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In this paper, we are concerned with the boundary feedback stabilization of a one-dimensional Euler-
Bernoulli beam equation with the external disturbance flowing to the control end. The active disturbance
rejection control (ADRC) and sliding mode control (SMC) are adopted in investigation. By the ADRC ap-
proach, the disturbance is estimated through an extended state observer and canceled online by the ap-
proximated one in the closed-loop. It is shown that the external disturbance can be attenuated in the
sense that the resulting closed-loop system under the extended state feedback tends to any arbitrary given
vicinity of zero as the time goes to infinity. In the second part, we use the SMC to reject the disturbance
by removing the condition in ADRC that the derivative of the disturbance is supposed to be bounded. The
existence and uniqueness of the solution for the closed-loop via SMC are proved, and the monotonicity of
the “reaching condition” is presented without the differentiation of the sliding mode function, for which it
may not always exist for the weak solution of the closed-loop system. The numerical simulations validate
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the effectiveness of both methods.
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1. Introduction

In the past three decades, the Euler-Bernoulli beam equation
has been a representative model for the control of systems gov-
erned by partial differential equations (PDEs). This is spurred by the
outer space applications, such as flexible link manipulators and an-
tennas, for which the suppression of the vibration by the boundary
feedback is a central issue. We refer Han, Benaroya, and Wei (1999)
for engineering interpretation of the beam equations.

There are many works contributed to the stabilization of the
beam equation. The examples can be found in Chen, Delfour, Krall,
and Payre (1987), Guo and Yu (2001), He, Ge, How, Choo, and Hong
(2011), He, Zhang, and Ge (2012), Luo, Guo, and Morgul (1999),
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Luo, Kitamura, and Guo (1995), Nguyen and Hong (2012) and the
references therein. However, most of the control designs for the
beam equation are collocated control based on the passive princi-
ple and do not take the disturbance into account. The earlier non-
collocated control design for the beam equation is Luo and Guo
(1997). Recently, a powerful backstepping method is introduced to
stabilize the Euler-Bernoulli beam equation via completely non-
collocated control (Smyshlyaev, Guo, & Krstic, 2009). Once again,
the external disturbance is not considered in these works.

There are several different approaches to deal with the un-
certainties in system control. The sliding mode control (SMC)
that is inherently robust is the most popular one that has been
studied widely for both finite-dimensional systems and infinite-
dimensional counterparts. For the latter, many works require the
input and output operators are to be bounded (Pisano, Orlov,
& Usai, 2011). Recently, a boundary SMC controller for a one-
dimensional heat equation with boundary input disturbance is de-
signed in Cheng, Radisavljevic, and Su (2011). In Guo, Guo, and
Shao (2011), Krstic (2010), the adaptive controls are designed
for one-dimensional wave equations in which the uncertainties
are the unknown parameters in disturbance. Another powerful
method in dealing with uncertainties is based on Lyapunov func-
tional approach. In Ge, Zhang, and He (2001), a boundary con-
trol is designed by the Lyapunov method for an Euler-Bernoulli
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beam equation with spatial and boundary disturbance. Generally
speaking, there are not so many works, to the best of our knowl-
edge, to the stabilization of the beam equation with disturbance.

The active disturbance rejection control (ADRC), as an uncon-
ventional design strategy, was first proposed by Han in 1990s (Han,
2009). It has been now acknowledged to be an effective control
strategy for lumped parameter systems in the absence of proper
models and in the presence of model uncertainty. Its power has
been demonstrated by many engineering practices such as mo-
tion control, tension control in web transport and strip precessing
systems, DC-DC power converts in power electronics, continuous
stirred tank reactor in chemical and process control, micro-electro-
mechanical systems gyroscope (Gao, 2006; Guo & Zhao, 2011; Han,
2009). For more details on practical perspectives, we refer to a
nice recent review paper Zheng and Gao (2010). The main idea of
the ADRC is using the estimation/cancellation strategy in dealing
with the uncertainties. Its convergence has been proved for finite-
dimensional systems in Guo and Zhao (2011). Very recently, this
approach is successfully applied to the attenuation of disturbance
for a one-dimensional anti-stable wave equation in Guo and Jin
(2013).

In this paper, we are concerned with the stabilization of a one-
dimensional Euler-Bernoulli beam equation with uncertainty at
the input boundary via both SMC and ADRC approaches. The sys-
tem is governed by the following PDEs:

U (X, t) + Upx(X,£) =0, x€(0,1), t >0,

u(0,t) =u,(0,t) =0, t=>=0, (1)
Un(1,t) =0, t=>0,

uxxx(L t) = U(t) + d(t)7 t>0,

where u(x, t) is the transverse displacement of the beam at time
t and position x, U is the control input through shear force, d is
the external disturbance at the control end. This one end fixed and
another end free beam equation (1) models typically the vibration
control of a single link flexible robot arm with the external distur-
bance in the free (working) end (see e.g., Han et al., 1999, Luo &
Guo, 1997).

It is well-known that when there is no disturbance, the collo-
cated feedback control U(t) = ku,(1,t), k > 0 will stabilize
exponentially the system (1) (Chen et al., 1987). However, this sta-
bilizer is not robust to the external disturbance. For instance, when
d(t) = dis a constant, the system (1) under the feedback U(t) =
kue (1, t) has a solution (u, u;) = (—%x* + £x°,0). Therefore, in
the presence of the disturbance, the control must be re-designed.

We proceed as follows. In Section 2, we use the ADRC approach
to attenuate the disturbance by designing an estimator to estimate
the disturbance. After canceling the disturbance by the approxi-
mated one, we design the collocated like feedback controller. The
closed-loop system is shown to tend any arbitrary given vicinity of
zero as the time goes to infinity. Section 3 is devoted to the distur-
bance rejection by the SMC approach, in which the boundedness
of the disturbance required in ADRC is removed. The existence and
uniqueness of the solution are proved, and the monotonicity of the
“reaching condition” is presented without the differentiation of the
sliding mode function, for which it does not always exist for the
weak solution of the closed-loop system. The numerical simula-
tions are presented in Section 4 for illustration of the effectiveness
of both methods.

2. Feedback via active disturbance rejection control

In this section, we suppose that the unknown disturbance d
and its derivative d are bounded measurable. That is, |d(t)| < M,
|d(t)] < M for some M > 0 and all t > 0. The ADRC approach

is used to attenuate the disturbance, which is an estimation/
cancellation strategy. Let

1
y1(t)=/ X’ue(x, t)dx, ¥2(t) = ux(1,t), t=>0. (2)
0

We consider the system (1) in the energy Hilbert state space de-
fined by

H={(f,g" € H*0,1) x [*(0, D|f(0) = f'(0) = 0}, (3)

where the inner product induced norm is given by

1
IF, &) 11> = / [P + 1gPldx, V(8" € .
0
Define the operator # as follows:

‘A’(fv g)T = (g’ _f(4))T7 V(f7 g)T € D(A)a
D(A) = {(f, )" € # N (H*0, 1) x H*(0, 1))] (4)
g(0) =g'(0) =f"(1) =f"(1) = 0}.

Then it is easy to verify that A* = — 4 in J¢. The solution of (1) is
equivalent to

Au) _ (™) suce + do)]
dt U[ u[ ’

B=(0,-8x—1)".

It is well-known that B is admissible to the semigroup generated
by 4 (Weiss, 1989). So for any initial value (u(-, 0), u;(-, 0))T €
H, U € L2 (0, 00), there exists a unique (weak) solution (u u,;) " €
J¢ to (1), which satisfies

£16)-0)-((0)- ()-sor e

Y(f,g)" € D(AY),

that is,
d 1
= / [t OF (0 + e (x, g ()1dx
tJo

1
= / [—uw(x, )" () + ue (x, OF @ (x)]dx
0
—gMU®) +d®], Y (f,g)" € DA).

Let (f,g)T = (0,x*)T € D(A*) = D(+4). By the equalities above,
it follows that

d 1
yi(t) = Efo Xup(x, t)

1
- / U (x, £)g" (x)dx — g(D[U(t) + d(t)]
0

—[U(®) +d(t)] — 2ux(1, ). (5)

Design the high gain estimator as follows (Guo & Zhao, 2011):

. A 1

¥(O) = —U® +d©) = 2y2(6) = ~FO) = 01 (®)),
. 1 ¢ (6)
d(t) = 5 G© = 1),

where ¢ > 0is the design small parameter, and dis regarded as an
approximation of d. Let

JO =3O —yi0),  dt) = d(t) — d(0) (7)
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be the errors. Then y, d satisfy

1
d (g(m)_ ! (}}(t)>
ar\ao) = | 1 d(t)
) 0
0): O | .-
+ (_1> d(t) = A (a(t)) 1 BA(t). 8)

The collocated like state feedback controller to (1) is designed as
follows:

U(t) = kue(1,t) — d(t), k> 0. (9)

It is clearly seen that the control design in (9) is an estimation/
cancellation strategy. The second term in (9) is used to eliminate,
inreal time, the effect of the disturbance. The first term is the usual
control that makes the closed-loop system (1) exponentially stable
without the disturbance (Chen et al., 1987). Under the feedback (9),
the closed-loop system of (1) becomes

Uge (X, £) + Upoe (X, £) = 0,
u(05 t) = uX(Oa t) = Oa
Un(1,t) =0, t>0,
Ueex (1, £) = kue (1, t) — d(t) + d(t),

X 1.
y(t) = —kue(1,t) — 2y,(t) — g(y(t) —-yi(t), t=0,

xe(0,1),t>0,
t>0,

t>0,
(10)

I 1 .
d(t) = ;(y(t) =y1(t)), t=>0.

Remark 2.1. The choice of feedback again k in (9) is a complicated
problem. From numerical simulation, there is an optimal feedback
gain k, but it is very hard to give an analytic analysis. We refer the
numerical result to Wang and Yao (2000).

Using the error variables (3, d) defined in (7), we can write the
equivalent system of (10) as follows:

U (X, £) + Usxxx (X, £) = 0,
u(0,t) = u,(0,t) =0,
unx(1,t) =0, t=>0,
U (1, £) = ku, (1, t) — d(t),

. 1. ~
y() = —gy(t) —d(), t=>0,

xe(0,1),t>0,
t>0,

t>0,
(11)

d(t) = lzy(t) —d(t), t>0.
&

We can solve (7, d), the ODE part of (11) separately:

3:/(t) A }:’(0) /t (t=5)
(d(t)> =¢ (d(0)> + i A9 Bd(s)ds, (12)

where A, B are defined in (8). A simple exercise shows that

T
Ap — ( Ao gz(eht _ elzf)’ )Lze)qt — X1€)~2t> ’
1— A2 At — A

where
1 1

M= —[1++3i], A= —[1-+3i]
2¢ 2¢

are eigenvalues of A. By this fact, we see that the solution (¥, d) of
(12) satisfies (taking the uniform boundedness of d into account)

G(t),d(t)) > 0 ast — oo, & — 0. (13)

Remark 2.2. It is seen from (11) that (¥, d) is an external model
for the “u part” of the system. The approach is very similar to
the external model principle in Medvedev and Hillerstrém (1995)
but it is different to the internal model principle in Immonen and
Pohjolainen (2006) where the disturbance is produced from an
exogenous system, and the dynamical behavior of the disturbances
must be similar to that of the reference signals.

Now we consider the “u part” of the system (11) which is re-
written as

Ugt (X, ) 4 U (X, ) = 0,
u(0,t) = u,(0,t) =0,
Un(1,t) =0, t>0,
U (1, £) = kue(1, £) — d(0),

Define operator A as

A(fs g)T = (g5 _f(4))T’ V(f, g)T € D(A),
D) = {(f.g)" € # N (H*0,1) x H*(0, 1))|g(0) (15)
=g'(0)=0,f"(1) =0,f"(1) = kg(1)}.

With the operator A at hand, we can write system (14) into an
evolutionary equation in J:

d (u u ~ 0
() en () ri 5= (102 ) o

It is well-known that A generates an exponential stable Cy-semi-
group e’ on # (Chen et al., 1987; Guo & Yu, 2001). Now we show
that B is admissible for et (Weiss, 1989). Actually, a straightfor-
ward computation gives

A, )" = (=¥, o), (e, ¥)" € DAY,

D(A*) = {(p, V)| € # N (H*0,1) x H*(0, )|y (0)  (17)
=9¥/(0)=0,¢"(1) =0,¢" (1) = —ky(D}.

he dual system to (14) is

U (x, £) + U, (x, £) = 0,

xe(0,1), t>0,

t>0,
(14)

t>0.

—

xe(0,1), t>0,

u*(0,t) =u;(0,t) =0, t>0,
up(1,6) =0, t=>0, (18)
Up, (1, 6) = kuy(1,t), t=>0,

Vo) =ui(1,t), t>0.

Since A generates a Co-semigroup solution, and so does for A*.
Hence system (18) associates with a Cy-semigroup solution. Define
the energy function to (18) as

1 1
E(t) = 5/ (w2 (x, £) + u?(x, t)]dx.
0

Differentiate E(t) with respect to t along the solution to (18) to ob-
tain

E(t) = —ku?(1,t). (19)

Integrating from 0 to T with respect to t in the above equation, we
have

T
f u2(1, tydt = %(E(O) —E(T)) < %E(O), VT > 0. (20)
0
On the other hand,
w1 (90 _ (G100 + G
Y (x) —p(x) ’

k(x®> — 3x%) (1)
6

X 1 1
Gy (%) :/ /y/ [ Y (t)drdédzdy,
o Jo Jz Jeg

B*A*! (I‘z) = —p(1).

Gi(x) =
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So B*A*~! is bounded from # to C. This together with (20) shows
that B* is admissible for e*™!, and so is B for e®!. By Weiss (1989),
it follows that for any initial value (u(-, 0), u;(-,0)) T € #, there
exists a unique solution (u(-, t), u;(-, t)) T € # provided thatd
L} (0, 00). The solution can be written as

u, )\ _ ae (u(-,0) LAt
<ut(" t)) =e (Ur(w 0) + ; e Bd(s)ds. (22)
By (13), for any given gy > 0, there exist t; > 0 and &; > 0 such

that |a(t)| < g forallt > tpand 0 < ¢ < &;1. We rewrite the
solution of (22) as

u(-, t) At u(-, 0) A(t—tg)
(u[c, t)) = (ut(-,m) e
to - t -
x / e 0IBd(s)ds +/ e*IBd(s)ds.  (23)
0 to
The admissibility of B implies that

t
f eI Bd(s)ds

0

2

< Gl
AR, o

H
< PCldlfw . VA €L¥(0,00)  (24)

for some constant C; that is independent of d. Since e is exponen-
tially stable, it follows from Proposition 2.5 of Weiss (1989) that

t
f e*IBd(s)ds

to

t
= ” / e*IB(0 o d)(s)ds
0 fo

< Llldll0,00) < Leos (25)
where L is a constant that is independent of d, and

u(t), 0<t<r,
(u?v)(t)={v(t—t), t>r.

Suppose that ||e*!|| < Lye™®* for some Ly, @ > 0. By (23), (24), and

(25), we have
.0
(L'i((.’ O))) H + LoG,

u('a t)
u (-, t)
x e~ ||| 100 0 1) + Leo- (27)

Ast — o0, the first two terms of (27) tend to zero. The result is
then proved by the arbitrariness of &.
We summarize the above as the following theorem.

(26)

< Loefa)f

Theorem 2.1. Suppose that both d and d are bounded measurable.
Then for any initial value (u(-, 0), u,(-,0))T € #, the closed-loop
system (28) of (1) following

U (X, £) + Ugee (X, £) = 0,
U(O, t) = uX(Oa t) = Oa
uxx(ls t) =0, t>0,
oo (1, 0) = ke (1, £) — d(0) + d(©), €0,

y(t) = —ku,(1,t) —12ux(l, t) (28)

1
- - <5/(t) —/ XU (x, t)dX), t>0,
& 0

. 1
d(t) = glz (y(t) - / xue(x, t)dx), t>0,
0

xe€(0,1), t>0,
t>0,

admits a unique solution (u, u;)" € C(0, oo; ). Moreover, the so-
lution of system (28) tends to any arbitrary given vicinity of zero as
t — 00,6 — 0.

3. Feedback via sliding mode control

In this section, we use the SMC to reject the disturbance by
removing the condition that dis supposed to be bounded in ADRC.
That s, in this section, the disturbance is assumed to satisfy |d(t)| <
M forallt > 0 for some M > 0 only.

Choose the sliding surface

1
5= {(f,gf € %I f(1) - / kg (X)dx
0

1
+ 2/ k(x)f (x)dx = O}, (29)
0
which is a closed-subspace in J¢, where
kKD (x) + 4k(x) =0, 0<x <1,
k(0) = K(0) = k"(1) =0, (30)
K'(1) =2, k(1) <0.

The solution to (30) is found explicitly as (Polyanin & Zaitsev,
1995, p. 615)

k(x) = Ci[coshxsinx — sinhx cos x] + C, sinh xsinx,

cosh1cos1
=

cos? 1+ cosh® 1
o= (sinh 1cos 1+ cosh1sin 1) (31)
2T cos? 1+ cosh? 1 ’
sin2 — sinh 2

k(1) = >— <0

2(cos? 1 + cosh” 1)

The corresponding sliding mode function is then

1 1
S(t) =u(1,t) — / k(x)ue(x, t)dx + 2/ k(x)u(x, t)dx. (32)
0 0

On the sliding surface S(t) = 0, the system (1) becomes

U (X, £) + Ugx (X, £) =0, x€(0,1), t >0,
u(,t) =uy(0,t) =0, t=>0,
uxx(la t) =0, t=>0, (33)

1 1
u(l, t) = / k(x)ue(x, t)dx — 2/ kX)u(x, t)dx, t=>0.
0 0

It is a trivial exercise to show that in the sliding surface S, sys-
tem (33) associates with a Cy-semigroup of contractions solution,
which is displayed by the dissipativity of the following function
Eo(t):

_ 1 2
Eo(t) = 5 [uz (x, ) + us, (x, £)]dx,
0
(34)

1
po(t) = / xue(x, t)ux(x, t)dx.
0

Actually, differentiating Eq(t) and po(t) along the solution of sys-
tem (33) gives

Eo(t) = —ue (1, D)tgn(1, £) = k(D2 (1, ) < O,

. . 3 (1,
po(t) = —thn(1, (1, 0) = > /0 2 (4, £)dx 5

+12(1r) 1/1 2(x, t)d
—us(1,t) — = us (x, X.
2t 2Jo
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Then for sufficiently small § > 0, it has

d
E(Eo(t) +8p0(t)) < —yEo(t), (36)

forsome y > 0.This shows that system (33)is exponentially stable
inS.

Next we seek the finite “reaching condition” by designing the
sliding mode feedback. Differentiating the sliding surface function
formally gives

1 1
S(t) =u(1,t) — / k(X)ug (x, t)dx + 2/ k(X)u (x, t)dx

0 0
U (1, t) + k(D ey (1, t) — 25(t)
us(1,t) + k(1) (U((t) +d(t)) — 25(t). (37)
It is seen from above that if we choose the controller
U(t) = =k " (D[ue(1,t) — 25(1)]

+ (M + n)sign(S(t)), n >0, (38)
then it has
S(HS(t) < k(1)n|S(t)], (39)

which is just the finite “reaching condition” since k(1) < 0. How-
ever, we do not know if S always exists which is remarkably differ-
ent to the ordinary differential equation systems. Also, comparing
the controller (38) with (9) in ADRC, we see that the energy of the
controller in SMC is much higher than that in ADRC because in any
circumstances, the controller (38) copes with the worst case of the
disturbance. In other words, the controller for d(t) is the same as
that for d(t) = M.

Under the state feedback controller (38), the closed-loop system
of (1)is

U (X, £) + Ugen (X, £) = 0,
u(0,t) = uy(0,t) =0,
Un(1,t) =0, t>0,

U (1, ) = =k~ (D[ (1, 1) — 25(¢)]
+ (M + n)sign(S(t)) + d(t)
= —k T (Du(1, t) 4+ 2k~ 1(1)S(E) + d(t),

where S(t) is defined by (32), and
d(t) = (M + n)sign(S(t)) + d(t). (41)

Define the operator +4q as follows:

Ao(f,2)" = (g, —f*)T, V(8" €D(Ao),

xe€(0,1), t>0,
t>0,

(40)

t>0,

D(Aq) = {(f,g)T € # N (H*0,1) x H*(0, 1))| g(0)

=g'(0)=0,f"(1) =0,f"(1) = —k~' (g (1)

(42)
1
+2k71(1) [f(l) —/ k(x)g (x)dx
0
1
+2/ k(x)f(x)dxi|}.
0
Then system (40) can be written as
d T - -
E(“(" O, uc(-, £) " = Ao(u(-, t), ue(-, t))  + Bod(t),
By = (0, —8(x—1)". (43)

Lemma 3.1. Let A be defined by (42). Then Aq generates a Cg-
semigroup on J.

Proof. Forany (f,g) " € D(Ay), it is computed that
Re (fA’O(f5 g)Tv (f7 g)T>
= —Ref"(Dg(D) = k™' (DIg(D* — 2k~ (1)

1 1
x Re [f(]) - / k(x)g (x)dx + 2 / k(x)f(x)dx}ﬁ
0 0

2

1 1
< =k~ 1(1) ‘f(l) —f k(x)g(x)dx—l—Z/ k(x)f (x)dx
0 0
1 1 1
< —ak (1) [ / I o) 2 + / I ()dx / 200 Pdx
0 0 0

1 1
+4 f K (x)dx / lf”(X)Ide} <L I
0 0

for some L; > 0 that is independent of (f, g) T, where we used the
fact [f (x)| < fol |f” (x)|>dx for any x € [0, 1]. So for any M; > L,
Ao — My is dissipative in J¢.
A direct computation shows that #¢, the adjoint of 4, is given
by
ALF), 800" = (—g® + Kk (Dg(DkX),
FO® + 2k (Dg(Dk)
D(A) = {(f,&)" € # N (H' (0, 1) x H (0, 1))g(0)
=g'(0) =0, f'(1) =0, f"(1) =k (gD}
Then for any (f, g)" € D(A}),
Re(A5(f,8) . (F.9) ") =k (DIgM* =2k~ (1)
1 1
x Re |:f(1) - / k(x)g(x)dx + 2 / k(x)f(x)dx] g(1)
0 0

<L, 9l

So, A¢9 — My and (A9 — M;)* are dissipative in #. By Lemma 3.2
below sy is a closed operator. This together with Corollary 4.4 of
Pazy (1983) on p. 15 shows that 4y — M generates a Co-semigroup
of contractions on J¢. Therefore, 4y generates a Cy-semigroup
on. N

(44)

Lemma 3.2. Let A, By be defined by (42) and (43) respectively.
Then B, is admissible to the semigroup generated by 4.

Proof. Forany (¢, ¥)" € #, find that (f, g) T € D(+4}) such that

(Ay—2MD(F. )" = (0, )", (45)

where M, > 0 is a constant. Then from the definition of A
and the boundary conditions on the left hand in (44), we can get
g(x) = k=1 (1)g(1)k(x) — 2M2f (x) — ¢(x), and (Polyanin & Zaitsev,
1995, p. 654)

f(x) = C3[cosh(M;x) sin(M,x) — sinh(Mx) cos(M,x)]
~+ C4 sinh(M>x) sin(M;x)
1 X
~an /0 [sinh(Ms (x — )) cos(Ms (x — )

— cosh(M(x — y)) sin(Mp(x — y))]h(y)dy, (46)
where
h(x) = ¥ (x) — 2M39(x) + 2(M5 — Dk~ (Dg(1k(). (47)

For simplicity, we choose 2M7 > M such that cos M, = 0, sin M,
= 1. Taking the boundary condition on the right hand in (44) and
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() = ——(p(l) into account, we can get

1
g() = LZ[_I\/]IZ[O sinh(M2(1 — )
x cos(Ma(1 = y)) (¥ (v) — 2M39(y))dy

1
+ tanh MZ/ cosh(My(1 —y)) cos(My(1 —y))
0

x (Y (y) — 2M39(y))dy + w(l)},

(48)
G = m/ [cosh(M2(1 — y)) sin(M2(1 — y))
+ sinh(Mz(1 — y)) cos(Ma(1 — y)) Jh(y)dy,
1 1
Cy = 21\/122coshl\/12|:/0 cosh(M3(1 —y))
x cos(Mz(1 — y))h(y)dy — k1(1)g(1)},
where
2 _ -1 1
L, = |:2(MZl)k(1)/ sinh(My (1 — y))
M, 0
x cos(My(1 — y))k(y)dy — 2(MZ — k™' (1)
1
X tanh sz cosh(M;3(1 —y)) cos(Mz(1 —y))
0
-1
x k(y)dy + tanthkl(l):| ) (49)

Therefore, (A — 2M22)*1 exists and is bounded, and

By (Ay —2M3) (@, ¥) T = —g(1),

which is bounded from # to C. Consider the dual system:

—(p( £),q(¢, )" = A5pC, 0, q(¢, ).

Then we have

pe(x, t) = —q(x, t) + k' (Dg(1, Dk(x),
q(x, t) = pD(x, t) + 2k~ (1)q(1, H)k(),
p(0,t) =p'(0,t) =q(0,t) =¢q'(0,t) =0, (50)

p'(1,y=0, p"(1,t)=kT"(1)g(1,¢),
Yo(t) = —q(1,t).
Define

1
F(t) = %/ [q*(x, t) + P2 (x, 0)]dx
0

Since A generates a Cyp-semigroup on J¢, and so does A7, there
exist constants w, M,, such that F(t) < M,e“'F(0) forallt > 0
Finding the derivative of F(t) along the solution of (50) gives

1
UL 0 = E() — 26(1) f kGq(x, t)dx
0

1
x q(1,t) —k~'(1) / K'(x)p" (x, t)dxq(1, t),
0

which implies
2

1
¢ (1,t) < k(l)F(t)+4</ k(x)q(x, t)dx) +%q2(1,t)
0
1 2 1
+ ( / K’ (x)p" (x, t)dX> + —¢*(1,t)
0 4
1 1
< k(DE(t) + 4 f Kk (x)dx / q*(x, t)dx
0 0

1 1
1
+/ k”z(x)dx/ p"(x, t)dx+5q2(1,t).
0 0

Hence for any given T > 0, we have

1 T
5/ ¢*(1, dt < k(D[F(T) — F(0)]
0

T 1 1
+4/ [ kz(x)dx[ q?(x, t)dxdt
0 0 0
T 1 1
+ / / K" (x)dx / p"?(x, t)dxdt
0 0 0

< DrF(0),

where Dy > 0 is independent of F(0). This fact together with
the boundedness of B; (4§ — 2M3)~' completes the proof (Weiss,
1989). m

We are now in a position to show the main result of this section.
Theorem 3.1. Suppose that d is bounded measurable and S(t) is de-
fined by (32). Then for any (u(-, 0), u;(-, 0)) " € #, S(0) # O, there
exists a ty > 0 such that (40) admits a unique solution (u, u;)' €
C(0, to; #) and S(t) = O for allt > to. Moreover, S(t) is continuous,
monotonein [0, ty]. On the sliding surface S(t) = 0, the system (1) be-
comes (33) which is exponentially stable.

Proof. We need only to prove that S(t) is continuous, monotone in
[0, to]. Suppose without lost of generality that S(0) > 0 since the
proof for S(0) < 0 is similar.

Since by Lemma 3.2, By is admissible for e**f, the solution to
the system (40) can be written as

W, 0), u (- )" = e (u(-, 0), uc(-, 0)"
t
+ / e*0 (=9 Bod(s)ds. (51)
0

(51) simply means, for all (f,g)" e D(A}), that

1

d
i [ (%, OF " (%) 4 e (x, g (0)]dx
tJo

1
= / {up(x, )[—g" () + k'g(DHK" (%]
0

+ur(x, OF P X + 2k 1 (Dg(Dk(x)]}dx. (52)
Substitute (f,g) " = (k, 2k)" € D(A}) into (52) to obtain

1
;t[—Zu(l, t) + 2/ (kx)ue(x, t) — 2k(x)u(x, t))dx]
0

= —2k(1)d(t), (53)
which is
S(t) = k(1)d(t) for S(t) # 0. (54)

This shows that S is continuous in the interval where S # 0.
Moreover, (39) holds true. Therefore, there exists a ty > 0 such that
S(t) is monotone in [0, ty] and S(t) = O for all t > ty. In particular,
if S(0) = 0, then ty = 0. This completes the proof. W
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(b) ADRC.
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Fig. 1. Displacements and tracking of disturbance with d(t) = 4sin(2t?) (unbounded derivative).
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Fig. 2. Displacements and tracking of disturbance with d(t) = 4sin(2t) (bounded derivative).

4. Numerical simulation

In this section, the finite difference method is applied to com-
pute the displacements numerically for both ADRC and SMC to
illustrate the effect of the controllers. Fig. 1(a) and (b) show the
displacements of system (40) and (10) respectively. Fig. 1(c) plots
the disturbance d and its tracked signal d by the extended state
observer. Here the steps of space and time are taken as 0.02 and
0.0001, respectively. We choose ¢ = 0.01,k =2, M = 5,d(t) =
4sin(2t?), and the initial value:

u(x,0) = x, ur(x,0) = —x. (55)

Since |d| < 4 is bounded but |d| is unbounded, it is seen from Fig. 1
that system (40) converges satisfactorily yet system (10) demon-
strates oscillation around the equilibrium. So ADRC may not work
for the disturbance with unbounded derivative. This is coincidence
with the theoretical results.

Fig. 2 displays the displacements of system (40) and (10) respec-
tively, both with the disturbance d(t) = 4 sin(2t). In this case, both
d and d are uniformly bounded. All parameters and the initial value
as well are taken the same as that in Fig. 1. It is seen that in this
case, both ADRC and SMC are convergent satisfactorily. In addition,
d tracks well the true value of disturbance d.

5. Concluding remarks

In this paper, we deal with the stabilization of an Euler-
Bernoulli beam system which has disturbance on the input bound-
ary. Both the active disturbance rejection control (ADRC) and the
sliding mode control (SMC) approaches are adopted. By the ADRC,
we are able to estimate the disturbance and cancel the disturbance
in the feedback loop. The most advantage of the ADRC lies in its
economy in the controller yet with the price that the disturbance
should have the bounded derivative and the disturbance can only
be attenuated. By SMC approach, we can remove the restriction of
the boundedness of the disturbance and the rejection of the dis-
turbance can be achieved. The existence and uniqueness of the
solution for the closed-loop system by SMC are proved. The “reach-
ing condition” is presented without differentiation of the sliding
mode function for which it may not exist for the weak solution of
the closed-loop system. The price for SMC is that the gain in the

controller is high (in the worst case of the disturbance), and pos-
sibly there is the chattering problem caused by the discontinuity
of the controller. The numerical simulations validate the theoret-
ical results. We also point out that both methods are by the state
feedback (similar to Cheng et al., 2011 by the SMC). This causes the
practical implementation problem. However, it would be the first
step toward the output pointwise feedback control in the further
research.
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