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Nonfragile Exponential Synchronization of Delayed
Complex Dynamical Networks With Memory
Sampled-Data Control

Yajuan Liu, Bao-Zhu Guo, Ju H. Park, and Sang-Moon Lee

Abstract—This paper considers nonfragile exponential
synchronization for complex dynamical networks (CDNs) with
time-varying coupling delay. The sampled-data feedback control,
which is assumed to allow norm-bounded uncertainty and
involves a constant signal transmission delay, is constructed
for the first time in this paper. By constructing a suitable
augmented Lyapunov function, and with the help of introduced
integral inequalities and employing the convex combination
technique, a sufficient condition is developed, such that the
nonfragile exponential stability of the error system is guaranteed.
As a result, for the case of sampled-data control free of norm-
bound uncertainties, some sufficient conditions of sampled-data
synchronization criteria for the CDNs with time-varying coupling
delay are presented. As the formulations are in the framework of
linear matrix inequality, these conditions can be easily solved and
implemented. Two illustrative examples are presented to demon-
strate the effectiveness and merits of the proposed feedback
control.

Index Terms— Complex dynamical networks (CDNs), memory
sampled-data control, nonfragile synchronization, time-varying
coupling delay.

I. INTRODUCTION

N THE past few decades, much attention has been focused

on the study of complex dynamical networks (CDNs) on
account of the ubiquity of such real-word systems, such as the
Internet, World Wide Web, food chain, scientific citation web,
and neural networks, among many others [1]-[4]. CDNs are
a set of interconnected nodes in which one node is a basic
unit with specific contents or dynamics. As one of the most
important collective behaviors, the synchronization problem
has attracted unprecedented attention owing to its potential
applications in biological systems, physics, communication,
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and traffic systems [5]—[8]. Various control schemes have been
proposed to date to deal with the synchronization problem
for CDNs. These include state observer-based control [9],
adaptive control [10], impulsive control [11], and pinning
control [12], [13]. In addition, time delay occurs commonly in
many physical systems, and the existence of time delay may
degrade the quality of system and even lead to oscillation,
divergence, and instability [14]-[17]. It is, therefore, important
to consider the effect of time delays in CDNs.

All the aforementioned works are using continuous-time
feedback. In practical implementation, however, control strat-
egy requires digital feedback [18], and the digital control
takes merits in speed, small size, accuracy, and low cost
during the control process for continuous-time systems. As a
result, it is worthwhile to study sampled-data synchronization
for CDNs. A crucial issue is that the variation of sampling
periods may deteriorate synchronization for the controlled
systems. Therefore, it is important to design a sampled-data
control, so that the CDNs can be synchronized. In fact,
the sampled-data control problem has received considerable
attention in the past decades, and numerous results have been
reported in the literature. In sampled-data control systems, the
input delay approach [19], where the system is modeled as a
continuous-time system with a time-varying sawtooth delay in
the control input induced by a sampler-and-holder, is popular
and has been widely used [20]-[24]. In the framework of the
input delay approach [19], sampled-data synchronization for
CDNs with time-varying coupling delay was studied in [25]
and [26], and several delay-dependent sufficient conditions
were developed to guarantee synchronization for CDNs. It
should be pointed out that the available information on actual
sampling patterns is neglected in [25] and [26], because the
input delay induced by sampler-and-holder is simply treated
as a bounded fast-varying delay. Therefore, the derived syn-
chronization conditions are conservative to some extent. By
introducing some information about actual sampling patterns,
some improvements have been made in [27]-[29]. However,
the information on the actual sampling pattern has not been
fully used in [25]-[29], which may lead to certain degree of
conservatism. Although some improved results were obtained
in [30], a mistake occurs in constructing Lyapunov function
V(t) where P needs to be diagonal, because the existing of
augmented vector in V() and V(f) should be no larger
than lim, _)I;1V(tk). In this paper, we avoid this problem
without using the augmented vector. In addition, stabilization
for linear systems is investigated by memory sampled-data
control, which means that the updating signal successfully
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transmitted from the sampler to the controller and to the zero-
order holder (ZOH) at the instant #; has experienced a constant
signal transmission delay [21], [22]. Therefore, it is necessary
to consider the memory sampled-data synchronization for
CDNs with time-varying coupling delay, which comprises the
first motivation for this paper. It should be also noted that
the main difference between the memory and nonmemory
controller is whether or not the updating signal successfully
transmitted the signal from the sampler to the controller
and ZOH at the instant f; has experienced a constant signal
transmission delay 7.

In general, an implicit assumption inherent to the control
design is that the controller should be implemented exactly.
However, in practical situations, the exactly implemented
controller struggles to meet the real requirements, because
the inaccuracies or uncertainties occurring in controller imple-
mentation are inevitable in many industrial applications. Such
uncertainties can be attributed to unexpected errors during
the controller implementation, such as analog-to-digital and
digital-to-analog conversion, round-off errors in numerical
computation, and the aging of the components. The uncer-
tainties occurring in the realization of the controller may
also lead to deterioration of the performance or even the
instability of closed-loop systems. Therefore, nonfragile con-
trol approaches that can consider uncertainties emerging in
the controller realization have been investigated by many
researchers [31]-[35]. However, to the best of our knowledge,
a nonfragile sampled-data controller for the synchronization
of CDNs with time-varying coupling delay has never been
addressed, which is the second motivation for this paper.

In light of the reasons aforementioned, we focus, in this
paper, on the design of sampled-data feedback control for
CDNs with time-varying coupling delay. As opposed to
the controller scheme proposed in [25]-[30], norm-bounded
uncertainties and a constant signal transmission delay are con-
sidered in the designed sampled-data control. In order to make
full use of the available information about the actual sampling
pattern, a novel Lyapunov functional is proposed. Based on
this modified Lyapunov function, the convex combination
technique, and an improved inequality [36] that can provide a
more accurate upper bound than Jensen’s inequality for dealing
with the cross-term, a new criterion is derived to ensure
exponential stability for the synchronization error systems. The
considered CDNs with time-varying coupling delay can be
exponentially synchronized. Furthermore, when the sampled-
data controller is free of norm-bound uncertainty, the sufficient
conditions of sampled-data synchronization for CDNs with
time-varying coupling delay are concluded. The results are
formulated in the form of linear matrix inequalities (LMIs) that
are easily solvable using standard software packages. Numer-
ical examples are presented to illustrate the effectiveness and
reduced conservatism of the proposed method.

Notations: The notations used in this paper are standard.
I denotes the identity matrix with appropriate dimensions;
R" is the n-dimensional Euclidean space; R™*" denotes the
set of all m x n real matrices; and | - || is the Euclidean
norm for given vector. % denotes the elements below the
main diagonal of a symmetric block matrix. For symmetric
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matrices A and B, the notation A > B (respectively, A > B)
means that the matrix A — B is positive definite (respectively,
nonnegative), and A37(-) and 4,,(-) stand for the largest and
smallest eigenvalues of a given square matrix, respectively.
diag{. ..} is used to denote the block diagonal matrix.

II. PROBLEM STATEMENT

Consider the following CDN that consists of N coupled
nodes of the form:

N
%) = fi0)) +c D GijAxj(t — () +ui(t) (1)
j=1
where x;(t) is the state vector; u;(t) is control input of the
node i; f :R" — R" is a continuous vector-valued function;
the scalar constant ¢ denotes the coupling strength; 7 (¢) is the
time-varying delay satisfying 0 < 7(¢) < 7, 7(t) < u, where
7 > 0 and u are known constants; A = (a;j)nxx is the constant
inner-coupling matrix between two connected nodes, and
G = (Gij)nxn is an outer-coupling configuration matrix,
where G;; is defined as follows. If there is a connection
between node i and node j, then G;; > 0; G;; = 0, otherwise,
and the diagonal elements of matrix G are defined by

N
Gi=- Y Gi (i=12,....N). )
Jj=1j#
The continuous function f : R" — R” is a vector-valued

function, and satisfies the following sector-bound condition
[27]:

[f(x) = fO) = Ux ="
X[fx)=f()=VE—=y]1<0 Vx,yeR" (3)

where U and V are known constant matrices of the appropriate
dimensions. The nonlinear description in (3) is very general,
which includes the Lipschitz condition as a special case.

Let r(t) = x;(t) — s(¢) be the error vector, where s(r) € R”
is the state trajectory of the unforced isolated node
s(t) = f(s(¢)). Then, the synchronization error of CDNs can
be written as

N
Fi(t) = g(ri() + ¢ D GijArj(t — () +ui(t) (4
j=l1
where i = 1,2,..., N and g(r;(t)) = f(x;(2)) — f(s(2)).
Throughout this paper, it is supposed that only the mea-
surements r(fx) at the sampling instant #; are available, which
are discrete measurements of r(¢), and the control signal is
assumed to be generated by using a ZOH function with a
sequence of holding times
O=1m<t)] <---< lim f =+4o0. 5)
k—+o00
The sampling is not required to be periodic, but the distance
between any two consecutive sampling instants is assumed to
belong to an interval. Precisely, it is assumed that

L1 =tk =he < h (6)

for all k > 0, where h > 0.
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Consider nonfragile memory sampled-data feedback control
in the form of the following:

ui(t) = (K1 + AKqi () (1)
+ (Kai + AK2i (10)r (t — 1),

where K1; and K»; are appropriate dimensional control gain
matrices to be determined later, and # is a constant signal
transmission delay.

The uncertainties A Ky;(tx) and A K»; () represent the pos-
sible controller gain fluctuations. It is assumed that A Ky; (#)
and A K»7;(t;) have the following form:

[AK1; (t), AK2i(tk)] = Di A(t)[Eai, Epil (8)

<t <tgir1 (1)

where D;, E,;, and Ep; are known constant matrices with
appropriate dimensions, and A(#) is an unknown matrix
function satisfying A T () A(t) < 1.

Remark 1: In practical applications, the parameter pertur-
bations are unavoidable, which influence stability and perfor-
mance of the system if they are not treated appropriately. The
nonfragile sampled-data control designed for the synchroniza-
tion of CDNSs is to deal with such perturbations. As opposed
to the control scheme proposed in [25]-[29], a constant signal
transmission delay #x introduced in [21] and [22] is also
considered for the first time for the synchronization of CDNs
in this paper.

Here, in order to have a simple structure of system equa-
tions, we use the Kronecker product to write system (4) as

i(t) = g(r@) +c(G A)r(t — (1)
+ K1r(tx) + Kor (tx — ) + Dp(t)
p(t) = Atr)q (1)

q(t) = Eqr () + Epr(tx — 1) 9)
where
r(t) = [rlT(t), rzT(t), e r;(t)]T
gr®) =1g" n@®), 8" (2(0),....8" (w1
K1 = diag{K11, K12,..., Kin}
K> = diag{K>1, K22, ..., Koy}
D = diag{Dy, D>, ..., Dy}
E, = diag{Eq1, Eq2, ..., Ean}
E, = diag{Ep1, Ep2, ..., Epn}.

The following definition and lemmas play crucial roles in
the proof of the main results.

Definition 1 [27]: The CDN (1) is said to be exponentially
synchronized if the error dynamic system (9) is exponentially
stable, i.e., there are two constants a, > 0, such that

Ir@)I < pe sup O{IIF(H)II, @)1}

—b<0=<

(10)

where b = max{z, }, and a and f are the decay rate and the
decay coefficient, respectively.

Lemma 1 [25]: For any matrix M € R"" M = MT >0
and f <s < a, the following inequality holds:

—(a—p) /a % (s)Mx(s)ds
B
< —[x(a) —x(A1 Mlx(a) — x(B)].

Lemma 2 (Lower Bounds Lemma [37]): Let fi, fo,...,
fv : R™ — R be in an open subset D of R™. Then, the
reciprocally convex combination of f; over D satisfies

) 1
min Z—fi(l)ZZfi(t)"r‘maXZgij(t)

{ailai>0>2i ai=1} ; aj i 8ij i£]
subject to

[gij R™" = R, g;(1) 2 gi,j (1), [ fi) g,-,,-(t)} > 0].

8i,j (@) fi@)

Lemma 3 [36]: For any positive definite matrix R and
continuously differentiable function x(¢) in [a, b] € R", the
following inequality holds:

b
—(b —a)/ x T (s)Rx(s)ds
< —[x(b) — x(@)]T R[x(b) — x(a)] — 3QT RQ
where Q = x(b) + x(a) — (2/(b — a)) [ x(s)ds.

Lemma 4 [22]: Let z € Wla, b) and z(a) = 0. Then, for
any n X n matrix R > 0, the following inequality holds:

b N2
/ zT(s)Rz(s)ds < M
a T

Y

b
/ 2T (s)Rz(s)ds.

Our final objective is to design a nonfragile memory
sampled-data control of (7), such that the error system (9)
is exponentially stable. Therefore, CDN (1) is exponentially
synchronized.

III. MAIN RESULTS

In this section, we first establish the nonfragile exponential
stability for error system (9), and several sufficient conditions
will be presented to ensure stability of the system and to
synthesize the memory sampled-data control of the form (7).

For the sake of simplicity, we use I; € RIO»
(i =1,2,...,10) to denote block entry matrices, (such as
I, =[0,0,0,1,0,0,0,0,0,0]"). The notations of others are
defined as
_teun)TugVv) UeW'(IeU)

B 2 2
7 ey +ueV)’
2

1 t
o(t) = — fk/tk r(s)ds

BT@) =1r" @), r " @), r T — )]
y () = [F1(1),0,0]
O =00 r =7, r ¢ —7),r @),0" 1),
riac=n),r T @ —=m, g @), # 1@, p' (@)]
® = [0,cF(G ® A),0, Hy,0, Hy,0, F, —F, FD]
Y = e)(LE, Eqly + LE, Eply + I6E,) E,I
+ I6E, Eply — Tolyp)

(W]

Wi =[1,0,0,—1,0,0,0,0,0,0]
W, = [1,0,0,1,—21,0,0,0,0,0]

R =[R1,0,0, R>,0, R3,0,0,0,0]"
I =14, L, ]
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Sy =2al PI] + L PIJ + b PIT + 1(Q1 + 021
—(1 = @)e > Hho L) —e T BOs
+72 19031y + 719 Qaly
—e 21 — [)Q4lh — I7]T

—03 03-—T T
+e 2| o« —203+T+T'T Q3—T |
* * -0

—e 2 — MR I — e My [ — 1] T
—e 2y Ty — e 2w Ty — 3¢y, w,y

372 MW Y + ah®(1y, L, I1R( 1y, s, 161"
2

h
+ oX 1y + ah®IsSI{ —hIsSIS

+h2[a(ly — I6) + IlW[a(l; — Ig) + Io]"

2
- %e’z"”[h — Wl — )"

Y
—el[h,ls][* 1}[11,181T+l11

+(I + y1lo + y2le)® + @ (I + y11o + y216) T
Sy = —e " M31) — (I, Lu, IIR[11, I, Is] "
Y3 = [lo, LIM (1o, Is]" + [I1, Is, I6)R[11, Is, I6] "

+ L SIS + IsS1.

Theorem 1: For given any scalars u, yi, Y2, positive
constants /2 and 7, and diagonal matrices

D = diag{D1, D2, ..., Dy}
E, = diag{Eq1, Ea2, ..., Eqn}
Ej, = diag{Ep1, Ep2, . .., Epn}

the error system (9) is exponentially stable with the decay rate
o if there exist matrices P > 0, Q; >0 (i =1,2,3,4)

Ri Ry Rz

R=| x Ry Rs|>0, M:[M1 M2}>0
* M3
* * Rg
s > 0 W > 0, X > 0, T, Y, Y, F =
diag{Fi, F>, ..., Fy}, Hy = diag{Hi1, H12, ..., Hiny}, and

H, = diag{H»1, H22, . .., Han} with appropriate dimensions,
and scalars g1, &2 > 0 satisfying the following LMIs:

h? < ]
Y +h¥3s —R
%2 <0 (12)
* ——X
2 _
h? ]
Y1+ h2s hYq 3hY, —R
* —hM, 0 0
% x  —3hM; 0 <0 03
h2
* * * ——X
2 -
03 T
|: e > 0. (14)

Furthermore, the desired control gains are given by

Ki=F 'Hy, Ku=F "Hy, i=12,..N.

121

Proof: We choose the following Lyapunov functional
candidate:

9
V() =D Vi), 1€l ts1) (15)

i=1

where

Vi) = ez‘”rT(t)Pr(t)
Va(e) = / 21T (5)Q1r(s)ds
t—1(1)

Va(t) = /t ez‘”rT(s)er(s)ds
-7
0 t
Vi(t) = 1 / / >i T (s) Q37 (s)dsda
—7 Jt+a

0 t
Vs(t) = 17/ / 27T () Q4r (s)dsda
—nJita

P . T .
Ve(t) = (h —hk<f)>/ e [rgk))} - [féiﬂ"s

V(1) = (h — hi(0)hi () BT (1) RB(1)
Vs(t) = (h — hie(0)hi(£)e*“ o T (1) So (1)

t
Vo(t) = h? /
r—n

2 t—n
- e —ra =)W
=1

x (r(s) —r(tx — n))ds.
with hy(t) =t — tg, r(t) = a(r(t) — r(ty — n)) +7(¢).
The time derivative of Vi(r), Va(z), and V3(¢) can be
calculated as

EXF T (s)Wr(s)ds

T

Vi(t) = 202 r T (0)Pr(t) + 2% r T (1) PF(t)  (16)
Va(t) < 2 {r T (1) Q1r (1) — (1 — pye
xrl(t—c@)Qirt — (1)} (17
Va(t) < e (r T (1) Qar (1) — e7**
xr'(t—1)0r(t —1)}.  (18)

In view of Lemmas 1 and 2, an upper bound of Vy(r) is
estimated as

Va(r) < e 12277 (1) Q37 (1)

t
. ,—2at =T (s)d
Te /tirr (s) Q37 (s) s]

2 T (1) 037 (1)

IA

t
—1672”/ 1 (s) 037 (s)ds
t—1(t)

t—1(t)
—‘[672(”/ f'T(S)Q3f'(S)dS}
'

-7

AT () Q3F (1) + e 2T X T (1) Q3 X (1))
where X (1) = [r " (¢),r " (t — 2(t)),r " (t — 7)]"

IA

—03 03T T
Q3= * —203+T+T" Q3-T
* * —03
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Based on Lemma 1, an upper bound of Vs(¢) is given by
Vs(t) < & 1T (0 Qur (1)

—neza”/t i’T(s)Qu"(s)ds]
1=

200 32 T (1) Qui (1) — e 24 (1) — r(t — )] "

IA
o

X Qalr(t) —r(t — 77)]].

Calculating the time-derivative of Vg(¢) leads to
t . T .
Vl:— 208 r(s)i| M|:r(s):|d
5¢) / ¢ [r(rk) rao |

[ 1O 4 [0
+ (h — hi(0))e? [V(fk):| M |:r(tk):|

_ J2at ,—2ah ' f(s) ! r“(S)
= —ee /,k[r(tk)} M[r(tk)}ds
w07 0
+(h = hi(0)e? t[r(tk):| M [’”(’k)}
_ oar [ oan [T M7 (s)d
B [ e /tkr ($)My7(s)ds

=272 T () My [r (1) — r(1)]
—(t — e *"r T (t) M3 (1)

N R0
+(h—(t—tk))[r(tk)} M[r(tk)”.
Using Lemma 3, one can obtain

t
— / P (s)MiF(s)ds
173
1
<
Tt — K

Because, for matrices Y;(i = 1,2), (1/(t — t))(MW; —
(t —1)Y) "M (MiW; — (t — 1)Y;) > 0, we have

ET[wImw + 3w, MiwaJé@).  (19)

WIMW; < =Y, Wi = WY, + (t — )Y, M 'Y,
(20)

t— 1

Calculating V(1) gives

Va(t) = 2a(h — hi(t)hi (0)** BT () RB(1)
— ()BT (1)RB (1)
+(h — hi(1)e* BT (1) RA(1)
+2(h — hi ()i ()™ BT () Ry (1)
< &™ah* BT (ORB(1) — hi()B" ()R (1)
+2(h — hi () hi (1)ET (0 Ri (1)
+ (h = ()BT (ORB(1)}.

For any positive matrix X, it is easy to obtain

200 — hi ()i ()E T (1) R (1)
2

< % (5T(z)1§x—11§T§(z) i fT(t)Xf(t)).

Finding the time-derivative of Vg(f) and Vo(¢) yields
Vs(t) < e2*{ah®o " (1)Sv(r) — ho ' (£)Sv(r)
+2(h — hi ()0 T (1)Sr (1)}

2
Vo(r) = 2 [hsz(t)Wf(t) — %ﬂ“"

x(r(r—n)—r(rk—n))TW<r<r—n)—r<rk—n)>].
From (3), it follows that:
g1 [g(ri(1) — UriO1 [g(ri(®)) = Vri(D1 <0 (21)

which is equivalent to

o r(t) T U v r(t)
“’”62'[g<r<r)>} [* IHg(r(r»]zO' @2)
By (8)
P () p(t) < q" ()q ) (23)

and so there exists a positive scalar &; satisfying

£2¢*[q T () q(t) — pT (1) p(1)]
= 2T ()PET) > 0.

From (9), it is easy to know that

2% [ V(1) F 4 y17 T (1) F + yar | (t — m) F1[—F(1)
+c(GRA)yr(t — (1)) + g(r(®)) + Kyr(ty)

+ Kor(tx — n) + Dp(t)] = 0. (24)

Define FK1 = H and FK, = L. Then
V() < 4T () 2E@) (25)

where T = 2+ (h?/2)RX'RT +(t — 1) (Zo+ Y, M; 'Y +

3Y2TM17l Y2)+(h—(t—1tx))X3. As X is a convex combination

of t — 1y and hy — (t — t), £ < 0 if and only if (12) and the
following inequality holds:

h? - -
21+?RX_1RT+hE3 <0

(26)
i+ h(Z+ YT MY+ 37 M)
h? -
+ 7RX”RT <0. 27

By virtue of the Schur complement, (26) is equivalent
to (12), and (27) is equivalent to (13). We then obtain from
(12) and (13) that

V() <0, teltk, k) (28)
It follows that for ¢ € [#, tk+1):
V() <V(t) < V(tk—1) <--- < V(0). (29)
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As V;(0) =0( =6,7,8), we can obtain that

0
V(0) = r " (0)Pr(0) + / 2*rT(s)01r(s)ds

—7(

0

.
wof
'/,

+ h? / T (s)Wi(s)ds
-

+ 2‘“rT(s)er(s)ds

0
/ 27T (s) Q37 (s)dsda

ON

0
+ / > T () Qur (s)dsda

Amax (P ()% + T 2max (Q1)  sup {IIr(©)II*}

—b<0<0

+ TAmax(Q2) sup {lIr©)II*}

—b<6<0

+ (23 max (Q3) + 7P max (@) sup  {[I7(0)]*}

—b=<0<0
)2

(30)

+3anhzzmax(W)( sup {[Ir @)1, 7)1}

—b<6<0
2

where ¢ = 60> + 3 and y = Amax(P) + 7(Amax(Q1) +

Jmax(Q2)) + TB/ImaX(QS) + WS/Imax(Q4) + 3a77h2/1max(w)~
On the other hand

sup {{Ir @I, 17O}

—b<6<0

V(1) = & Jmin(P) | (1)]1%. 31)
By (30) and (31), it follows that:
Ir@l </ zmi:( P)e*‘” S {r@l, I7@)1}.  (32)

In terms of Definition 1, system (9) is exponentially syn-
chronous with the decay rate a. This completes the proof of
the theorem. ]

When there is no uncertainty involved, control (7) and the
error system of (9) are reduced to

ui(t) = Kyr(te) + Koir(tx — n), te <t < tgg1 - (33)
7(t) = g(r(®) +c(G® A)r(t — (1)
+ Kyr(ty) + Kor (tx — 7). (34)

By Theorem 1, we have Corollary 1 on the syn-
chronization of CDNs with memory sampled-data control.

Here, for notational simplicity, we use ; € RY"
@ = .,9) to denote block entry matrices (for exam-
ple I = [0,0,0,7,0,0,0,0,0]7). The other notations are
defined as
'O =@ r =2 r =) r (@), 0T (1)
P =), r T =, 8" (), 7T ()]

O =[0,cF(G® A),0,H,0, H,0, F, —F]

Wi = [1,0,0,-1,0,0,0,0,0]

V> =[1,0,0,1,-21,0,0,0,0]

R =[R1,0,0,R>,0,R3,0,0,0]"
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=6, D, ]

ST T T 7 rT T T T 7T

Ly =2aliPI} +11Ply +1oPI; + 1(Q1+ Q2);
— (1= e Lo I —e* [0y I5 +1% 15 Q31
+ 7 loQaly — e 21 — [1Qally — 177

|0 03 — r .
+e 2| %« —2034T+TT O3—T |07
* * — 03

_ef2ah[1'1 — 1_4]M2]_‘;r — eizahl_4M;—[I_1 — 1_4]T

—e 2hyTW) — e 24w Ty) — 3724y, Wy

=3¢ 2"W,' Yy + ah* 1y, In, I1R 1, Is, I6] "
h? - - .

+719X19T +ah*IsSI{ — hIsSI{

+h*a(ly — Is) + Io]Wla(l — I) 4+ Io]"
2
—%e—””[l} — I IWIE — Il

- - fTov],: -1
—e1[1y, Ig] |: . I } [11, I3]
+(I + y1do + y2I6)®@ + @ (1) + p11o + y216)
—e 2"y M3 I — (I, I, I6IRUI, I, I6)

(Lo, 11M[Io, 141" + [11, Is, I61R[ 11, In, I6] "
+1SI + 581}

b
3

Corollary 1: For given any scalars u, y1, y2 and positive
constants /1 and 7, the error system (34) is exponentially stable
with the decay rate o if there exist matrices P > 0, Q; > 0
i=1,2,3,4

Ri Ry R3
R=| % Ry Rs|>0, M:[M1 M2}>0,
* M;
* *  Rg
s > 0 W > 0, X > 0, T, Y, Y, F =
diag{Fi, F>, ..., Fy}, Hy = diag{Hi1, H12, ..., Hiny}, and

H> = diag{H>1, H2, ..., Hyy} with appropriate dimensions
and a scalar ¢; > 0 satisfying the following LMIs:

_ _ h? _
L +hE3 —R
%2 <0 (35
* ——X
7
h? _ ]
1+ hZ hYq 3hY; 7R
* —hM, 0 0
% «  —3hM; 0 <0 G9
h2
* * * ——X
2 -
03 T
[ N Q3_ > 0. (37)

Furthermore, the desired control gains are given as

Ki;=F 'Hy, Ky=F "Hy, i=12,...,N.

Remark 2: For sampled-data synchronization of CDNs with
time-varying delay, the choice of the sampling interval is
very important for designing suitable feedback control. It is
obvious that a longer sampling period will result in lower
communication channel occupation, fewer actuations of the
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controller, and less signal transmission [24]. To achieve this
objective, the memory sampled-data controller is employed
here, which may provide a larger sampling period than
that from the conventional sampled-data controllers proposed
n [25]-[30].

Remark 3: Unlike the Lyapunov—Krasovskii function con-
structed in [25]-[29], V7(¢), V3(¢), and Vo(z) have more
information with the actual sampling pattern. In the proof
of Theorem 1, an improved integral inequality [36] that
provides more accuracy than those based on Jensen’s inequal-
ity is employed to estimate the derivative of the Lyapunov
function Vg(t).

Remark 4: When K> = 0 in control (33), the control scheme
for the synchronization of delayed CDNs is reduced to the
conventional control scheme studied in [25]-[29]. Removing
the term r(tx — #) in the constructed Lyapunov function (15),
we have Corollary 2 induced from Corollary 1 directly. Once
again for the simplicity of matrix representation, block entry
matrices /; € R (i =1,2,...,7) are defined (for example,
i4 =10,0,0,1,0,0,0]7). The notations of several matrices
are defined as

ETO =", r Tt —c@),r (t—1),r" (1),

1 t T

( / r(s)ds) ), )

r— 1 f

® =[0,cF(G®A),0,H,,0,F,—F]

Wi =[1,0,0,—1,0,0,0]

W, =[1,0,0,1,—21,0,0]

R =[R1,0,0,R,0,0,0]"

11 = (], b, 5]

Sy =2al PI] + L PI] + [PIT + (01 + Q)1
~(1 = we 2 Hholy —e " QI +7* Q317

|9 O3 -=T r .
+e 2| x =203+ T+T" Q3—T |7
* * —03

— e—2ah[f1 — IA4]M21A4T — e_zahi4M2T[f1 — 1A4]T
—e Wy TV — e 2 W Ty — 3e7 20y Ty
— 3¢ 2 MW Yy 4 ah®( 1y, I4]R[ ]y, 14T

h? . A a RN
+ 717XI7T +ah?IsSI§ — nisSI§

2 (U Vs a7

e1lly, Ie] [ . ] } (11, Ie]
+(h+ )@+ T+ 91T
—e M yM3 1) — (1, LRE, 1T

(I7, LM I7, 13" + (11, I3 ]R( ]y, I4)"
—i—IASSIAlT =+ i]SIAST.

> ™M
w )
I

Corollary 2: For given any scalars u, y; and positive
constants & and 7, the error system (34) is exponentially stable
with the decay rate a, if there exist matrices P > 0, Q; >
0@ =1,2,3)

R:|:R1 R21|>0, M:[ﬂ;h

xRy

M;
M3:| > 0,

S$>0,X>0,T, Y1, Yo, F = diag{F1, F>,..., Fy}, and
H, = diag{H11, H12, ..., Hiny} with appropriate dimensions
and a scalar g1 > 0 satisfying the following LMIs:

. . h? .
i +h¥3 —R
%2 <0 (38)
* ——X
2
h?
14+hX, hY 3hY, —R
* —hM, 0 0
* * —3hM; 0 <0 (39)
h2
* * * ——X
2 &
O3 T
> 0. 40
[ — (40)
Furthermore, the desired control gains are given as
Ki=F'Hy, i=12,...,N.
Remark 5: It is indicated that Theorem 1 and

Corollaries 1 and 2 only can be applied to time-varying
delay when g is known and less than one. When u is
unknown or the time-varying delay 7 () is not differentiable,
setting Q1 = 0, the corresponding results of Theorem 1 and
Corollaries 1 and 2 can be applied to address these cases.

IV. NUMERICAL EXAMPLES

In this section, the validity of the proposed design method
will be illustrated by two numerical examples.

Example 1: A CDN, including three nodes (1), is considered
in this example. The outer-coupling matrix is assumed to be
G = (Gjj)nxn With

The inner-coupling matrix A is given as A = |:(1) (1)i| f()is
the nonlinear function, and is taken as

o _ [ —0.5x;1 + tanh(0.2x;1) 4 0.2x2
fli@) = [ 0.95x1» — tanh(0.75x;2)

which implies that f(-) satisfies (3) with
—-0.5 0.2 —-03 0.2
v= [ 0 0.95}’ V= [ 0 0.2]
The other parameter matrices for uncertainties are given as

1o 02 0 05 0
Df:[o 1}’ E“":[o 02} Eb":[o 05]

For the case where there is no uncertainty, that is A(t) = 0
and the convergence rate o is not zero, the exponential
synchronized condition in [25], [26], [28], and [29] is not
considered. The exponential synchronized condition proposed
in these papers is not applicable anymore. Taking ¢ = 0.25,
u = 0.5, and applying Theorem 1 with ¢ = 0.2, Table I shows
the maximal sampling period with different ¢ and 7 values.
In addition, applying Corollaries 1 and 2 with ¢ = 0.8, for
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TABLE I

MAXIMUM SAMPLING PERIOD & FOR VARIOUS a
AND 7 VALUES FOR ¢ = 0.2

a/n 0.05 0.1 0.2

0.05 04254 04073  0.3745

0.1 0.3932  0.3772  0.3469
TABLE 11

MAXIMUM SAMPLING PERIOD /& FOR ¢ = 0.8

a 0.2 0.3 0.4
[27] 0.5622  0.4755  0.4191
Corollary 2 0.6151 0.5003  0.4162
Corollary 1(n = 0.0001)  0.6588  0.5432  0.4530
TABLE III

MAXIMUM SAMPLING PERIOD & FOR VARIOUS ¢ VALUES

[ 0.50 0.75 1.00
[25] 0.5409  0.1633  infeasible
[26] 0.5573  0.2277  infeasible
[27] 0.9016  0.8957 0.7316
[28] 0.9225  0.7530 0.5880
[29] 0.9353  0.9062 0.8692
Corollary 2 1.0428  1.0172 0.9513
Corollary 1(n = 0.0001) 1.0666 1.0277 0.9988

different a values, the maximal sampling period is obtained
and summarized in Table II. On the other hand, when a = 0,
7 =0.25, and x = 0.5, the comparison of sampling intervals
for a different coupling strength ¢ by Corollaries 1 and 2 with
the results in [25]-[29] is shown in Table III. From the results
of Tables II and III, we can see that the proposed method in
this paper can give larger delay bounds than those in [25]-[29].
To show the effect of the perturbations in controller, taking
A(ty) = sin(fx), a = 0.1, y = 0.05, ¢ = 0.2, 7(t) =
0.125 4+ 0.125sin(4¢t), p1 = 1.2, f» = 0.1, and solving the
LMIs (12)-(14), the maximum value of £ is 0.3932, and the
corresponding nonfragile sampled-data controllers gains are

oo _ [ 12786 —0.1299]
= 00207 —2.1688 |
Ko [ —1:2786 —0.1299]
271 0.0207  —2.1688 |
Ko _ [ —1:2082 —0.0946]]
BT0.0272 —1.9546 |
Ko _ [ —0-1928  —0.08457
7 0.0060  —0.1055 |
Koy [ 01928 —0.0845]
27 0.0060 —0.1055 |
Ko [ 01958 —0.0987]
27 00036  —0.1343 |

For the initial condition x1(0) = [7, —4]T, x2(0) = [3, =917,
x3(0) = [—6,5]T, and s(0) = [0, —1]T, the response curves
of error systems without control input are shown in Fig. 1.
Using the above-mentioned controller gains, the response
curves of the error systems and control input are given in
Figs. 2 and 3, respectively. From Fig. 2, it is seen that the
synchronization is convergent to zero.

Example 2: In this example, Chua’s circuit is considered as
an unforced isolated node of CDN (1), which is expressed as
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(] 1 2 3 4 5 6 7

Fig. 1. State response of error system without control input in Example 1.

Fig. 2. State response of error system in Example 1.

—
)

)
S

Fig. 3. Control inputs in Example 1.

the following equation:

51(1) = o1(=s1(t) + 52(t) — v(51(2)))

$2(1) = s1(2) — s2(2) + s3(2)

§3() = —o252(1)
where o1 = 10,0, = 14.87, v(s;) = bs; + 0.5(a — b)r(sy),
a=—127,b = —0.68, and r(s;) = (|s; + 1| — |s; — 1]).
Denote s = [s1, 52, S3]T

(41)

—o1—0o1b o1 O

fs) = 1 -1 1
0 —oy O
—0.501(a—b)r(s;y) 0 0
+ 0 0 0
0 0 0
It can be found that f(s) satisfies (3) with
2.7 10 0 —-3.2 10 0
U= 1 —1 1|, V= 1 —1 1
0 —1487 0 0 —14.87 0
And the inner-coupling matrix A is given as
09 0 0
A= 0 09 0
0 0 09



126 IEEE TRANSACTIONS ON NEURAL NETWORKS AND LEARNING SYSTEMS, VOL. 29, NO. 1, JANUARY 2018

TABLE IV
MAXIMUM SAMPLING PERIOD &4 WITH ¢ = 1

Method 126] [28] 129]
h 0.0711 0.1120 0.1327

Corollary 2
0.1580

Corollary 1 (n = 0.0001)
0.1659

The outer-coupling matrix G = (G;j)nxn is assumed to be

-2 1 1
G = 1 -1 0
1 0o -1
The other parameter matrices for uncertainties are given as
1 0 o0 03 0 0
Di=|10 1 0|, E;=] 0 03 0
|0 0 1 0 0 03
(0.8 0 0
Eyy=| 0 08 0
| 0 0 0.8

When there is no uncertainty, that is A(tx) = 0, and o = 0,
7 = 0.04, and x = 0.01, the compared results of maximal
sampling period & for various ¢ are listed in Table IV. From
Table 1V, it is seen that the results calculated based on the
criteria given in this paper are less conservative than those
reported in the existing literature, which shows the advantage
of the proposed method.

To show the effect of the perturbations in the controller,
letting A(tx) = cos(tx),a = 0.1, = 0.1,7(t) =
0.05]sin(¢)|,c = 0.5,8; = 0.2, and p» = 0.1, we solve
the LMIs (12)—(14), the maximum sampling interval A is
0.1022, and the corresponding nonfragile sampled-data con-
troller gains

[—7.4822 —8.3744 —0.5858]
Kip=| 00441 —2.9294 —0.4713
| 31257 11.0609 —4.3728 |
[ —7.6639 —8.3190 —0.6299
Kip=| 00427 —3.1465 —0.3562
| 32397 114472 —4.3751
[—7.6639 —8.3190 —0.6299
Kiz=| 00427 —3.1465 —0.3562
| 32397 114472 —4.3751
[—0.3050 0.0142  0.1783 ]
Ky = | 01703 —0.1066 —0.1719
| 0.0746 05122 —0.1634 |
[—0.3259  0.0248  0.2213
Kp = | 01759 —0.1285 —0.1993
| 0.0675 04179 —0.2664
[—0.3259  0.0248  0.2213 |
Ky = | 01759 —0.1285 —0.1993
| 0.0675 04179 —0.2664

The initial values of the dynamical networks are set to
be x1(0) = [2,-3,5]T,x0) = [5 -7,11",x3(0) =
[2,-2,4]T, and s(0) = [1,0, —21T. The response curves
of the error systems without control input are shown in
Fig. 4. Using the above-mentioned controller gain matrices,
the trajectory curves of the error systems and the control input

X3
——)

R
— (n
50 — 0]

- /\ r3,<n I
B n%\%@&\? \ / 7 :ZE::

Fig. 5.

State response of error system in Example 2.
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Fig. 6. Control inputs in Example 2.

are given in Figs. 5 and 6, respectively. From Fig. 5, it can be
seen that the synchronization error is tending to zero, which
implies that the synchronization of the CDNs can be achieved
by the designed nonfragile memory sampled-data controller.

V. CONCLUSION

In this paper, a nonfragile memory sampled-data control
for the synchronization of CDNs with time-varying delay was
investigated. A new Lyapunov function has been constructed
for synchronization error systems where the information about
the actual sampling is fully considered. Furthermore, in the
case of no uncertainty, a sampled-data synchronization crite-
rion for delayed CDNs was derived. It is shown that the new
criteria can provide larger sampling period than some existing
criteria using the integral inequality method and reciprocally
convex approach. Two numerical examples are presented to
show the validity of the proposed techniques. In future work,
the new sampled-data approach will be extended to networked
fuzzy systems [38]-[40], Markovian-jump systems [41], and
others.
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