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1 Lemma 2.1.

Consider the boundary value problem (BVP):
g(4)(x) + (S>)2g(x) + f(x)pd1 = 0,

g′′(0) = pd2 , g
′′′(0) = pd3 ,

g(1) = 0, g(0) = pr.

(15)

Lemma 2.1. Assume that S has distinct eigenvalues on the imaginary axis only. Then BVP (15) admits

a unique solution.

Proof. Since S is diagonalizable, there exists an invertible matrix V = (v1, v2, · · · , vn) such that

V −1SV = diag(λ1, λ2, · · · , λn), (1.1)

where vi is the eigenvector of S corresponding to the eigenvalue λi of S for i = 1, 2, · · · , n.

Premultiplying (15) by v>i , i = 1, 2, · · · , n in three equations, we obtain a system of ODEs as follows
d4g∗i (x)

dx4
+ λ2i g

∗
i (x) + f(x)p∗d1i = 0,

d2g∗i
dx2

∣∣∣∣
x=0

= p∗d2i,
d3g∗i
dx3

∣∣∣∣
x=0

= p∗d3i,

g∗i (1) = 0, g∗i (0) = p∗ri,

(1.2)

for i = 1, 2, · · · , n, where g∗i (x) = g>(x)vi, p
∗
d1i

= p>d1vi, p
∗
d2i

= p>d2vi, p
∗
ri = p>r vi. There are two cases for

λi(i = 1, 2, · · · , n):

Case 1: λi 6= 0. In this case, −λ2i > 0. Set β4
i = −λ2i , βi ∈ R. The general solution of (1.2) can be

written as

g∗i (x) = Ci1 sinh(βix) + Ci2 cosh(βix) + Ci3 sin(βix)

+Ci4 cos(βix)− 1

2β3
i

∫ x

0

[sinh(βi(x− y))− sin(βi(x− y))]f(y)dyp∗d1i.
(1.3)
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By the first and the fourth boundary conditions of (1.2), it has Ci2 =
β2
i p
∗
ri+p

∗
d2i

2β2
i

and Ci4 =
β2
i p
∗
ri−p

∗
d2i

2β2
i

. The

second boundary condition of (1.2) implies that Ci3 = Ci1 −
p∗d3i

β3
i

. The third boundary condition together

with (1.3) gives

Ci1 =

−Ci2 cosh(βi)− Ci4 cos(βi) +
p∗d3i sin(βi)

β3
i

sinh(βi) + sin(βi)

+

∫ 1

0

[sinh(βi(1− y))− sin(βi(1− y))]f(y)dyp∗d1i

2β3
i (sinh(βi) + sin(βi))

.

(1.4)

The solution (1.3) of (1.2) is thus determined.

Case 2: λi = 0. In this case, the BVP (1.2) becomes
d4g∗i (x)

dx4
= −f(x)p∗d1i,

d2g∗i
dx2

∣∣∣∣
x=0

= p∗d2i,
d3g∗i
dx3

∣∣∣∣
x=0

= p∗d3i,

g∗i (1) = 0, g∗i (0) = p∗ri.

(1.5)

A straightforward computation gives the solution of (1.5):

g∗i (x) = p∗ri +

[ ∫ 1

0

(1− y)3

6
f(y)dyp∗d1i − p

∗
ri −

p∗d2i
2
−
p∗d3i

6

]
x

+
p∗d2i

2
x2 +

p∗d3i
6
x3 −

∫ x

0

(x− y)3

6
f(y)dyp∗d1i.

(1.6)

We therefore obtain the solution to BVP (15):

g>(x) = [g∗1(x), g∗2(x), · · · , g∗n(x)]V −1. (1.7)

�

2 Lemma 3.1

Consider the boundary value problem (BVP) of the following:
h(4)(x) = −(S2

d)>h(x) + f(x)qd1 ,

h′′(0) = −qd2 , h′′′(0) = −qd3 , h(1) = 0,

h′′(1) + c1S
>
d h
′(1) + c2h

′(1) = 0.

(31)

Lemma 3.1. Assume that all eigenvalues of Sd are distinct and are located on the imaginary axis. Then

the BVP (31) admits a unique solution.

Proof. Since S is diagonalizable, so is Sd. There exists an invertible matrix W = (w1, w2, · · · , wn1) such

that

W−1SdW = diag(µ1, µ2, · · · , µn1
), (2.1)

where wi is the eigenvector of Sd corresponding to the eigenvalue µi of Sd for i = 1, 2, · · · , n1.

Similar to the proof of Lemma 2.1, premultiplying by w>i , i = 1, 2, · · · , n1 in three equations of (31), we

obtain a system of n1 ODEs as follows

d4h∗i (x)

dx4
= −µ2

ih
∗
i (x) + f(x)q∗d1i,

d2h∗i
dx2

∣∣∣∣
x=0

= −q∗d2i,
d3h∗i
dx3

∣∣∣∣
x=0

= −q∗d3i, h
∗
i (1) = 0,

d2h∗i
dx2

∣∣∣∣
x=1

+ c1µi
dh∗i
dx

∣∣∣∣
x=1

+ c2
dh∗i
dx

∣∣∣∣
x=1

= 0,

(2.2)
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for i = 1, 2, · · · , n1, where h∗i (x) = h>(x)wi, q
∗
d1i

= q>d1wi, q
∗
d2i

= q>d2wi.

There are two cases for µi(i = 1, 2, · · · , n1):

Case 1: µi 6= 0. In this case, µi is also the eigenvalue of Sd. Let α4
i = −µ2

i . Then µi = jα2
i , αi ∈ R+

or µi = −jα2
i , αi ∈ R+. We only consider the case of µi = jα2

i since the later case can be discussed in the

same manner. The general solution of (2.2) can be written as

h∗i (x) = Ci5 sinh(αix) + Ci6 cosh(αix) + Ci7 sin(αix)

+Ci8 cos(αix) +
1

2α3
i

∫ x

1

[sinh(αi(x− y))− sin(αi(x− y))]f(y)dyq∗d1i.
(2.3)

The first and second boundary conditions of (2.2) give
Ci8 = Ci6 +N1i, Ci7 = Ci5 −N2i,

N1i =
q∗d2i
α2
i

+
1

2α3
i

∫ 1

0

[sinh(αiy) + sin(αiy)]f(y)dyq∗d1i,

N2i = −
q∗d3i
α3
i

+
1

2α3
i

∫ 1

0

[cosh(αiy) + cos(αiy)]f(y)dyq∗d1i.

(2.4)

Taking the last two boundary conditions of (2.2) into account, and with (2.4), we obtain
Ci5(sinhαi + sinαi) + Ci6(coshαi + cosαi) = N2i sinαi −N1i cosαi,

Ci5[2αi sinhαi + (jc1α
2
i + c2)(coshαi + cosαi)]

+Ci6[2αi coshαi + (jc1α
2
i + c2)(sinhαi − sinαi)]

= (jc1α
2
i + c2)(N1i sinαi +N2i cosαi).

(2.5)

Eliminating Ci5 in (2.5) yields
Ci5 = −coshαi + cosαi

sinhαi + sinαi
Ci6 +

N2i sinαi −N1i cosαi
sinhαi + sinαi

,

Ci6[2αi(coshαi sinαi − sinhαi cosαi)− 2(jc1α
2
i + c2)(1 + coshαi cosαi)]

= (sinhαi + sinαi)(jc1α
2
i + c2)(N2i cosαi +N1i sinαi)

−(N2i sinαi −N1i cosαi)[2αi sinhαi + (jc1α
2
i + c2)(coshαi + cosαi)].

(2.6)

Now we show that the coefficient of Ci6 in (2.6) is not vanishing for any αi ∈ R+. Otherwise if the real and

imaginary parts of coefficient are zero, then we have{
coshαi sinαi − sinhαi cosαi = 0,

1 + coshαi cosαi = 0,
(2.7)

which implies that {
cosh2 αi sin2 αi = sinh2 αi cos2 αi,

cosh2 αi cos2 αi = 1.
(2.8)

Adding two equations on both sides in (2.8), we obtain

sinh2 αi(1− cos2 αi) = 0, (2.9)

which gives cosαi = ±1. Going back to the second equation of (2.8), we find coshαi = ∓1 which is a

contradiction for αi 6= 0. Hence the coefficient of Ci6 in (2.6) is not vanishing for any αi ∈ R. The Ci6 is

solvable in (2.6). This determines Ci5, Ci7, Ci8 and so does h∗i (x) in (2.3).

Case 2: µi = 0. In this case, the BVP (2.2) becomes

d4h∗i (x)

dx4
= f(x)q∗d1i,

d2h∗i
dx2

∣∣∣∣
x=0

= −q∗d2i,
d3h∗i
dx3

∣∣∣∣
x=0

= −q∗d3i,

h∗i (1) = 0,
d2h∗i
dx2

∣∣∣∣
x=1

+ c2
dh∗i
dx

∣∣∣∣
x=1

= 0.

(2.10)
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A straightforward computation gives the solution of (2.10):

h∗i (x) = a0 + a1x−
q∗d2i
2
x2 −

q∗d3i
6
x3 +

∫ x

0

(x− y)3

6
f(y)dyq∗d1i, (2.11)

where 
a1 = q∗d2i +

q∗d3i
2
−
∫ 1

0

(1− y)2

2
f(y)dyq∗d1i +

1

c2

[
q∗d2i + q∗d3i −

∫ 1

0

(1− y)f(y)dyq∗d1i

]
,

a0 = −a1 +
q∗d2i
2

+
q∗d3i
6
−
∫ 1

0

(1− y)3

6
f(y)dyq∗d1i.

(2.12)

We therefore obtain the solution to BVP (31)

h>(x) = [h∗1(x), h∗2(x), · · · , h∗n1
(x)]W−1. (2.13)

�

3 Lemma 3.2

Lemma 3.2. The numerator of the transfer matrix T>d (s) =
N>d (s)
Dd(s)

of (1) from (d1, d2, d3)> to one of output

signal ux(1, t) is

Nd(s) =



∫ 1

0

R(s, y)f(y)dy

−r2
(

1− j√
2

√
s, 1

)
−2r1

(
1− j√

2

√
s, 1

)

 , (3.1)

where 

R(s, y) = r1

(
1− j√

2

√
s, 1

)
r2

(
1− j√

2

√
s, y

)
−r2

(
1− j√

2

√
s, 1

)
r1

(
1− j√

2

√
s, y

)
,

r1(s, y) =
sinh(sy) + sin(sy)

2s
,

r2(s, y) = cosh(sy) + cos(sy).

(3.2)

The pair (dh
>

dx

∣∣
x=1

, Sd) is observable if and only if

N>d (µi)


q>d1wi

q>d2wi

q>d3wi

 6= 0, i = 1, 2, · · · , n1, (3.3)

where wi is the eigenvector of Sd corresponding to the eigenvalue µi of Sd.

Proof. The transfer matrix can be obtained by a straightforward computation. The pair (dh
>

dx |x=1, Sd)

is observable if and only if
dh∗i
dx |x=1 = dh>

dx |x=1wi 6= 0, n = 1, 2, · · · , n1. This is because the eigenvalues of Sd

are distinct ([1]). Similar to the computation in Lemma 3.1., there are two cases for µi:

Case 1: µi 6= 0. In this case, it follows from (2.3) that

dh∗i
dx

∣∣∣∣
x=1

= αi[Ci5 coshαi + Ci6 sinhαi + Ci7 cosαi − Ci8 sinαi].

Substituting Cip, p = 5, 6, 7, 8 defined by (2.4) and (2.6) into
dh∗i
dx

∣∣
x=1

, we obtain

dh∗i
dx

∣∣∣∣
x=1

=
α2
i [N2(sinhαi + sinαi)−N1(coshαi + cosαi)]

α2
iD1αi

− αi(jc1α2
i + c2)D2αi

, (3.4)
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where N1, N2 are defined by (2.4) and

D1αi
= coshαi sinαi − sinhαi cosαi,

D2αi = 1 + coshαi cosαi.
(3.5)

Case 2: µi = 0. In this case, we have

dh∗i
dx

∣∣∣∣
x=1

=
1

c2

[
q∗d2i + q∗d3i −

∫ 1

0

(1− y)f(y)dyq∗d1i

]
.

Hence
dh∗i
dx

∣∣
x=1
6= 0 is equivalent to the conditions of the lemma. �
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