Quantum tomography by regularized linear

regressions

Bigiang Mu', Hongsheng Qi', lan R. Petersen?, and Guodong Shi®

1. Academy of Mathmatics and Systems Science, Chinese Academy of Sciences
2. Research School of EEME, The Australian National University
3. Australian Center for Field Robotics, The University of Sydney



The Quantum Leap
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Problem Definition and Preliminaries J
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Problem Formulation

Settings
e H: a d-dimensional Hilbert space that characterizes the state space
of a quantum system

° E(’H)' the space of linear operators over H

. {B } © an orthonormal basis of £(#) with Tr(BIB;) = 4,; and
B- = B

Quantum State p € L(#) as a density operator can be expressed by

42
p = Z (%Bl
=1

where 6; = Tr(pB;).
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Problem Formulation

Definition. A positive operator-valued measurement (POVM) over H,
denoted by {M,,}M_, with =™ Mi M,, =1.

Then E,, 2 M! M,,, can be expressed as
d?
B = ) Bl
i=1
for each 1 < m < M, where 8,,; = Tr(E,,B;).

When the quantum state p is being measured under the POVM
{M,,,}_,  the probability of observing outcome m is

Pm = TI"(Emp) = /61—7507

where Bm = [me e aﬂde]T and 0 = [017 o 7€d2}T-
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Problem Formulation

Denoting
p=[p1,-.- ,pM]T e RM

A= [,61,...,/81L1]T S RMXdz

we have the following fundamental quantum measurement description in
the form of a linear algebraic equation:

p=A#.

The tomography of an unknown quantum state p is equivalent to
identifying the vector 6, where A is known and p is estimated by ex-
perimental realizations of measuring p from the POVM {M,,,}M_ .
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Tomography Procedure

1. Prepare n identical copies of an uncertain quantum state p;

2. Perform the POVM measurement {M,,}}_, independently for the
n Ccopies;

3. Record the number of times that the outcome m is observed,
denoted by #m, from the n experiments for each 1 <m < M.

Then - 4m
Pm = —

is a natural estimator of the probability p,,, leading to
i)\m = /61—720 + ém,

where ¢e,,, = D,, — Py Is the estimation error.
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Estimation error

Define i.i.d. Bernoulli random variables bl(m) for 1 <1 < n, which takes
value 1 with probability p,, and 0 with probability 1 — p,,. Then there
holds
n (m) n 5 (m)
_ o~ _ lel bl _ by — Dm
em = Pm — pm = ==L pm—; —.

Note that (5™ — p,.)/n takes value (1 — p,,)/n with probability p,, and
—pm/n with probability 1 — p,.
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Tomography Model

Linear regression problem:
y=A0+e
where y = [p1, -+ ,pa]' and e = [er, -+ ,enr] .

key differences

1. the number M of measurements is fixed

2. the variance of e decreases as the number n of copies

Natural prior knowledge on the problem

1. Heteroscedasticity
E(em) =0, V(em) = E(6m)2 - (pm - pfn)/n

2. Tr(p) =1

3. pis of low rank
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Standard Least Squares

The least squares (LS) solution is
6" = arg;nin (y —A0) T (y — AB)
—(ATA) ATy
The O5S admit the following properties:

e 05 is unbiased, namely, E(@LS) =6,
. MSE (6%5) £ E(™S — 6)(6™ — 0)"
=(ATA)'ATPA(ATA)!

where P = diag([pl —p% Ly PM —p?w])/n-
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Standard Least Squares

Remark:

e Standard LS neglects the fact that the e,, have different variances,
although they are all zero mean.

e The condition that A be full column rank means the POVM

{M,,}M_ "is informationally complete.
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Regularized Linear Regressions J

11/43



Weighted Linear Regression: Heteroscedasticity

The weighted least squares (WLS) estimate
VLS = arg;nin(y —A0)"W(y — A9)
= (ATWA)'ATWy
W =P~! =n-diag([1/(p1 — p1). -, 1/(pmr — Pis)])
Property of the WLS estimator

e OWLS is unbiased, i.e., ]E(éWLS) =0:
o MSE(§W'S) = (ATWA)~L.

Suppose rank(A) = d2 and let 8 be any linear unbiased estimate
for 6. Thus we have

-~

MSE() > MSE(6W').
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Weighted Linear Regression

In practice, the matrix W is unknown and a feasible solution is to use the
estimate

é\AWLS _ (AT{N\A)ilATW\y,
where W is replaced by

W = n- diag([1/(F1 — 7).~ . 1/(Par — F0))-

There holds for large n that

6 WES _ WIS — 0 (1//n)(ATWA) AT We.
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Constrained Weighted Regression: Unit Trace

The quantum state has an essential requirement
Tr(p) = 1.
Note that
d2
i=1
This becomes
0 Tr(B) =1

where Tr(B) 2 [Tt(B1), - - , Tr(Byz)] T

The constrained weighted least squares (CWLS) estimate

VS — argmin (y — AG)"W(y — A9).
6T Tr(B)=1
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Constrained Weighted Regression

Proposition 1. Suppose rank(A) = d2. The CWLS estimate
OCWLS has the following closed-form solution

C Tr(B)

§CWLS _ gWLS _
Tr(B)TC Tr(B)

(Tr(B)TOVES — 1)

where C' = (ATWA)~! and its MSE matrix is

MSE(§CWLS) 4 E(§CWLS . 0)(§CWLS . G)T
=F

where

N C Tr(B) Tr(B) ' C
F=c- Tr(B)TC Tr(B)
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Constrained Weighted Regression

OCWLS is optimal in the sense that

-~

MSE(8) > MSE(§°WVES).

where 6 is any unbiased estimate for @ that is affine y and satisfies
the constraint 8 Tr(B) = 1.
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Regularized Weighted Regression

Two motivations

e When the POVM {M,,
might not have full column rank;

M_ | is under-determinate, the matrix A

e p would be of low rank.

The nuclear norm of p is
d

d d
lell 2 3" i) = 3=/ Milplo) = 3- Xilp) = Te(p) = 1

The nuclear norm of pfp is

1o pll« —Zm (p'p) = Tr(p'p)

a2 d? 4
i=1 j=1 i=1
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Regularized Weighted Regression

Consider the following problem
miniemize (y —A8)TW(y — A)
subject to @' Tr(B) =1, ||0||> < ¢

which is equivalent to the constrained regularized weighted least squares
(CRWLS) estimate

minigmize (y — A0)"W(y — A8) ++| 6]
subject to @' Tr(B) = 1.

where v > 0 is a regularization parameter.
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Regularized Weighted Regression

The CRWLS estimate is given by

- Te(B)TORVES — 1
CRWLS ARWLS

= 9RWLS _ OTy(B
0 CTB) BT oTE)

where C = (ATWA+~1)~! and BRWES is the regularized weighted
least squares (RWLS) estimate

VIS £ arg min(y —A8)TW(y —AB) + 6]
0

=CA™Wy.
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Regularized Weighted Regression

The MSE matrix of GCRWLS g
MSE<§CRWLS) A E(§CRWLS _ 0)(§CRWLS _ 0)T

=F—~F(1—~v08")F

where F' = C — %. There holds

MSE(@CRWLS) < MSE(@CWLS) ’

if 0 <~ <2/(11611 ~ reeye)-

. J

Remark

e OCWLS hag the smallest MSE among all the unbiased estimate of 6
affine with y
o OCRWLS has 3 smaller MSE than WIS even if CRWES s also
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Tuning v: Minimizing risk

Introduce the risk for the estimate §CRWLS

R(éCRWLS) é E(AO o Aé\CRWLS>Tw(A0 _ AéCRWLS)
=70 'FATWAFO + Tr (FATWAFATWA)

which is a reference measure to characterize how well the estimate

OCEWLS an achieve.

Tune ~ by the risk

é\CRWLS) §CRWLS)

N .
= arg min R(
720

Yr(

is the optimal regularization parameter ~ for any given data in the risk

Sense.
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Tuning v: An implementable method

Define the cost function

C(y) £ (y — AGORVES) TW(y — AGORVIS) 4 2 Tr (AH)

where
Te(B)TCATW
H=CA'W - CTr(B) == mr
B B o)
U(7) is an unbiased estimate for the risk measure R(GSFWLS) namely,

E€() = R(O)

An implementable tuning estimator is

6 RWLS) — argmin C(y)

720

Yu(
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An Equivalent Regression Model J
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An Equivalent Regression Model

Recall the linear model with an equality constraint regression model

y = A@ + e, subject to 8" Tr(B) =1

Construct an orthogonal matrix Q of size d2 x d? as follows. The

first row of Q is
Tr(B)T /| Tx(B)|

and the remaining rows are chosen such that Q is orthogonal.
Thus, we have
y=AQ' Q0 =DB+e
——
D B8

D2 AQ" = [d,K], d = ATr(B)/|Tx(B)|
B2QO=[p,a"]", B = 1/|Tx(B)||
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An Equivalent Regression Model

The unconstrained linear model

1
ITx(B)l

The RWLS estimate for the equivalent model is defined as
AWV — argmin(z—Ka) 'W(z—Ka)+7| a?
(e
= Uz

where
UZ2VK'W, V2 (KWK ++1)".
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An Equivalent Regression Model

Intuitively, for an estimate & of the unconstrained linear model, the

A

8(a@) = Q

1
T ]

vector defined by
-
a

should be the corresponding estimate for constrained linear model and

independent of the choice of Q.

For any regularization parameter v > 0, there holds

é\(aRWLS) — é\CRWLS )

Moreover,
MSE(aRWLS(,Y)) 4 E(aRWLS . a)(aRWLS . a)T
=+*Vaa'V+ VK TWKV.
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Asymptotically Optimal Regularization Gain

~RWLS

The risk for the estimate a can be similarly defined as

~ A ~ T A
R(@™W'%) = E(Ka — Ka™") W (Ka — Ka™'%)
and the resulting optimal regularization parameter is

Fr(@TWIS) £ arg min R(& FWES ().
=

Let us construct an unbiased estimate for R(a®WLS)

Cu(y) £ (z — K&"™V5)TW(z — Ka"WVH5) 4 2 Tr (KU)

EC.(7) = R(&™'®)
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Asymptotically Optimal Regularization Gain

Tune ~ by
~ [~ A .
A (@FVES) = arg min @, (v)
720

There hold

;Y\R(aRWLS) _ :Y\R (aCRWLS)

Y (aRWLS) _ /,?u (é\CRWLS)
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Asymptotically Optimal Regularization Gain

Denote

A .
Yy = Kleag([pl —p%, L, PM —p?w])K

N .
T E Aleag([pl — P, PM *p%ﬂ)A-

Suppose rank(A) = d?. The limits take place as the sample size
n — oo by

RWLS)

r(a — ~* deterministically

Fu(@FWVESY 5 4* almost surely
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Asymptotically Optimal Regularization Gain

e The limit

Tr (X1
T

— Tr(B) " T2 Tr(B)
Tr (T7') - T r=TngE)

e There hold as n —

n(aR(aRWLS) o ’Y*) N

deterministically and

o > la gTT-19_ €L ' T(B)Tx(B)TT 16"

Tr(B)TY-ITr(B)

3 (a’E2a - Tr (£72))

aY 1la

) ) o L)

in distribution.

(aTE—la)2
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Numerical Examples J
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Example 1

We consider the following quantum Werner state tomography for a
two-qubit system:

_ _ 1—gq
pq = ql¥™ (T [+ ——I

where |¥~) = (|01) —|10))/v/2 and ¢ € [0, 1] is a parameter associated
with the state.

: 16
We take an orthonormal basis {B;}._ as

Bi i=4j+k+1

1 1
= —=0; ® —(=0,
V2Tt

for j,k=0,1,2,3 from standard computational basis, where

I 0 1 0 —i ; 1 0
on = o1 = g9 = == .
0 2,01 1 0 y 02 5 0 » 03 0 —1

32/43



Example 1

Let

fon) = [1,11T,|go2>=%u,—1ﬂ|¢3>= L4,

lpa) =

Sl-sl-

1,17, lps) = %[Loﬂ l96) = —[0,1]".

=gl

Then

Em = |0j) (05| ® lor){wrl, m=06(j —1)+k,

for j,k=1,2,...,6 form our measurement basis {Mm}i?:l with
M = [¢;) ® |@k).

36 . .
The measurement set {M,,,}" " is overcomplete and the matrix

A= (Bi,...,B3)" € R3*16 has full column rank.
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Small Sample Size
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Figure 1: MSEs for estimating Werner states with n = 110 copies.
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Medium Sample Size
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Figure 2: MSEs for estimating Werner states with n = 1100 copies.
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Large Sample Size
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Figure 3: MSEs for estimating Werner states with n = 11000 copies.
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Example 1: Remarks

e The experimental estimates are approaching the theoretical ones as
the number of samples n grows large for all four estimates, LS,
WLS, CWLS, and CRWLS, which validates the theoretical results;

e For small sample size (n = 110), the WLS, CWLS, and CRWLS are
apparently producing worse experimental mean-square error
compared to LS;

e For relatively larger sample size (n = 11000), the WLS, CWLS, and
CRWLS all provide significant improvments compared to LS.
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Example 2

Consider exactly the same quantum state and tomography setup as in
Example 1. Let W =1 in @EWES 5o that we define

HCRLS _ pCRWLS

A
as the unweighted CRLS estimate. The regularization gain ~ is selected
under the optimal value A in the risk sense and its unbiased estimate 7,

from, under which for any p, we carry out the tomography procedure for
1000 rounds based on n = 110, 1100 copies, respectively.
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Small Sample Size
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Figure 4: CRLS vs. LS estimates for Werner states with n = 110 copies.
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Medium Sample Size
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Figure 5: CRLS vs. LS estimates for Werner states with n = 1100 copies.
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Example 2: Remarks

e With n = 110, the regularizer for GCRLS significantly improves the
estimation accuracy compared to 6'S under both vr and 7,

o While with n = 1100, for relatively large ¢, the advantage of HCRLS

ALS

is no longer obvious compared to 6~ since in this case, the use of

the weight W becomes essential for the performance.
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Conclusions J
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Conclusions

e We have studied a series of linear regression methods for quantum
state tomography based on regularization.

e With complete or over-complete measurement bases, the empirical
data was shown to be useful for the construction of a weighted LSE
from the measurement outcomes of an unknown quantum state.

e For general measurement bases, either complete or incomplete, we
prove that /5-regularization with proper regularization parameter
could yield even lower mean-square error under a penalty in bias.

e An explicit formula was established for the regularization parameter
under an equivalent regression model, which is asymptotic optimal
as the number of samples grows to infinity for both theoretical and
practical risk metrics.
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Thanks for your listening



Questions?



	Problem Definition and Preliminaries
	Regularized Linear Regressions
	An Equivalent Regression Model
	Numerical Examples
	Conclusions
	Appendix

