <0 27
* —5X |

S+ he Yy thw 3hy. Yo %N T

* —hle 0 0

N N —3h, N, 0 <0 (28)

* * * 7%)2_

where the controller gain matrices K;; and K»; in (7) are given by
Klj = T1JG71 and KQj = szGil.
Proof: Define

G, =G, Gy =aG™!, Gy = G,

T, = K,;G,Ty; = K»;G, P = G" PG,
R=G"RG,W =G"WG,S =G"Sa,
X=G"XG,Q, =G"Q,G,Qy = GTQ,G,
M = diag{GT,G" Y Mdiag{G, G},

N = diag{G",G",G" }Ndiag{G, G, G},

Vi, = diag{G",G",G",G",G",G" }v1,,G,

Yy, = diag{G",G",G",G",G",G" 1Yy, G.

Pre- and post-multiplying (11) by diag{G,G,G,G,G,G,G}T
and diag{G,G,G,G,G,G,G} gives (27). Pre- and post-
multiplying (12) by diag{G,G,G,G,G,G,G,G,G}T  and
diag{G,G,G,G,G,G,G,G,G} yields (28). This completes
the proof of the theorem. |

Remark 3: It should be pointed out that considering the sampled-
data control design problem under a bigger sampling period is impor-
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tant since a longer sampling period will lead to lower communication
channel occupation, fewer actuation of the controller, and less signal
transmission [18]-[21].

Remark 4: Different from the Lyapunov—Krasovskii function con-
structed in [18]-[21], Vi (¢)=V=(¢) in (13), which fully capture the
characteristic of the sampling-data systems and make full use of the
sampling pattern, may provide a larger sampling period. In other words,
the memory sampled-data control may provide less conservative result,
which will be demonstrated in the simulation example.

When K,; = 0, the memory sampled-data controller is reduced to
the sampled-data controller considered in [21]. We can easily obtain
the following corollary from Theorem 2 by letting @y = R =W =0
and removing the term of x(¢; — 1) in the Lyapunov functional (13).

For the sake of simplicity of matrix and vector representation,
I, e RM " (i=1,2,...,4) are defined as block entry matrices (for
instance, f4 =[0001 ]T ). The other notations are defined as follows:

00 = [0 200 2 [ o s i)

Wy = 1[I —100]

Wy = [IT —2I0]

N = [G"N,G G" N,G 0 0)*

b = [A,G B,T,; 0 — 1

Sy = LPIT 4+ L,PIT —[f — LINLIT — Lail (] — B
— YW — W Vi — 3Y,5 W — 3W Yy,
W B SI ~ ([~ QU — B+ SR X7
+ (I, +al)® + T (I, + ol,)"

Sy = —LMII —[I, LN, L,]"

Sy = (I LML, L) + (I, LIN[L, L)"

+ ST + [, SIT + [I, — L)QIT + I,Q[I, — I,]".

Corollary 1: For given scalars h > 0 and o > 0, system (10)
is asymptotically stable if there exist symmetric positive matrices

5 v r _ | M Mo . . A o [N Ny
P, X, M= [* e }, symmetric matrices S,Q, N = [* N ],
and any matrices G, Y1,;, Y2;;, T1; with appropriate dimensions such

that the following LMIs hold for all hy € [0, h],i,5 =1,2,...,r:

~ M ~ 7
S1 4 hy By thv <0 @9
* TX_
21 + hkig hkifly 3hkf/2,'j %N i
* —hy, M,y 0 0
* * * —%X_

And the controller gain matrix K ; is given by Ky; = T1,;G .

Remark 5: For the fuzzy sampled-data control scheme of chaotic
systems used in [18]—[21], the less conservative criteria provided in this
paper rely on the constructed Lyapunov functional and its derivative
estimation. First, a new Lyapunov functional that is neither necessarily
positive on sampling intervals nor necessarily continuous at sampling
instants is constructed. Second, Lemma 1 is used to estimate the upper
bound of the cross term instead of using Jensen’s inequality.
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TABLE I
MAXIMUM ALLOWABLE BOUND A

[19] [20] [21]
h  0.0534  0.0692  0.0736

Corollary 1
0.0818

Theorem 2(n = 0.01)
0.0959

0 5 10 15 20 25 30 35 40 45 50

Fig. 1.  State response of the uncontrolled system (1).

IV. NUMERICAL EXAMPLE
The Rossler’s system with an input term is given as follows:
iy (t) = —a2(t) — z5(t)
Ltg (t) =T (t) + aro (t)
Z3(t) = by (t) — (¢ — 1 (t)) 3 (¢) + u(t).

It is noted that the Lorenz system (31) with = (¢) € [¢c — d, ¢+ d] can
be represented in the T=S fuzzy system (10) with

(€Y

0-1-1 0-1-1
A1 = 1 a O 5 AQ = 1 a O
b 0 —d b0 d
0
B] == B2 == 0
1
and the membership functions h(x;(t)) = % and
ho(z1(t)) =1—=hy(21(t)). In this example, we choose

a=0.3,b=0.5,¢c=5, and d = 10.

By using the fuzzy sampled-data control, the results on the largest
sampling interval h for different methods are listed in Table I. From
Table I, we see that the maximal value of the sampling period is h =
0.0818 by applying Corollary 1. While by applying the design methods
proposed in [19]-[21], we can find the largest sampling interval h
ensuring the stabilization of chaotic systems (1) are 0.0534, 0.0692,
and 0.0736, respectively. By using only the sampled-data proportional
control, our proposed approach is able to achieve less conservative
results compared to those presented in [19]-[21].

According to the structure of the memory sampled-data controller
(7) and choosing o = 0.08 and 3 = 0.08, we can find that the largest
sampling interval is 0.0959, which preserves chaotic systems (10)
to be stable, and the corresponding connection weights are given as
follows:

Ky = [6.5828 1.5310 —11.9482 |
Ky = [—0.0269 —0.0044 —0.1698 |
K = [6.5828 1.5310 —11.9482]
Ky = [—0.0269 —0.0044 —0.1698 ] .
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ol
T

0 5 10 15 20 25 30 35 40 45 50

Fig. 2.  State response of the controlled system (1).
° u(t)
ol
\/\/\/\/\—/x,w
sl 1
=10 4
: -151 g
-20 4
-251 ]
) 5 10 5 2 2:5 3 3 20 s 50
Fig. 3. Control input (7).

With the above-obtained connection weights and the initial condi-
tions z(0) = [—1 2 3]7, the state responses of the open-loop system
are given in Fig. 1. The state responses of the closed-loop system are
shown in Fig. 2, which shows that the controlled system is stable. The
control input u(t) is shown in Fig. 3.

V. CONCLUSION

In this note, a sampled-data control for chaotic systems is investi-
gated by developing a memory sampled-data control scheme. Com-
bining the Lyapunov functional method and the integral inequality,
we present a new stabilization criterion. The results proposed in this
note fully make use of the available information about the actual sam-
pling pattern and thus have less conservatism than the existing ones.
A numerical example is carried out to show that the proposed memory
sampled-data controller can provide a longer sampling period than that
in the existing literature. The performance of the sampled-data control
for T-S fuzzy systems will be taken into account in our future work.
Moreover, the new sampled-data approach is expected to be extended
to multiagent systems [26], [27].
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