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The active disturbance rejection control (ADRC), first proposed by Jingqing Han in the 1980s is an uncon-
ventional design strategy. It has been acknowledged to be an effective control strategy in the absence of
proper models and in the presence of model uncertainty. Its power was originally demonstrated by nu-
merical simulations, and later by many engineering practices. For the theoretical problems, namely, the
convergence of the tracking differentiator which extracts the derivative of reference signal; the extended
state observer used to estimate not only the state but also the “total disturbance”, by the output; and the
extended state observer based feedback, progresses have also been made in the last few years from non-
linear lumped parameter systems to distributed parameter systems. The aim of this paper is to review
the origin, idea and development of this new control technology from a theoretical perspective. Empha-
sis will be focused on output feedback stabilization for uncertain systems described by partial differential

Distributed parameter systems equations.
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1. Introduction

The capability of dealing with uncertainty is one of the major
concerns in modern control theory. There are many well developed
control design approaches to cope with uncertainty in control sys-
tems. These include the adaptive control for vary or initially uncer-
tain parameters; the internal model principle for regulator prob-
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lems, the sliding mode control and high gain control for uncer-
tain systems, and robust control which is a paradigm shift in con-
trol theory for internal variation and external disturbance. Most of
these approaches, however, focus on the worst case scenario which
makes the controller rather conservative. The two exceptions are
the adaptive control and internal model principle in which the idea
of real time estimation/cancelation leads to significant saving of
control energy. Let us start with these two approaches to see how
and why they are working.

The adaptive control approach was emerged in the 1950s and
resurged in the 1970s due to study of uncertain system control
in large scale after 1970s (Whitaker, Yamron, and Kezer, 1958. For
PDEs, we refer to Krstic, 2010). In the adaptive control approach,
the bound of uncertainty is not used and the control varies with
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the uncertainty. Consider feedback stabilization for the following
system:

x(t) = 0f(x(t)) 4+ u(t), (1.1)

where 6 is an unknown parameter and u(t) is the control. If we
can find an estimator 6(t) for the parameter:

A(t) > 6 as t— oo, (1.2)
then a stabilizing feedback control can be designed as follows:
u(t) = —x(t) = 9 (O F(x(0)), (13)

where the second term in the controller (1.3) is used to cancel
the corresponding uncertainty term in (1.1). Substituting (1.3) into
(1.1), we can obtain the closed-loop system:

() =00 f(x()) = x(0),
() =6-0().

A Lyapunov function for system (1.4) can be chosen as

(1.4)

_ 1, 15
V(t) = jx (t) + 59 (t).
The derivative of V(t) along the solution of (1.4) is found to be

WEOIO) _ ) + 500 + 10 fx0)] = ~0)

(1.5)

provided é(t) = —x(t) f(x(t)), and the closed-loop system becomes

{X_(o =0() f(x(t)) — (1),
0(t) = —x(0) f(x(t)).

Notice that the order of the system is increased by one due to the
introduction of the variable 0 (t). By Lasalle’s invariance principle
and (1.5), it follows that the solution of the system (1.6) satisfies

(1.7)

The remaining question is: Is 8(t) — 6(t — 0o0)? or equivalently
G(t) —» 0(t - 00)? Its answer is not necessarily. Actually, by
Lasalle’s invariance principle, when V(t) =0, we can only con-
clude that x(t) =0. So 6 =, may be a nonzero constant satis-
fying G, f(0) = 0. We therefore have two cases: a) f{0) # 0 and
0 =0; and b) f(0) =0 and (x(t),d(t)) = (0,0y) is a solution of
(1.6). The latter case implies that 8(t) — 0(t — oo) is not neces-
sarily valid. The former case is just the “persistent exciting” (PE)
condition which is f{0) # O for this problem. Nevertheless, in ei-
ther case, we always have

() f(x(t)) — 0 as t — oo,

(1.6)

x(t) > 0ast— oo.

(1.8)

regardless of whether the parameter update law o(t) = x(t) f(x(t))
is convergent or not. In other words, the uncertain term 6f(x(t)) of
the system (1.1) is always canceled asymptotically by the feedback
control (1.3).

Now we look at the process of internal model principle (IMP)
in dealing with external disturbance, which was first introduced
in Francis and Wonham (1976) (for PDEs, we refer to Rebarber &
Weiss, 2003). Consider once again stabilization for the system:

X(t) = a(t) +u(t), (1.9)

where u(t) is the control and a(t) = 6 sinwt is an external distur-
bance in which the frequency w is supposed to be known while
the constant amplitude @ is unknown. Since d(t) = —w?a(t), we
can increase the order of system (1.9) as

X(t) = a(t) + u(t),
{c’i(t) = —w?a(t),
y() =x(t),

(1.10)

where the output of system (1.10) is the state of original system
(1.9). Write (1.10) in matrix form:

X(t) = AX(t) + Bu(t),
y() =CX(1),

where

(1.11)

0 1 0
X(@) = (x(t),a(t),a)), A=<O 0 1),

0 -w* 0
1
B=(0), c=.00).
0

A simple calculation shows that

C
rank| CA | =3.
CA2

So system (1.10) or (1.11) is observable. Design the Luenberger ob-
server as

R(t) = AR(t) + Bu(t) + LCR(t) — X(£)),

where X(t) = (X(t),d(t),z(t))T, and L= (¢, 4¢3, ¢3)7 is selected
such that A + LC is Hurwitz. Then we have

R() = A(t) + u(t) + &1 (R(E) — x(1)),
a(t) =2(t) + L R(t) - (1)),
2(t) = —?a(t) + £3(R(t) — x(t)).

In system (1.10), both a(t) and a(t) are regarded as extra state vari-
ables. The stabilizing feedback control can thus be designed as

u(t) = —a(t) — x(), (113)

where the first term is used to cancel the external disturbance. In
other words, as in the case of adaptive control, we also have used
the strategy of estimation and cancelation in the IMP approach.

The active disturbance rejection control (ADRC) further system-
atically developed the estimation and cancelation approach and
greatly enhance its power in dealing with uncertainty in systems.
We would like to explain this point by considering feedback stabi-
lization of (1.9) again yet in this case,

a(t) = f(x(t),d(t),t), (1.14)

which can be used to models (combination of) unknown time-
varying, state-dependent internal uncertainty, and external distur-
bance. The term a(t) is referred to as “total disturbance” in ADRC.
The key idea is that regardless of the composition nature of the
matter what a(t) is, it is considered as a signal of time and is re-
flected in the measured output of system. We write system (1.9) as

{x(r) =a(t) +u(t),

(112)

a(t) = a(r),
y(t) =x(t),

where y(t) is the output of extended system (1.15). The exact ob-
serverbility of system (1.15) is a trivial problem because if (y(t),
u(t)) = 0, t € [0, T], then a(t) =0,t € [0,T] and x(0) =0 (Cheng,
Hu, and Shen, 2010, p.5, Definition 1.2) for any T > 0. This means
that y(t) contains all information of a(t). Then a natural idea is:
if we can estimate a(t) from y(t) to obtain d(t) ~ a(t), then we
can also cancel the a(t) in the feedback-loop u(t) = —a(t) + ug(t)
where ug(t) is a new control. Consequently, system (1.15) can be
approximated as

x(t) = up(t), (1.16)

which is a linear time-invariant system and we have therefore
many methods to deal with it. Now, the problem is how the es-
timation of the total disturbance can be achieved: “d(t) ~ a(t)”.

(115)
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Here came Han with his systematic method of total disturbance
estimation (Han, 2009 and references therein for his original pa-
pers in Chinese). The answer is his extended state observer (ESO).
For system (1.15), a linear ESO can be designed as

{é(t) = a(t) +u(t) + ¢ (R(E) — x(0)).
a(t) = ca(R(t) — x(t)),

where c¢; and ¢, are tuning parameters. Let X(t) = X(t) — x(t) and
d(t) = d(t) —a(t) be the errors. Then

(117)

L5 = e i (115
The solution of system (1.18) is found to be

&), d(t)) = eM(%(0), d(0)) + /0 t e’ Byd(s)ds, (1.19)
where

Ao = (2 é) By = (_01). (1.20)

Hence, the derivative d(t) of the total disturbance needs to be uni-
formly bounded:

la(t)| <M, ¥t > 0. (1.21)

Otherwise, the second term in the error solution (1.19) may not be
convergent to zero as t — oo.

The condition (1.21) can be relaxed to be uniform boundedness
of a(t)'s derivative of some finite order if an ESO of higher order
is used. The second is to make e4o! exponentially stable with large
decay rate. Following the high gain observer design, we may take

2 2
=" = "5 ].22
€1 P %) o2 ( )
In this case, it is easily shown that
L
lles]] < Ze#. [le*Bo|l < Le~** (123)

for some constant L > 0 independent of t and &. By (1.21) and
(1.23), it follows from (1.19) that the solution of (1.19) can be esti-
mated as

|G©). 4] = Lo I G0), aO))] +LMe. (124)

The first term on the right-hand side of the above inequality tends
to zero as t — oo, and the second term tends to zero as € — 0. In
any case, we have

X(t) = x(t),d(t) - a(t), ast — oo, & — 0. (1.25)

Now that we have the estimate of a(t) at hand, we can design
an ESO-based stabilizing feedback control for system (1.9) as

u(t) = —a(t) — x(t), (1.26)

where the first term —d(t) is used to eliminate the effect of the
total disturbance and the second tern —x(t) aims to provide stabi-
lizing feedback control for linear system (1.16). Under the feedback
(1.13), the closed-loop system of (1.9) becomes

X(t) = —x(t) — da(t) + a(t).
X(t) = —x(t) + cr (X(t) — x(1)).
a(t) = c(X(t) —x(t)).

Let %(t) =X(t) —x(t), @(t) = a(t) —a(t). We have the following

equivalent description of (1.27):

r(t) = —x(t) —a),

(1.27)

X(t) = a(t) + 1X(0), (1.28)

Q(t) = 0(t) — d(t).

Since (%(t),d(t)) - 0ast — oo and € — 0, it immediately follows
that

x(t) >0ast— o0, =0
or equivalently

x(t) - 0,%(1t) — 0,d(t) —a(t) - 0, as t— oo, — 0. (1.29)

This is the separation principle of estimation and control, which
can be carried out separately.

Notice that the ESO (1.17) provides an asymptotic estimation of
the total disturbance; and this estimation can be directly used in
the control (1.26) to cancel the disturbance. This part of the control
is called the “rejector” of disturbance in Gao (2015), albeit from
different point of view. This part is also similar to the feed-forward
control in that they both modify the system dynamics before fur-
ther feedback control is applied. Moreover, the fact that the total
disturbance can be completely cancelled separately allows the de-
sign of feedback control without being over conservative (as in the
case of robust control) and of efficient in energy saving, as con-
firmed in Zheng and Gao (2012). It seems any other control would
hardly give better result in dealing with the total disturbance than
the control u(t) = —da(t) + ug(t) which adopts the strategy of esti-
mation and cancellation, much alike our experience in dealing with
uncertainty in daily life.

The ADRC has been widely applied in many engineering sys-
tems since it was proposed. Examples can be found in MEMS elec-
trostatic actuator (Dong & Edwards, 2010), DC-DC power converter
(Sun & Gao, 2005), flight vehicles control (Xia & Fu, 2013), gasoline
engines (Xue et al., 2015), hydraulic systems control (Yao, Jiao, &
Ma, 2014), to name just a few. In our recent monograph (Guo &
Zhao, 2016), an overview introduction of many engineering appli-
cations is included. Our previous survey paper (Guo & Zhao, 2015)
introduces the ADRC from a theoretical perspective for nonlinear
lumped parameter systems. In this paper, our focus is mainly on
ADRC to distributed parameter control systems. However, to show-
case a panoramic view of ADRC, we present some basic materi-
als of ADRC for ODEs in next section. In Section 3, we give a
new concept of the observability for systems with disturbance. It
is about whether or not the output contains sufficient information
on both system state and disturbance. In Section 4, we showcase
the whole process of designing a type of ESO for a Euler-Bernoulli
beam equation. In Section 5, a multi-dimensional wave equation is
briefly discussed, follows by Section 6 with some concluding re-
marks.

2. ADRC for ODEs

Roughly speaking, the ADRC is composed of three parts. The
first part is the tracking differentiator (TD) which extracts the
derivative of reference signal, note that in the PID controller used
in most of industrial control systems, the derivative action “D” is
seldom used because of it’s sensitive to high frequency noise. In
ADRC, TD severs not only as the derivative extractor, but also as
a transient profile that the output of plant can reasonably follow
to avoid setpoint jump in PID. The second part, the most impor-
tant part, is the extended state observer (ESO). As a generalization
of the classical state observer in control theory, the ESO provides
estimates of both state and total disturbance in terms of output.
The last part of ADRC is the TD and ESO based output feedback
control which achieve output tracking, which specializes to system
stabilization when the reference signal is zero.

Let us begin with the introduction of the TD. Let f:R" — R
be a locally Lipschitz continuous function, f(0) = 0. Suppose that
the zero equilibrium state of the following reference-free system is
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globally asymptotically stable:

1 (6) = % (0).
X2 (t) = x3(t),

. (2.1)
fn(t) = F(1 (0), X2(0). ... Xa (1)),

for any given initial value. If the reference signal v(t) is differen-
tiable and satisfies sup;(g o) V"1 (t)| < oo, then the solution of
the following tracking differentiator:

Z1gr(t) = z2r(t).
2op(t) = z3r(t),

D : : 2.2)
Zr (£) = R"f<21R(f) —v(t), Zz’;ft), IZ{;’;EQ)

is convergent in the sense that for every a > 0,

Rll_)l‘l;lo |zig — v(t)| = 0 uniformly on [a, o), (2.3)
and for any given initial value. This result was first proved in Guo
and Zhao (2011a). In the linear case, this tracking differentiator is
shown to be the high gain tracking differentiator (Guo & Zhao,
2013b). In control practice, the setpoint v(t) is often given as a
step function, which is not appropriate for most dynamics sys-
tems because it amounts to asking the output and, therefore, the
control signal, to make a sudden jump (Han, 2009). This can be
avoided by letting the output track z;g(t) instead of v(t). Other vari-
ables produced from TD (2.2) are considered as the derivatives of
v(t): zir(t) ~ vi=D(t) in the sense of generalized derivative (Guo &
Zhao, 2013b).
For an n-dimensional SISO nonlinear system

xM () = f(t,x(t), X(t), ..., xD(t), w(t)) + bu(t),
y(t) =x(t),

which can be written as

X1 () = x2(b),

X2 () = x3(1),
: (2.4)

Xn(t) = f(E,X1(E), ..., X (£), W(t)) + bu(t),

y(t) = x(t),

where y(t) is the output (observation), u(t) is the input (control),
w e C1([0, 00), R) is the external disturbance, f e C!(R"*2 R) rep-
resents the nonlinear dynamic function of the plant which is pos-
sibly unknown, and b > 0 is a constant control coefficient which
is not exactly known, but we have the nominal value by that is
sufficiently closed to b. The objective of control design is to make
the output y(t) track a given reference signal v(t), and at the same
time x;(t) track zjg(t) ~ vV () for every i = 2,3, ..., n. It is obvi-
ous that this general formulation covers not only the special out-
put regulation problem, but also the output feedback stabilization
by setting v(t) = 0. In configuration of ADRC, we also want to con-
trol the convergence rate, that is, x;(t) — zig (t) ~ x; (t) where X7 (t)
satisfies the target asymptotically stable system of the following:

% (6) = x5(0),
%5 (6) = x5(0),

(2.5)

2(6) = 9@ (). ... %5(0). 9(0,0. ... 0) = 0.

Now we design an ESO to estimate both the state and the “total
disturbance” given by

Xy (£) = f(E X1 (£), X2 (), -+ X (£), W(t)) + (b —bo)u(t). (2.6)

which is considered as an extra variable in ADRC. In Guo and Zhao
(2011b), a high gain ESO for system (2.4) was designed as

SO =50+ g, (y(” _k (t)),

200 =250 + £" g (M)

8"
ESO : (2.7)
A ~ t) — X (t
Rn(t) = Xna (£) +&n (y()gnl()> +u(t),
2 1 (t) =X (t)
Knp () = ggm—l <y£n1 )
where g;(\)(i=1,2,-.-,n) are nonlinear functions to be chosen

and ¢ is the high gain constant. When g;(-) are linear functions,
(2.7) is reduced to linear ESO. The convergence of ESO (2.7) was
first proved in Guo and Zhao (2011b):

Ri(t) —x;(t) >0ast >o00,6>0,i=1,2,---,n+1. (2.8)

In particular, %,,1(t) gives an estimate of the total disturbance
Xnpq () as t — oo.

The third and the last link of ADRC is to design an extended
state observer-based output feedback control:

ADRC: u(t) = blo[fp(ﬁ(t)—ZR(f))+Z<n+1>R(f)—ﬁn+1(t)], (2.9)

where X(t) = (X;(t), % (t), ..., Rn(t),Rny1(t)) is the solution of
(2.7) and zg(t) = (Z1r(£), Z2R(t), . .., Zur (£), Z(ny1)r (1)) is the solu-
tion of (2.2). It is seen that the term X,,.1(t) in controller (2.9) is
used to cancel the total disturbance. The other terms are just the
linear design to make x;(t) — zig(t) = X (t). The closed-loop system
thus becomes

x1(t) =x(t),
X () = x3(t),

fn() = F(EX(E), W(E)) + (b— bo)u(t) + bou(t).
y@t) —% (f))

X1 (6) = X (t) +s"1gl< =

(2.10)

8"

)énﬂ (t) = %gnﬂ (y_)q(t)),

u(t) = blo[woz(r) ~ 20() + Zas k() — Fs1 (O]

The convergence of the closed-loop system (2.10) has been proven
in Zhao and Guo (2016b). For MIMO systems, convergence for ESO
was presented in Guo and Zhao (2012) and convergence for closed-
loop was given in Guo and Zhao (2013a). Other generalization to
low triangle systems can be found in Zhao and Guo (2016a). The
method of attenuating the peaking value through a time-varying
gain was introduced in Zhao and Guo (2015). Generalization to
stochastic systems can be found in Guo, Wu, and Zhou (2016). The
control unmatched problem was considered recently in Guo and
Wu (2017).

Starting from the next section, we shall focus on output feed-
back stabilization for uncertain PDEs by ADRC. The generaliza-
tion of ADRC to PDEs is rather complicated. The research started
from full state feedback stabilization of PDEs with external distur-
bances, first for 1-d PDEs in Guo and Jin (2013a, 2013b) and Guo,
Liu, and Robust (2014a) and then for multi-dimensional PDEs in
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Guo and Zhou (2014, 2015). The main idea is to convert the PDE’s
problem into associated ODE’s by test functions with understand-
ing that a PDE solution is understood as weak solution. The output
feedback stabilization for multi-dimensional PDEs with corrupted
output was discussed respectively in Guo and Zhou (2016) or Feng
and Guo (2016b). In particular, Feng and Guo (2016b) proposed
a distributed tracking differentiator which significantly simplifies
the related result of Guo and Zhou (2016). A first result on out-
put feedback stabilization for 1-d wave equations was presented
in Guo and Jin (2015) where a variable structured unknown input
state observer was designed; generalization to other PDEs turns
out to be difficult. Very recently, we proposed in Feng and Guo
(2017) a different approach on output feedback stabilization for
uncertain PDEs by ADRC, which can be easily used to deal with
multi-dimensional PDEs. In particular, the approach proposed in
Feng and Guo (2017) removes two limitations for ADRC of lumped
parameter systems in the context of infinite dimensional systems.
More precisely, first, in sharp contrast to (1.21), the boundedness
of the derivative of total disturbance or any finite order derivative
of total disturbance is not required; and second, the high gain like
(1.22) or (2.7) is not explicitly used. The following sections are con-
centrated on the approach developed in Feng and Guo (2017). As
indicated in the beginning for ODEs, for the purpose of the total
disturbance estimation, the measured output should be observable
in that it contains adequate information of the total disturbance.
However, the observability for uncertain PDEs is rather compli-
cated. Our study is based on two basic facts: (a) when there is no
disturbance, the system is exactly observable in the classical sense;
and (b) the disturbance should be present in the measured output
so that it can be recognized to “certain extent”. The level of this
recognition is dependent on this extent.

3. Observability for uncertain infinite-dimensional systems

Consider the following infinite-dimensional system with exter-
nal disturbance:

{X(r) = Ax(t) + B[ f(x(t)) + d(t)],
y(t) =Cx(t), t >0,

t>0, (31)

where A is the system operator, B the control operator, C the out-
put operator, and f(x(t)) + d(t) the total disturbance that consists
of the internal dynamic uncertainty f{x(t)) and the external distur-
bance d(t). We consider system (3.1) in the state space X with the
control space U and the output space Y. We use X_; to denote the
dual Hilbert space of D(A) with the pivot space X (Weiss, 1989).

As mentioned at the end of last section, observability for system
(3.1) should reflects two facts: (a) the uncertainty is identifiable;
and (b) the disturbance-free system is exactly observable. The for-
mer implies that the output contains sufficient information about
the uncertainty. The latter guarantees that when there is no uncer-
tainty, the state can be uniquely continuously recovered from the
output. The definition of exactly observability for system (3.1) is
given below.

Definition 1. System (3.1) is said to be exactly observable in X if
(i) when [f(x(t)) +d(t)] =0 and u(t) = 0, there exist an inter-
val [0, T], T > 0 and a constant ¢y > 0 such that

T
/O Y(©)dt = cr[[x(0)[2. ¥ x(0) € X: (32)

(ii) the total disturbance is asymptotically identifiable in the
sense of
y(t)=0,YVte[0,00)=[f(x(t)) +d(t)] € LP(0, o0; U), (3.3)

where 2 < p < oc.

When f(x(t)) +d(t) = 0, the exact observability in the sense of
Definition 1 is the same as the traditional exact observability given
by Tucsnak and Weiss (2009, Definition 6.1.1, p.173). From condi-
tion (ii) of Definition 1, it is seen that we do not “recognize” the
total disturbance f(x(t))+d(t) exactly, but with a possible error
in LP(0, oo; U). This is based on the asymptotical stability result of
Lemma 3.1 which claims that an exponentially stable system re-
mains asymptotically stable even if it is perturbed by an inhomo-
geneous term of LP(0, oo; U).

Lemma 3.1. Let f e LP(0, o0; U) With 2 < p < oo. Suppose that the
operator A generates an exponentially stable Cy-semigroup et on X
and the control operator B e £(U,X_1) is admissible for eA!. Then, for
any x(0) € X, system

x(t) = Ax(t) +Bf(t), t>0 (34)

admits a unique mild solution x € C(0, c0; X) NH! (0, 00;X_1) such

loc
that

Jlim [Ix(€)[lx = 0. (3.5)
Proof. The well-posedness of the solution can be found in Tucsnak
and Weiss (2009, Proposition 4.2.5, p.118). For the convergence, we
refer the reader to Wolfgang, Charles, Matthias, and Frank (2001,
Proposition 1.3.5(b)) and Oostveen and Curtain (1998). O

As an application of Definition 1, let us consider the following
uncertain Euler-Bernoulli beam equation:

Wee (X, 1) + Wk (X, £) =0, x € (0, 1), t > 0,

Wyxx (0, 1) = Wi (0,8) =w(1,t) =0, t =0,
Wie(1,8) = f(W(., t), wy (-, £)) +d(t) + u(t), t=0,
w(x,0) = wo(x), w(x,0) =wq(x), xe[0,1],
y() = We(0,8), wx(1,8), wee (1,8)), £ > 0,

where (wg(x), wq(x)) is the initial state, u(t) is the input (control),
y(t) is the output (measurement) and f(w(-,t), wx(-, t)) +d(t) is
the total disturbance that consists of the boundary interior uncer-
tainty f(-) and the external disturbance d(t). System (3.6) models
a vibrating flexible beam that is free at the end x =0 and is con-
trolled on the other end x = 1 and w(x, t) represents the displace-
ment of the beam at x € (0, 1) and t > 0. In the rest of the paper,
we drop off obvious spatial and time domains without confusion.

(3.6)

Theorem 3.1. System (3.6) is exactly observable in the sense of
Definition 1.

Proof. When f(-) +d(t) =0 and u(t) =0, by a simple multiplier
technique, it can be easily shown that there exists T > 0 such that

T
[ w0002t = o, wo) (3.7)
where ¢; > 0 is a constant, which means that condition (i) of
Definition 1 is satisfied. We only need to show condition (ii). When
y(t) =0 for all ¢ € [0, 00), W(x, t) is governed by

Wit (X, 1) + Wixx (X, 1) = 0,

Wxxx (0, ) = wi (0, t) =0,

w(l,t) =wy(1,t) =0,

w(x,0) = wo(x), we(x,0) =wq(x),

(3.8)

and

Wee (X, ) + Wex (X, £) = 0,

Wy (0, ) = —we (0, £), wx(0,t) =0,
wx(1,t) =w(1,t) =0,

w(x,0) = wo(x), we(x,0) =wi(x).

(3.9)

System (3.8) is a conservative system that ||(w(-,t), w:(-, t))| =
|| (wg, wq)|| for all t > 0. And system (3.9) is a well known expo-
nentially stable system: ||[(w( -, t), w¢( -, t))|| — 0 as t — oo. There-
fore, for any t > O, ||[(w( -, t), we( -, t))|| = O which implies that
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fw(., t),wx(-,t)) +d(t) = wx(1,t) = 0. This completes the proof
of the theorem. O

Theorem 3.1 implies that the output y(t) is always observ-
able regardless of the function f{-). As a consequence, the out-
put y(t) contains sufficient information of the total disturbance
fw(., t),wx(-, t)) +d(t) therefore we can use y(t) to estimate the
uncertainty. System (3.6) serves as a benchmark example to show
our design idea for uncertain PDEs in next section.

4. Output feedback stabilization

In this section, we design, in terms of the output y(t), a dis-
turbance estimator which can also serve as a new unknown in-
put type state observer for system (3.6). The disturbance estimator
design relies on the hidden regularity of the beam equation. This
is very different to the ADRC for lumped parameter systems dis-
cussed in Section 2 where the high-gain is used in ESO.

4.1. Unknown input observer

We first design a disturbance estimator for system (3.6). To this
purpose, we first introduce the following auxiliary system to bring
the total disturbance f(.) +d(t) into an exponentially stable sys-
tem:

Zit (X, 1) + Zuuxx (X, 1) = 0,

Zux (0, £) = c1[we (0, ) — z:(0, )],
zw(0,8t) =z(1,t) =0,

Zw (1, 1) = co[wx (1, £) — 2 (1, )] + u(t),

where c; is a positive tuning parameter. System (4.1) depends only
on the input and output of the original plant (3.6) and therefore is
completely known. Although system (4.1) and the original uncer-
tain system (3.6) are different, the error system is an “ideal envi-
ronment” for disturbance estimation. Actually, if we set

Z(x, t) =w(x, t) —z(x, t),

(4.1)

(4.2)
then the error Z(x, t) is governed by

Zit (X, ) + Zox (%, £) = 0,

2xxx(0v t) = —let(O, t)s

Zw(0,t) =Z2(1,t) =0,

Zi(1,8) = —coZx(1, ) + f(w(:, ), wx(-, t)) +d().

System (4.3) can be written abstractly as
d . 5 5 5
77 @6 0.2, 0) = Ao (2(- ). 2 (- 1))
+ BIf(w(-, £), wx(-, £)) +d(0)],

where the operators .4y and B are defined, respectively, by

{Ao(f7g) = (g’ _f(4))v v(fﬂg) € D(A0)7

(4.4)

D(Ao) = {(f.g) e H*(0,1) x H*(0,1) |
g(1) = f(1) = f"(0) =0, f"(0) = —c1g(0). f"(1) = —cof' (1)}
(4.5)

and B = (0, -8 (x — 1)) with §(-) being the Dirac distribution. It is
well known that the operator 4y generates an exponentially sta-
ble Cy-semigroup e“o! and the operator B is admissible to the C,-
semigroup e“of(Guo, Zhou, AL-Fhaid, Younas, & Asiri, 2014b). Since
the linear part of system (4.3) is exponentially stable and is inde-
pendent of the control, the disturbance estimator design for system
(4.3) is much easier than for the original system (3.6). Moreover,
the exponential stability of linear part of (4.3) guarantees that all
the subsystems involved in estimation of total disturbance are uni-
formly bounded, provided that the total disturbance is uniformly
bounded with respect to time t. In this sense, we can say that sys-
tem (4.1) separates the total disturbance from the original system

(3.6) and introduces the total disturbance into a “relatively good”
system (4.3) which is our starting point to estimate the total dis-
turbance.

Now, we design an observer for system (4.3):

dre (X, £) + dax (X, £) = 0,

qXXX(Oﬂ t) = :Cl dc (0, 1),

dix(0,t) =d(1,t) =0,

de(1,8) = Zx(1,£) = [wx(1,£) — (1, 0)],
which turns out to be a total disturbance estimator. Notice that
system (4.6) depends only on the input and output of the original
system (3.6), as it is in terms of only the signals wx(1, t) and zx(1,
t). We now show that the observer (4.6) can provide an estimation
of the total disturbance in system (4.3). As matter of fact, if we let

(4.6)

d(x,t) = 2(x,t) —d(x, 1), (4.7)
then the error d(x, t) is governed by

d:tt (X, t) + C‘{xxxx()i, t)=0, -

A (0,1) = —1de (0, 1), dw(0,1) =0, (4.8)

d(1,t) =dy(1,t) =0,

which is exponentially stable (Guo & Jin, 2013a). We consider sys-
tem (4.8) in the state space

Hi={(f,8) e H*(0,1) x *(0,1) | f(1) = f'(1) =0}, (4.9)
whose inner product is given by
1
(.80, (2820, = [ [ 00T +81 (0B (0Idx,
V(fi8)eH, i=1,2. (4.10)

System (4.8) can be written as the following evolutionary equation:

d - - - -
E(d(" £),de(-, 1)) = A (d(- £), de (-, 1)),
where the operator A4; is given by

{Al(fsg) = (gv _f(4))v v(fsg) € D(.A‘]),

(411)

D(A) ={(f.& €H*(0,1) xH*(0, D|f"(0) = f(1) = f' (1) =0,
g(1) =g(1) =0, f"(0) = —c1g(0)}.
(4.12)

It is well known that the operator .A; generates a Cy-semigroup of
contractions on #; (Chen, Delfour, Krall, & Payre, 1987; Guo & Jin,
2013a). As a result, there exist constants L4,, w4, > 0 such that

et < Lye @4t t>0. (413)
Moreover, we have the following results on hidden regularity.

Lemma 4.1. For any initial state (d(-,0).d;(-,0)) € H;. system
(4.8) admits a unique solution (d,d;) € C(0,00; H1) satisfying the
hidden regularity

dw(1,t) € [2(0, 00). (4.14)

If the initial value (d(-,0),d;(-,0)) e D(A;), the solution is classical

and satisfies:

dw(1,t) > 0 as t — oo. (4.15)

Proof. By semigroup theory, system (4.8) admits a unique solution

(d(-,t),d (-, t)) € C(0, 0o; H1) such that

I(d(.0), de ()l < Lae” 4 (d(-,0).de (- 0)) I3, t=0.
(4.16)

To prove the hidden regularity (4.14), we define

o(t) = f " Ody (x, £)dx, (417)
0
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Then
6O = @00, oI, V=0 (418)

Finding the derivative of ¢(t) along the solution of system (4.8),
we can obtain

B(t)

1 . . 1 - -
/ xdle (x, ) (x, £ dx — / sy (%, ) e (. £)
0 0

1 = 1 /1 =
5@ (1,t)—§f0 & (x, t)dx
1 ~ ~ ~
+ / (A%, 1) + % (%, £)) e (. £) X
0

1 1 1
= R0+ 5@ (,0) - 5/0 [ (x, £) + 32,(x. ) |dx.
(4.19)

Hence, for any 7 > 0,
T t . .
[ @a.0d < 290) - 200 +3 [ 160 dC.0)B, de
< 1(d(-,0). d: (-, 0))]12, (2+3L§hf ezwA1fdt)
0

(4.20)

~ ~ 3L2
< 1. 0. 4. ) I, (2+ i )

26!).,4l

This easily leads to (4.14) due to the arbitrariness of 7. When
(d(-,0),d¢(-,0)) € D(Ay), the solution is classical and satisfies:

(e (-, £), dee (-, )l < Laye™ 41| (de (-, 0), —die (-, 0) [l

Vt>0. (4.21)
On the other hand, it follows from (4.17) that
. T ~ 1 ~
o) = /0 Xdx (X, t)de (%, t)dx+fO Xdpx (x, t)d; (x, t)dx
< CUI(e G 0, dee Oy + 1A 0. de )13 ] (4:22)

where C is a positive constant. In view of (4.16) and (4.21), we can
easily obtain (4.15) from (4.22). O

On the other hand, a formal computation from (4.7) and
(4.3) shows that

dx(1,6) = —colwx(1,8) — z¢(1,0)]

+ Lf W0, wx(,0) +d(©)] = dw(1, 1), (423)
Owing to (4.14), co[wx(1,t) —zx(l,t)]+d:<x(],t) can be regarded
as an approximate of flw( -, t), wx( -, t)) +d(t) with a possible error
in L2(0, oo). That is,

{LF W), Wi (- 0) +d(6)] = colwa(1,8) — 2¢(1,8)] = dix(1,£)}
€ [%(0, 00). (4.24)

The major advantage of this design is that co[wx(1,t) —zx(1,t)] +
tfxx(l,t) gives an adequate estimation of the total disturbance
fw(,t),wx(-,t)) +d(t) in the sense that the total disturbance
does not appear in error system (4.8).

Putting systems (4.1) and (4.6) together, we have obtained an
unknown input state observer for system (3.6):

Zit (X, 1) + Zuuxx (%, £) = 0,

Zxxx (0, 1) = ¢ [we (0, t) — 2 (0, 1)],
Zw(0,t) =z(1,t) =0,

zfx(l, t) = Eo[Wx(l, t) —z¢(1,t)] + u(t),
dee (X, 1) + dxxx (X, 1) = 0,

Ay (0, £) = =1, (0, 1),

dix(0.£) =d(1.t) =0,

de(1,6) = wye(1,£) = 2¢(1, 1),

which is determined completely by the input and output of system
(3.6). Notice that that no high gain is used in (4.25) and bound-
edness is not required for derivatives of the total disturbance. By
(4.2) and (4.7), we have

d(x,t) = wx, t) —z(x,t) — d(x, t). (4.26)

Hence, the exponential stability of (4.16) implies that the unknown
input state observer (4.25) converges exponentially:

(4.25)

IdC. Ol = N[2¢.0) +d( Ol =W, Ol > 0 as ¢ — oo,
(4.27)
In this way, we obtain an disturbance estimator and a state ob-

server simultaneously. In other words, (4.25) can be considered as
an ESO for system (3.6). Introduce

Ho = {(f.g) € H?(0,1) x [*(0,1) | f(1) =0} (4.28)
whose inner product is given by
L
((f1.81). (f2.82))n0 =/0 ffdx + g18&2dx + co f{ (1) f5 (1),
Y (fi.g) € Ho, i=1,2. (4.29)

We consider system (4.25) in the space H(Z).
We first discuss the properties of well-posedness and conver-
gence for the state observer (4.25).

Theorem 4.1. Suppose that the solution (w,w;) e C(0,o0; Hp)
of system (3.6) with uel? (0,00) is well-posed and

loc
[fwW(, t), wx(-, t)) +d(t)] eleoc(O,oo). Then, for any initial value

(d(-,0),d¢ (-, 0), z(-,0),z(-0)) e H3, there exists a unique solution
(d.d;,z.2) € C(0, 00; H2) to ESO (4.25) such that

{LFWE ), We(£) +d ()] = colwa(1,8) = 2¢(1, )] — de (1, £)}
€ 1%(0, 0), (4.30)
and
I(2C, 6) +d( O =W ), [2eCot) +de ()] = we (L 0) llag,
< Lye @t ([z(-,0) +d(-, 0]

= w(-,0),[2(0) +di(-,0)] = we (,0))[l3,, t=0. (431)
Proof. By the invertible transformation
w I 0 0 w
z|l=[1 o -I){d). (4.32)
d 0 -1 I1/\z

the state observer (4.25) is equivalent to the following system:
Zet (X, 1) + Zywu (%, 1) = 0,

2xxx(07 t) = _let (09 t),

Zw(0,t) =2(1,¢t) =0,

Z(1,0) = —CoZx (1,£) + fF(W(-, £), Wi (-, 1)) +d(£),
qtt (%, ) + dyoxx ()f', t) =0,

do (0, t) = —€1d; (0, 1),

dw(0,t) =d(1,t) =dy(1,£) = 0.

Since [f(w(-, t),wx(-,t))+d(t)] e L,ZOC(O, o0) and the “d~—part" of
(4.33) is independent of the other part, the admissibility of B and

(4.33)
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Lemma 4.1 imply that the solution of system (4.33) is well defined.
Owing to (4.26), (4.31) follows from (4.16). Finally, (4.30) can be
obtained from (4.14) and (4.23) directly. O

Remark 4.1. It is seen that in state observer (4.25), we use neither
high gain nor discontinuous output injection (Guo & Jin, 2015).
This is remarkably different from conventional ones for both ODEs
and PDEs. More importantly, we did not assume the bounded-
ness for any order derivative of the total disturbance. It should be
pointed out that Han’s conventional ESO (Han, 2009) as given in
(2.7) is just one design in ADRC. There should been other ESO de-
sign methods in which the use of high gain is not necessary, as
in adaptive control and control based on internal model principle.
Our ESO for infinite-dimensional systems developed in this section
offers such a new design.

Remark 4.2. The ESO (4.25) is not always convenient for control
design because we know from (4.27) that [z(x,t) + Lf(x, t)] is only
an approximate of w(x, t) and that the control appears in z-system
(4.1) only. To avoid this problem, we may design an approximate
w(x,t) of w(x, t) directly by compensating the total disturbance
with its approximate claimed by (4.30). Specifically, we can design

Wi (X, 1) + Wi (X, 1) = 0,
Wik (0, t) = k[w; (0, t) — W, (0, t)], k> 0,

Wi (0,£) = W(1,t) = 0, (4.34)
Wik (1, 8) = —Co[wx (1, £) — 2 (1, £)] + duwe (1, £) + u(t),
which produces another ESO for system (3.6) as follows:
V?[t (X, t) + Wxxxx (X, t) = 0’,\
Wi (0, ) = k[we (0, t) — W (0, £)],
Wi (0,t) = w(1,t) =0,
Wi (1,t) = —co[wx(1,£) — zx(1, £)] + dxx (1, £) + u(t),
Zee (X, t) + Zox (X, £) = 0,
Zyoe (0, £) = ¢1[we (0, £) — 2:(0, 1)),
2 (0,) =2(1,t) =0, (4.35)

Zxx (1,8) = co[wx (1, 1) — zx (1, £)] + u(t),
dee (%, ) + doen (%, £) = 0,

Qo (0. £) = —1d¢ (0, 1),

dw(0,t) =d(1,t) =0,

dy(1,6) = wy(1, ) — z¢(1, 0).

In the new ESO (4.35), we consider Ww(x,t) as an approximate of
w(x, t) and —co[wx(l,t)—zx(l,t)]—&xx(l,t) the approximate of
the total disturbance f(-,t) +d(t) in the same of (4.30). In many
situations, such as the unstable wave equation in Feng and Guo
(2014), the ESO type of (4.35) is more suitable than (4.25) since
w(x, t) ~ w(x, t). Certainly, (4.35) serves as a different unknown in-
put observer for system (3.6). The issue of unknown input observer
is seldom touched for PDEs. By our approach, we have designed
two different unknown input observers (4.25) and (4.35) without
using discontinuous injection of the output error. The key step in
achieving this design is the uncertainty estimation and compensa-
tion.

4.2. Stabilizing output feedback control

With the state observer (4.25) at hand, we can naturally design
an observer based stabilizing output feedback as follows:

u(t) = [—de(1,£) — cowu(1, ) + cozx (1, £)]

— oWy (1,t) — c3wy(1,t), ¢3,c3 >0, (4.36)

where the first three terms in bracket are used to cancel the to-
tal disturbance and the other terms are stabilizing output feedback
control for system (3.6) in the absence of total disturbance. This
implies we have adopt the estimation and cancelation strategy in

feedback control (4.36) in the spirit of active disturbance rejec-
tion control. Under the controller (4.36), we incorporate systems
(4.1) and (4.6) to obtain the closed-loop of system (3.6) as follows:

Wee (X, 1) + Wy (X, £) =0,

Wxxx (0, t)= Wiy (0, t) = W(], t) =0,

Wie(1,8) = fW(, 1), Wi (-, 1)) +d(t)
— [dw(1,8) + cowx(1,t) — cozx(1,1)]
— CWx (1,1) — c3wi (1, 1),

Zit (X, ) + Zox (%, £) = 0,

Zux (0, £) = ¢1[w (0, ) — (0, )],

zw(0,t) =z(1,t) =0,

Zw(1,8) = —d(1,1) — CaWxe (1,£) — c3w(1,0),

dee (%, £) + dwx (X 1),

dux (0,8) = €1d; (0, 1),

dw(0,t) =d(1,t) =0,

de(1,6) = wy(1, ) — z¢(1,0).

(4.37)

Theorem 4.2. Suppose that f € C(RZ; R) and d € L°(0, oo). Then, for
any initial state (w(-,0),w;(-,0),z(-,0),2-.0),d(-,0).d(-.0)) e
Hg, the closed-loop system (4.37) admits a unique solution
(W, Wi, 2,2, d, dy) e C(0, 00: #H3) such that:

s[gp)n(w(-, £), Wi (-, 0),2(, ), 2 (-, 1), d (-, 1), de () 53 < +00.
tel0,00

(4.38)
Moreover, there exist L, & > 0 such that
” (W(7 t)? Wt(" t)) ”7‘[0 = Leiwﬁ
If we assume further that f(0) = 0 and d(t) = 0, then,

t>0. (4.39)

HWC, 0, we (0,20, 0), 20,0, d( £), de (- 0) |5 — Oast — oc.
(4.40)

In other words, when the external disturbance is disconnected to the
system, the closed-loop system is internally asymptotically stable.

Proof. Since system (4.37) is a nonlinear system, it is not easy to
dealt with it directly. Fortunately, by the following invertible trans-
formation:

w 1.0 0 0 0 0\ /w
we 01 0 0 0 O0}[wm
z I 0o 0o o0 -1 offd
z|7lo 1 0 o o -I||d (441)
d 00 -1 o I o0]}]:
d; 00 0 -1 0 1)\3

System (4.37) is transformed into the equivalent system described

by the “(w, d)-part”

Wee (X, t) + Wi (X, £) = 0,

Wxxx (0, 1) = YVxx(Os t)y=w(1,t) =0,

VYXX(]s t) =~dxx(19 £) — cowxe (1,1) — 3wy (1, 1),
d[t (X7 t) + dxxxx (X, t) =0,

d~xxx(0, t) = E]dt(o, t)L

dex(0,t) =d(1,t) =dy(1,t) =0,

and the “Z-part”

(4.42)

2tt (X, t) +2XXXX(X, t) = O,

Zx(0,t) = €12:(0, 1),

Zw(0,t) =2(1,t) =0,

Zw(1,) = —coZx(1,8) + f(W(-, ), wx (-, £)) +d(t),
Though still nonlinear, the equivalent system can be treated by lin-

ear approach, since the “(w, d)-part” is a linear system; and more
importantly, it is decoupled from the “Z-part”.

(4.43)
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The “(w, d)-part” can be written, in the Hilbert space Ho x H1,
as the following abstract from:

g w0, w 0,40, 0)
= /(W 1), wi(-. 1), d(.0).di (. 1)),

where the operator <7 is given by

A (f.8¢. V)= (@ ~fY . —¢W). V(f.8.¢.¥) € D(«),
D(«/) ={(f.& &%) € H*(0, 1) x H*(0, 1) |
f(0) = f"(0) = f(1) =g(1) =0,
ffM)=¢"(1) — g’ (1) — i3 f'(D),
() =¥ (1)=¢'"(1)=¢'(1)=¢"(0)=0.¢"(0)= — 1y (0)}.
(4.45)

Now we prove that the operator .«# defined by (4.45) generates
an exponentially stable Co-semigroup on #Ho x #;. Indeed, for any
(f.8. ¢, %) € Ho x H1, we solve

(4.44)

A(f.g8d V) =@ ~fY ¥, D) =(f.8.9) (4.46)
to obtain g= f, ¥ = ¢, and
—f@(x) = &(x).
f7(0) = f(0) = f(1) =0, (4.47)
ff)=¢"(1) —c2f (1) —c3f (1),
and
D (x) =P (x).
d(1) =¢'(1) =¢"(0) =0, (4.48)

@"(0) = —19(0).
We solve (4.47) and (4.47) to obtain

F) = -xf 1) - / 1 / 1 /O ’ /0 * 6(s)dsdadpdr,

-~ 1 o ~
¢"(1) = —c1$(0) — /O /0 7 (s)dsdar.

“ 1 ra
f’(1)=cl3[¢”(1)—ch’(1)+ /0 /O g(s)dsda}.
(4.49)

Therefore, &7~ is compact on Hg x ;. Therefore o (<) consists of
isolated eigenvalues only.

By Guo and Yu (2001), the operator A;, defined by (4.12), gen-
erates an exponentially stable Cy-semigroup on #4; and there is a
sequence of generalized eigenfunctions {®;(x)} of 4; which forms
a Riesz basis for #4, with all associated eigenvalues of sufficiently
large module being algebraically simple. Moreover, it is a trivial ex-
ercise to show that the same stability and spectral results are true
for operator Ay defined by (4.5). Hence, the spectral growth con-
dition is true for A;:

w(A;) =s(A) <0, (4.50)
where w(A;) is the growth rate of semigroup e4i’ and s(A;) is the

spectral bound of A;,i =0, 1. Let the generalized eigenfunctions of
Aq and Ag be {®n(x)} and {W,(x)}, respectively. Define a sequence

i=0,1,

{(Dn(x), 00} U{(0, W (x))}. (4.51)

Then, it is a sequence of generalized eigenfunctions of </, and
forms a Riesz basis for #H; x Ho. Therefore « generates a Co-
semigroup on X and the spectrum-determined growth condition
is true for «:

() = s(2). (4.52)

Since the “(W,~d~)—part" of system (4.42) is a cascade of the “w-
system” and “d-system”, and the former is independent of the lat-
ter. We claim that

o()=0(Ag)Uo(Ar). (4.53)

Indeed, for any Aeco(«), suppose that &(f, g ¢,V¥)=
Af.g ¢, ) with 0# (f,g ¢,V) € D(«/). Combining (4.12) and
(4.45), we find that (¢, V) € D(A;) and Aq(¢p, V) = A(¢, V). So
when (¢, V) # 0, we have A € 0 (Ay). When (¢, ¥) =0, then (f,
g) # 0 and it follows from (4.45) and (4.5) that (f,g) € D(Ap) and
thus

(f.£0,0) = (g —f*,0,0) = (A(f.£),0,0) = A(f.£0,0).
(4.54)

This leads to Ag(f,.g) =A(f,g) or Aeo(Agp). This shows that
o () co(Ag)Ua(Ay). The inclusion o (Ag)Uo (A1) c o (&) is
trivial. Therefore, (4.53) holds true.

Finally, we combine (4.52) and (4.53) to obtain

() =s(«) = max{s(Ag),s(A41)} < 0. (4.55)

Therefore, et is exponentially stable on %y x #;. Moreover, the
solution of “(w, d)-part” is well defined and satisfies

W, 0), W, £), d (o t), de () lagery < Lie™@, >0,

(4.56)

where L; and w; are positive constants. From the Sobolev trace-
embedding theorem, it follows that

[lwyx(1,6)| +|w(1,t)]] = 0 as t — oo, (4.57)
which, together the continuity of f{-), leads to that
sup |fw(1,t), wx(1,t)) +d(t)| < +oo. (4.58)

te[0,00)

Since the solution of “(w, d)-part” is well defined, the “Z-part”
now becomes an exponentially stable linear system with an inho-
mogeneous term f(w(-,t), wx(-,t)) +d(t) that completely comes
from the “(w, d)-part”. In this way, we deal with a nonlinear sys-
tem via a linear approach. Since the “Z-part” is actually a linear
system corrupted by an inhomogeneous term, it follows that (Feng
& Guo, 2017)

sup [[(Z(-. ), 2 (. ) lln, < +oo, (4.59)

tel0,

which, together with (4.56) and (4.41), readily leads to (4.38).
Finally, when f(0) =0 and d(t) = 0, by (4.57) and the continu-

ity of f(-), we have

[fw(1,t),wx(1,£))| - 0 as t— oo, (4.60)
and thus
NEC,t), 2. t)]lny — 0 as t — oo. (4.61)

Finally, (4.40) can be obtained by (4.56), (4.61), and (4.41). O

5. Multi-dimensional wave equations

The proposed approach for observer design in previous section
is systematic and can be used to deal with many other PDEs such
as anti-stable wave equations (Feng & Guo, 2016b), heat equations
(Feng & Guo, 2016a), and even the multi-dimensional PDEs. In this
section, we consider a multi-dimensional wave equation only.

Let 2 c R"(n > 2) be an open bounded domain with a smooth
C2-boundary I = Ty UT{, where the boundary relative open sub-
sets 'g # ¥ and 'y # @. Let v be the outward unit normal vector
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of the boundary I". We consider the following multi-dimensional
wave equation:

Wee (%, t) — Aw(x, t) =0 in Q2 x (0, c0),

w(x,t) =0 on [y x [0, 00),
W = f(w(x,t)) on Ty x [0, 00),

+d(x, t) +u(x,t)
yO(X7 t) = (,Vl (X?t)’y2(x! t))

= <W(X, t)|r1, Lwa(:i’ £)

t>0,

)
(5.1)

where u(x, t) is the control (input) and y,(x, t) is the measurement
(output). The f(w(x,t)) +d(x,t) is regarded as the “total distur-
bance” which consists of the boundary unknown uncertainty flw(x,
t)) and external unknown disturbance d(x, t). The main difficulty
for stabilization of system (5.1) is the total disturbance. The prob-
lem wound be trivial after we cancel the disturbance by its esti-
mate. Hence, we only give the observer design. Introduce

Ve (X, £) — Av(x,£) =0 in Q x (0, 00),
81}6(;: t) _ 8wa(i<}, t) on  Tox[0.00).
— VX, t) — U (X, t)
w =u(x,t) on TIyx[0,00), (5.2)
die(x,t) — Ad(x,t) =0 in  Qx(0,00),
Bcf;):, 2 = —clcf(x, t) — ccht(x, t) on Iy x]0,00),
d(x,t) = w(x, t) —v(x,t) on T x[0,00),

where ¢, ¢; > are tuning parameters, cf(x, t) is used to estimate
the total disturbance, and v(x, t) is an auxiliary variable. System
(5.2) only depends on the input and output of system (5.1). Let

v(x, t) =w(x, t) —v(x, t). (5.3)
Then ¥(x,t) is governed by
Dee(x, t) — AD(x,t) =0 in Q x (0, 00),
ov(x, t ~ -
vg; ) =—U(x,t) — e (x,t) on T'gx]0,00), (5.4)
aug: D _ fwx ) +dxt)  on Ty x[0,00),

which is a type of stable system with the total disturbance
fw(x,t)) +d(x,t) as its inhomogeneous term. We see that “v-
system” separates total disturbance from original system (5.1) and
control into a stable system. The “cf—system" is actually an observer
for system (5.4). If we let

dx, t) = D(x, t) —d(x,t) = w(x, t) — v(x, t) — d(x, t), (5.5)
then d(x, t) is governed by
d~“~(x, t) — Ad(x,t) =0 in  ©x(0,00),
Bd();, t) =—cidx,t) —cade(x,t)  on T x [0, ),
dx,t)=0 on 'y x [0, 00),
(5.6)

which is a type of stable system and can be served as a target
system for the design of observer. More specially, we have

ll(de (. t). d, t)||H;1 @xi2) —> 0 as t— oo, (5.7)

where

H}I(Q):{feHl(Q) | fx) =0,xeT}. (5.8)

Similarly with (4.14) and (4.23), we have

0dC-0 (120, 00; 12(Ty)) (5.9)
v

and

dd(x.t) _ ad(x,t)
= = W 0) +d(x.£) = (5.10)

Therefore, % can be considered as an estimate of the total
disturbance f(w(-,t))+d(t). Moreover, it follows from (5.5) and
(5.7)

[W(, t) = V() +d (-, )], we (-, t)
— w0 +de f)])”H;1 (Qx2(Q)

= | d(-.t). de (-, f))”H;l @x2@) —~> 0 as t— oo, (5.11)
which implies that (v(-,t) +cf(-, t), ve(-, t) +d}(-, t)) is an estimate
of the state (w( -, t), wi( -, t)).

6. Concluding remarks

We have reviewed the development of active disturbance rejec-
tion control (ADRC) from its early beginning till this day. The key
step toward ADRC is the extended state observer (ESO) which es-
timates not only the system state but also the total disturbance
thus allows the use of the strategy of estimation and cancelation.
We first explained how this strategy can be adopted in the ADRC
via an ODE example. as in adaptive control and control based in-
ternal model principle. The ADRC is capable of dealing with many
uncertain systems with various disturbance, thus greatly expand
the application area of the strategy in control practice. Some re-
cent progresses toward the theoretical foundation of the ADRC for
nonlinear lumped parameter systems are reviewed. Furthermore,
we considered the ADRC design for PDEs, especially the design of
the ESO. This observer design is a new topic for PDEs and turns
out to be more complicated. We showcased the output feedback
design process through a 1-d uncertain beam equation, and pro-
posed two types of new ESO given in (4.25) and (4.35). Unlike in
the case for lumped parameter systems, the new designs do not
use high gain and do not suppose the boundedness of derivative
(of any order) of the disturbance. In addition, different from most
of unknown input observer designs, the new designs do not use
non-smooth method. As a result, the actual nonlinear closed-loop
system can be treated via linear method after cancelation. Addi-
tional application to multi-dimensional PDEs is briefly illustrated.

As mentioned at the end Section 2, the ADRC is also applicable
to PDEs with corrupted measured output in Feng and Guo (2016b).
Other applications can be found in Feng and Guo (2014), Guo and
Guo (2013) and Guo, Chen, and Feng (2017).

References

Chen, G., Delfour, M. C,, Krall, A. M., & Payre, G. (1987). Modeling, stabilization and
control of serially connected beams. SIAM Journal on Control and Optimization,
25, 526-546.

Cheng, D., Hu, X., & Shen, T. (2010). Analysis and design of nonlinear control systems.
Berlin: Science Press, Beijing and Springer-Verlag.

Dong, L. L, & Edwards, J. (2010). Closed-loop voltage control of a parallel-plate
MEMS electrostatic actuator. In American control conference (pp. 3409-3414).
Feng, H., & Guo, B. Z. (2014). Output feedback stabilization for unstable wave equa-

tion with general corrupted boundary observation. Automatica, 50, 3164-3172.

Feng, H., & Guo, B. Z. (2016a). New unknown input observer and output feedback
stabilization for uncertain heat equation. Automatica, Preprint, Shanxi Univer-
sity, China.


http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0001
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0001
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0001
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0001
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0001
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0001
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0002
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0002
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0002
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0002
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0002
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0003
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0003
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0003
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0003
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0004
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0004
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0004
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0004

248 H. Feng, B.-Z. Guo/Annual Reviews in Control 44 (2017) 238-248

Feng, H., & Guo, B. Z. (2016b). Distributed disturbance estimator and application
to stabilization for multi-dimensional wave equation with corrupted boundary
observation. Automatica, 66, 25-33.

Feng, H. & Guo, B. Z. (2017). A new active disturbance rejection control to out-
put feedback stabilization for a one-dimensional anti-stable wave equation
with disturbance. IEEE Transactions on Automatic Control, doi:10.1109/TAC.2016.
2636571.

Francis, B. A., & Wonham, W. M. (1976). The internal model principle of control
theory. Automatica, 12, 457-465.

Gao, Z. (2015). Active disturbance rejection control from an enduring idea to an
emerging technology. In The 10th international workshop on robot motion and
control (pp. 269-282). Poznan, Poland: IEEE, Poznan University of Technology.
July 6-8

Guo, B. Z,, & Jin, F. F. (2013a). The active disturbance rejection and sliding mode con-
trol approach to the stabilization of euler-bernoulli beam equation with bound-
ary input disturbance. Automatica, 49, 2911-2918.

Guo, B. Z, & Jin, E. F. (2013b). Sliding mode and active disturbance rejection control
to stabilization of one-dimensional anti-stable wave equations subject to distur-
bance in boundary input. [EEE Transactions on Automatic Control, 58, 1269-1274.

Guo, B. Z, & Jin, E. F. (2015). Output feedback stabilization for one-dimensional wave
equation subject to boundary disturbance. IEEE Transactions on Automatic Con-
trol, 60, 824-830.

Guo, B. Z., & Liuy, ]. J. (2014a). Sliding mode control and active disturbance rejection
control to the stabilization of one-dimensional Schrodinger equation subject to
boundary control matched disturbance. International Journal of Robust and Non-
linear Control, 24, 2194-2212.

Guo, B. Z., & Wu, Z. H. (2017). Output tracking for a class of nonlinear systems
with mismatched uncertainties by active disturbance rejection control. Systems
& Control Letters, 100, 21-31.

Guo, B. Z., Wu, Z. H., & Zhou, H. C. (2016). Active disturbance rejection control ap-
proach to output-feedback stabilization of a class of uncertain nonlinear sys-
tems subject to stochastic disturbance. IEEE Transactions on Automatic Control,
61, 1613-1618.

Guo, B. Z,, & Yu, R. (2001). The Riesz basis property of discrete operators and ap-
plication to a euler-bernoulli beam equation with linear feedback control. IMA
Journal of Mathematical Control and Information, 18, 241-251.

Guo, B. Z.,, & Zhao, Z. L. (2011a). On convergence of tracking differentiator. Interna-
tional Journal of Control, 84, 693-701.

Guo, B. Z,, & Zhao, Z. L. (2011b). On the convergence of an extended state observer
for nonlinear systems with uncertainty. Systems & Control Letters, 60, 420-430.

Guo, B. Z., & Zhao, Z. L. (2012). On convergence of nonlinear extended state ob-
server for MIMO systems with uncertainty. IET Control Theory & Applications, 6,
2375-2386.

Guo, B. Z., & Zhao, Z. L. (2013a). On convergence of the nonlinear active disturbance
rejection control for MIMO systems. SIAM Journal on Control and Optimization,
51, 1727-1757.

Guo, B. Z., & Zhao, Z. L. (2013b). Weak convergence of nonlinear high-gain tracking
differentiator. IEEE Transactions on Automatic Control, 58, 1074-1080.

Guo, B. Z,, & Zhao, Z. L. (2015). Active disturbance rejection control: Theoretical per-
spectives. Communications in Information and Systems, 15, 361-421.

Guo, B. Z., & Zhao, Z. L. (2016). Active disturbance rejection control for nonlinear sys-
tems: An introduction. Singapore: Wiley & Sons.

Guo, B. Z, & Zhou, H. C. (2014). Active disturbance rejection control for reject-
ing boundary disturbance from multi-dimensional Kirchhoff plate via boundary
control. SIAM Journal on Control and Optimization, 52, 2800-2830.

Guo, B. Z., & Zhou, H. C. (2015). The active disturbance rejection control to stabi-
lization for multi-dimensional wave equation with boundary control matched
disturbance. IEEE Transactions on Automatic Control, 60, 143-157.

Guo, B. Z., & Zhou, H. C. (2016). Output feedback stabilization for multi-dimensional
Kirchhoff plate with general corrupted boundary observation. European Journal
of Control, 28, 38-48.

Guo, B. Z., Zhou, H. C.,, AL-Fhaid, A. S., Younas, A. M. M., & Asiri, A. (2014b). Stabi-
lization of Euler-Bernoulli beam equation with boundary moment control and
disturbance by active disturbance rejection control and sliding model control
approach. Journal of Dynamical and Control Systems, 20, 539-558.

Guo, W, Chen, Y. L., & Feng, H. (2017). Output feedback stabilization for a Kirchhoff-
type nonlinear beam with general corrupted boundary observation. Interna-
tional Journal of Robust and Nonlinear Control, doi:10.1002/rnc.3740.

Guo, W,, & Guo, B. Z. (2013). Adaptive output feedback stabilization for one-di-
mensional wave equation with corrupted observation by harmonic disturbance.
SIAM Journal on Control and Optimization, 51, 1679-1706.

Han, J. Q. (2009). From PID to active disturbance rejection control. IEEE Transactions
on Industrial Electronics, 56, 900-906.

Krstic, M. (2010). Adaptive control of an anti-stable wave PDE. Dynamics of Continu-
ous, Discrete and Impulsive Systems Series A: Mathematical Analysis, 17, 853-882.

Oostveen, J. C., & Curtain, R. F. (1998). Riccati equations for strongly stabilizable
bounded linear systems. Automatica, 34, 953-967.

Rebarber, R., & Weiss, G. (2003). Internal model based tracking and disturbance re-
jection for stable well-posed systems. Automatica, 39, 1555-1569.

Sun, B., & Gao, Z. (2005). A DSP-based active disturbance rejection control design for
a 1-kW H-bridge DC-DC power converter. IEEE Transactions on Industrial Elec-
tronics, 52, 1271-1277.

Tucsnak, M., & Weiss, G. (2009). Observation and control for operator semigroups.
Basel: Birkhduser.

Weiss, G. (1989). Admissibility of unbounded control operators. SIAM Journal on
Control and Optimization, 27, 527-545.

Whitaker, H. P,, Yamron, J., & Kezer, A. (1958). Design of model-reference adap-
tive control systems for aircraft. Report R-164. Instrumental Laboratory, Mas-
sachusetts Institute of Technology.

Wolfgang, A., Charles, J. K. B., Matthias, H., & Frank, N. (2001). Vector-valued Laplace
transforms and Cauchy problems. Basel: Birkhduser.

Xia, Y. Q., & Fu, M. Y. (2013). Compound control methodology for flight vehicles. Berlin:
Springer-Verlag.

Xue, W. C, Bai, W. Y, Yang, S., Song, K., Huang, Y., & Xie, H. (2015). ADRC with
adaptive extended state observer and its application to air-fuel ratio control in
gasoline engines. IEEE Transactions on Industrial Electronics, 62, 5847-5857.

Yao, J. Y, Jiao, Z. X, & Ma, D. W. (2014). Extended-state-observer-based output
feedback nonlinear robust control of hydraulic systems with backstepping. I[EEE
Transactions on Industrial Electronics, 61, 6285-6293.

Zhao, Z. L., & Guo, B. Z. (2015). On active disturbance rejection control for nonlinear
systems using time-varying gain. European Journal of Control, 23, 62-70.

Zhao, Z. L., & Guo, B. Z. (2016a). Active disturbance rejection control approach to
stabilization of lower triangular systems with uncertainty. International Journal
of Robust and Nonlinear Control, 26, 2314-2337.

Zhao, Z. L., & Guo, B. Z. (2016b). On convergence of nonlinear active disturbance re-
jection control for a class of nonlinear systems. Journal of Dynamical and Control
Systems, 22, 385-412.

Zheng, Q., & Gao, Z. (2012). An energy saving, factory-validated disturbance decou-
pling control design for extrusion processes. In The 10th world congress on intel-
ligent control and automation (pp. 2891-2896). Piscataway, NJ: IEEE.


http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0005
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0005
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0005
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0005
http://dx.doi.org/10.1109/TAC.2016.2636571
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0006
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0006
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0006
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0006
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0007
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0007
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0007
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0008
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0008
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0008
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0008
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0009
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0009
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0009
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0009
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0010
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0010
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0010
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0010
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0011
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0011
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0011
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0011
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0012
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0012
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0012
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0012
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0013
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0013
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0013
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0013
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0013
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0014
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0014
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0014
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0014
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0015
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0015
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0015
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0015
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0016
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0016
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0016
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0016
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0017
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0017
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0017
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0017
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0018
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0018
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0018
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0018
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0019
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0019
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0019
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0019
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0020
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0020
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0020
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0020
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0021
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0021
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0021
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0021
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0022
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0022
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0022
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0022
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0023
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0023
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0023
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0023
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0024
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0024
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0024
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0024
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0025
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0025
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0025
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0025
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0025
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0025
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0025
http://dx.doi.org/10.1002/rnc.3740
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0026
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0026
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0026
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0026
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0027
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0027
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0028
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0028
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0029
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0029
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0029
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0029
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0030
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0030
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0030
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0030
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0031
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0031
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0031
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0031
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0032
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0032
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0032
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0032
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0033
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0033
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0034
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0034
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0034
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0034
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0034
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0035
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0035
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0035
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0035
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0035
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0035
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0036
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0036
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0036
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0036
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0037
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0037
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0037
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0037
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0037
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0037
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0037
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0037
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0038
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0038
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0038
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0038
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0038
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0039
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0039
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0039
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0039
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0040
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0040
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0040
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0040
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0041
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0041
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0041
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0041
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0042
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0042
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0042
http://refhub.elsevier.com/S1367-5788(17)30012-3/sbref0042

	Active disturbance rejection control: Old and new results
	1Introduction
	2ADRC for ODEs
	3Observability for uncertain infinite-dimensional systems
	4Output feedback stabilization
	4.1Unknown input observer
	4.2Stabilizing output feedback control

	5Multi-dimensional wave equations
	6Concluding remarks
	References


