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Abstract—This paper considers variable selection and
identification of dynamic additive nonlinear systems via
kernel-based nonparametric approaches, where the number
of variables and additive functions may be large. Variable
selection aims to find which additive functions contribute
and which do not. The proposed variable selection consists
of two successive steps. At the first step, one estimates
each additive function by kernel-based nonparametric iden-
tification approaches without suffering from the curse of
dimensionality. At the second step, a nonnegative garrote
estimator is applied to identify which additive functions are
nonzero by utilizing the obtained nonparametric estimates
of each function. Under weak conditions, the nonparametric
estimates of each additive function can achieve the same
asymptotic properties as for 1D nonparametric identifica-
tion based on kernel functions. It is also established that the
nonnegative garrote estimator turns a consistent estimate
for each additive function into a consistent variable selec-
tion with probability one as the number of samples tends
to infinity. Two simulation examples are presented to verify
the effectiveness of the variable selection and identification
approaches proposed in the paper.

Index Terms—Additive nonlinear systems, asymptotic
normality, backfitting estimator, high-dimensional systems,
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selection.
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|. INTRODUCTION

INEAR system identification aims at searching for a linear
L system by means of fitting a set of input-output data gen-
erated from a practical system in some optimal sense. Its theory
is considerably matured and a number of identification methods
have been developed in the literature [1], [2]. Their effective
ness however depends on whether the behavior of practical sys-
tems is linear or not. These methods will achieve good results if
the practical system is indeed linear or is well approximated by a
linear system. When systems are strongly nonlinear, these meth-
ods will lead to a large modeling error. Accordingly, develop-
ment of identification methods for a nonlinear system becomes
very necessary.

Nonlinear system identification can be roughly divided into
two categories, parametric approaches and nonparametric ap-
proaches, according to the available a priori information. If the
structure of an unknown system is available a priori, then the
nonlinear system can be expressed by some nonlinear functions
together with some unknown parameters. In this case, the system
is actually characterized by these parameters and the resulting
identification problem is a nonlinear optimization problem. This
kind of methods are referred to as parametric approaches. If lit-
tle a priori information on the structure of nonlinear systems is
accessible, then identification approaches under such a setting
are called nonparametric approaches. Nonparametric nonlinear
identification is much harder.

Owing to lack of a priori structure information of the system
under consideration, any nonparametric approach has to rely
on a general structure. For example, the following nonlinear
autoregressive systems with exogenous inputs (NARX)

7yk787uk717-"7uk7t) +8k7
k=1,....n (1

Uk = f(Yr-1,---

is widely used in the literature, where y;., uj, and €, are the out-
put, the input, and the observation noise at time k, respectively,
and the integers s and ¢ are the orders of AR-part and X-part of
the system, respectively. It is clear that the dynamic behavior of
the NARX system is completely characterized by the unknown
d = (s + t)-dimensional nonlinear function f(-). The system
(1) includes many common nonlinear systems as special cases,
for example, Hammerstein systems [3]-[6] and Wiener systems
[7]-[10]. A nonparametric approach for estimating nonlinear
systems is usually implemented in a point-wise way without
a priori structure information. For any given point = of inter-
est, the value f(x) is estimated by a weighted average of the
observation points in a neighborhood of z. According to the
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TABLE |
SAMPLE SIZE n VERSUS DIMENSION d

d 1 2 3 4 5
n 100 1273 1.91E 4+ 04  3.24E + 05 6.08E + 06
d 6 7 8 9 10

n 1.24E + 08 2.71E + 09 6.31E + 10 1.55E 4+ 12 4.02E + 13

weight functions chosen, nonparametric approaches include di-
rect weight optimization [11], spline smoothing [12], kernel es-
timators [13], [14], local polynomial estimators [15] and others.
For instance, for the NARX system (1), a recursive multivariate
kernel estimator was introduced in [16] based on multivariate
kernel functions and stochastic approximation, and the corre-
sponding recursive estimate was shown to converge to the true
values with probability one. At the same time, the minimum
mean squared error (MMSE) estimator for the NARX system
(1) was studied in [17], where it was shown that local linear es-
timators (LLEs) are a linear asymptotic MMSE estimator for a
wide class of nonlinear systems. Later, a recursive LLE (RLLE)
for the NARX system (1) was proposed in [18], and the strong
consistency and the asymptotical mean squared error properties
were established.

Unfortunately, for a NARX system (1), any nonparametric
approach mentioned above is only feasible for low-dimensional
nonlinear systems. When the dimension d = s + ¢ of f(-) (the
number of variables) is large, identification becomes more and
more harder due to the curse of dimensionality. To clearly illus-
trate this point, let us cite an example given in [19]. Consider
a d-dimensional regression function f(-). For simplicity, let
d variables be distributed uniformly in [—1, 1]. Suppose that
we are interested in some point z € [—1,1]%. To reliably es-
timate f(x(), there must be enough observations near x due
to the influence of noise and uncertainty. For ease of presen-
tation, suppose that the neighborhood of z is a ball of radius
0.1 centered at x. Thus, the probability that a sample is in the

neighborhood of x is %, where T'(-) is the Gamma
function. Suppose that 10 points in the neighborhood are ade-

quate. Then on average to have 10 or more points in the neigh-
borhood, the sample length 7 has to satisfy 75 n10.1¢ 10

"](d/2+1) -
OI'TL>71020 ((1/2 1).

To feel the 7;elationship between the required sample length
n and the dimension d of the function, Table I presents the
required number of samples in terms of the dimension d. It is
seen that the required sample length n increases exponentially
with d. This phenomenon is called the curse of dimensionality,
which is a core problem for all local average approaches (not
restricted to identification). The reason why this happens is the
sparsity of a high-dimensional space.

According to the above analysis, any local averaged based
nonparametric approach is infeasible due to the curse of dimen-
sionality when the number of variables is large. To overcome
this difficulty, additive nonlinear models have been proposed in
the literature [20] in which each variable separately contributes
to the output by a 1D function. An additive nonlinear system
is an extension of linear systems and replaces each linear term
by a 1D unknown nonparametric nonlinear function. Recall that
in linear identification, one generally does not believe that the
model is linear. Rather, a linear model is a good first-order ap-
proximation and so it can uncover important properties. Additive
nonlinear models are obviously more general approximations.

Since its inception, additive nonlinear models have been exten-
sively studied in terms of fitting data to the system [20], [21]
and becoming the mostly applied nonlinear models in the litera-
ture. For example, in medical applications, additive models are
used for studying factors effecting patterns of insulin-dependent
diabetes mellitus in children [22], for investigating dependence
of the level of serum C-peptide on various heart attacks to estab-
lish the intensity of ischaemic heart disease risk factors in high-
incidence regions [20] and for evaluating treatment efficacy in
clinical trials [23]. In environmental research, additive models
are adopted to predict the atmospheric ozone concentration [24]
and to study the rainfalls [25]. Additive models are also utilized
in many other areas, e.g., for economics and consumer behavior
in microeconomics [26]. Though extensively used, identifica-
tion of such additive systems has not received much attention
in the field of system identification. While many works on the
additive (static) models have emerged in the regression anal-
ysis area [20], there has been little result on identification of
dynamic additive nonlinear systems. The main difficulties lie in
interconnection of all the additive functions and unavailability
of the structural information of the additive functions. To the
best of our knowledge, the literature in the system identifica-
tion field only includes identification of additive systems with
very restrictive structures [21], [27], [28]. It is unclear whether
the identification method in [21], [27], [28] can be extended
to higher-order additive nonlinear systems up to now. Further,
variable selection for an additive nonlinear system is virtually
untouched in the literature. This is an important topic. Due to
lack of a priori information, the structure of the model has to
be assumed to be rich enough to contain the true but unknown
nonlinear system. In other words, the model may include many
variables or functions that do not contribute. A consequence is
that the resultant model is sensitive in terms of prediction and
analysis. The goal of variable selection is to identify those vari-
ables that do not contribute, and once identified, those variables
will be removed from the model.

This paper aims at variable selection and identification of
high-dimensional dynamic additive nonlinear systems based on
nonparametric kernel function approaches. One of the goals is
to correctly find all the variables that contribute without suf-
fering from the curse of dimensionality. The existing literatures
[29], [30] on variable selection of additive nonlinear models are
mainly based on a spline approximation to the additive func-
tions, in which each function is represented by a linear com-
bination of spline basis functions. Thus, variable selection for
additive nonlinear models becomes a linear problem but an ap-
proximated one [31]. To the best of our knowledge, there has
not been any result reported on variable selection for additive
nonlinear models if functions are unknown and nonparametric.
Variable selection proposed in this paper is composed of two
successive steps: 1) performing nonparametric identification of
dynamic additive nonlinear systems based on kernel functions;
2) applying nonnegative garrote estimators [32], [33] to find
the nonzero functions by the nonparametric estimates of the
additive functions obtained at Step 1). The nonparametric iden-
tification at Step 1) is conducted in an iterative way and does not
suffer from the curse of dimensionality since only 1D and 2D
kernel estimations are involved. Further, the estimate for each
additive function can reach the optimal rate of convergence as
if other functions are exactly known. That is to say, each ad-
ditive function can be estimated with the same accuracy as a
1D function. The nonnegative garrote estimator can turn a con-
sistent initial nonparametric estimation into an estimate that is
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consistent not only in terms of estimation but also in terms of
variable selection.

The rest of the paper is organized as follows. Static additive
nonlinear models, additive nonlinear autoregressive system with
exogenous input (ANARX), and nonparametric identification
for 1D nonlinear function based on kernel functions are succes-
sively introduced in Section II. In Section III, variable selection
algorithms for a static additive nonlinear model are proposed
based on smooth backfitting kernel estimators and nonnegative
garrote estimators, respectively. Section IV extends variable se-
lection for the static additive nonlinear model in Section III to
the ANARX, and the detailed identification algorithms are also
given. Furthermore, the corresponding convergence properties
on kernel-based nonparametric identification and variable se-
lection for the ANARX are established. Section V presents two
simulation examples to show the performance of the variable
selection methods proposed in this paper for the static addi-
tive nonlinear models and the ANARX, respectively. Section VI
provides some concluding remarks. Finally, the main theoretical
proofs are collected in the Appendix.

Notation: P(-) represents the probability of a set and FE
denotes the expectation. Let {M,, } be a sequence of real num-
bers or random variables. M,, = o(1) means that M,, — 0 as
n — oo if {M,} is a deterministic sequence, and indicates
M,, — 0 with probability one as n — oo if {M,, } is a random
process. Similarly, M,, = O(1) means that {M,, } is bounded
by a finite positive number if { M, } is a deterministic sequence,
and represents that {M,, } is bounded uniformly over n with
probability one by a finite positive number if {M,, } is a ran-
dom process. Meanwhile, let {M,, } be a sequence of random
variables. Then, M,, = op (1) means that {M,, } converges in
probability to zero, i.e., Ve > 0, P(|M,,| > €) — 0 as n — oo,
while M,, = Op (1) represents that { M, } is bounded in proba-
bility (or stochastically bounded), i.e., Ve > 0 3L > 0 such that
P(|M,| > L) < e, ¥n. All integrals are taken over the support
of the relevant variables, so the lower and upper limits of the
definite integral are omitted throughout the paper.

[I. PROBLEM FORMULATION

Our goal is to study variable selection and nonparametric
identification of additive nonlinear models. First, we consider a
static additive nonlinear model described by

d
yka[)+ij(xkj)+€k,kzl,...,n )

j=1
where {yi,zp, k=1,...,n} with 2 = [xp1,...,24] are n

input-output samples from a random vector {Y, X} with X =
[X1,...,X4], d the number (dimension) of variables, f, an un-
known constant term, f;(-)’s unknown 1D additive functions,
and €, an observation noise. For identifiability, assume that f =
EY and Ef;(X;) =0forj =1,...,dif the process {yi, x) }
is stationary. Denote by f; = [f;(z1;), fj(z2;), ..., fi(zn;)]"
the column vectors composed of the values of the addi-
tive functions f;(-), j=1,...,d at the observation points

{x1;,...,2,;}. Thus, the model (2) is expressible as
d
Y= fola + > fi+e, 3)
j=1
where Y = [y1,...,y.]7, e =[e1,...,e,])%, and 1, repre-

sents an n-dimensional column vector with all elements being

1. This model is widely referenced in the statistical literature
and used in practice.

The second model under consideration is an additive non-
linear autoregressive system with exogenous input (ANARX),
which is more popular to the system identification community
and described as follows:

yr = Jo+ filyr—1) + -+ fs(r—s) + for1(ur—1)
+"'+f8+t(uk‘—t)+€/€7 kzlv"'7na (4‘)

where vy, is the input, y, is the output observation corrupted by
the noise ¢, and s and ¢ are the delayed orders of the autore-
gressive part and the exogenous part, respectively. Similar to the
setting in the model (2), f is an unknown constant term, and
fi(+),7=1,...,s+tare some unknown univariate nonlinear
functions. Let the regressor vector ¢ = [k, .-, Yk—s+1, Uk,
-y up—i11]" and the function f(¢r) = fo + fi(ye) +--- +
fsWr—s+1) + fopr(ue) + -+ fopi(ur—s11). The system (4)
can be rewritten in a compact form as yx11 = f(dr) + €rr1-
The well-known Hammerstein systems extensively studied
in the literature [3]-[6] are a special case of the model (4).
Similarly, for identifiability, assume that fy = Eyy,, Ef;(yx) =
0,j=1,...,8, Efsyi(ur)=0,1=1,...,t if the process
{¢r} is stationary. Further, let Y = [y1,ys,...,yn)", [; =
i), fiai)s - i) G =108, fopr =
[ferl(ulfl)y fs+l(u2fl)a ) ferl(unfl)]Ta l= 1.t and
e=leg,... ,&JT. The ANARX model (4) can be rewritten in
the form of the model (3) as

d
Y=folu+> fite d 2 s+t 5)

j=1

As a result, the static additive model (3) can be viewed as a
special case of the ANARX model (4). In particular, by defining

Yk—j,
a:k.j =
Uk —j+55

j=1,...,5, k=1,2,....n
j=s+1,....d, k=1,2,....n

the model (2) becomes a special case of (4).

Though notation-wise, the above two models look similar,
we comment that there are some fundamental differences. In
fact, theoretical analysis of variable selection and identification
are much harder for the ANARX model (4) than that of the
static model (2). The main difficulty lies in the dynamics of the
ANARX system so that the strict stationarity and strong mixing
conditions required are easily satisfied for the static model but
not necessarily so for the ANARX model unless some additional
assumptions are imposed.

Since this paper intends to give the nonparametric estima-
tion of each additive function based on kernel functions, here
we first briefly introduce the two commonly used kernel-based
nonparametric estimators: the kernel estimator and the local
linear estimator, for a 1D case y, = f(x)) + €x, 2 € R. High-
dimensional cases can be defined similarly.

The nonparametric approach for estimating nonlinear func-
tions is usually implemented in a point-wise way and the idea
is that only local observation points are useful for estimating a
nonlinear function at some points due to lack of a priori structure
information. For any given point z of interest, the value f(z) is
estimated by a weighted average of the observation points in a
neighborhood of z. For kernel-based nonparametric estimators,
the weighted average is implemented by a kernel function which
gives the points near x bigger weights and the points far from
x smaller weights. Kernel functions usually have a shape of a
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probability density function. It follows that nonparametric esti-
mates at a point can use only a part of all the observation points
due to locally weighted average, but all the observations are
used for estimating the whole function. A common assumption
on a kernel function K'( - ) is given as follows.

Assumption 1: The kernel K(-) is nonnegative, bound,
has compact support, and satisfies [ K(z)dz =1 and [ a?
K(z)dx < oo. Also, K(-) is symmetric about zero, and is
Lipschitz continuous, i.e., there exists a positive real number C
such that |K (s) — K(t)| < Cy|s — t|.

The well-known kernel functions including Epanechnikov,
uniform, triangle, biweight, etc. [34] satisfy Assumption 1.

The (Nadaraya-Watson) kernel estimator
The (Nadaraya-Watson) kernel estimator, proposed in [13], [14],
for estimating a univariate nonlinear function at some point
x € R of interest, is given by

f(l) = ZKh(lfk - x)yk/ZKh(xk — )
k=1 k=1

where K, (-) = K(-/h)/h, K(-) is a kernel function, and
h is the bandwidth of K} (-). In many cases (for example,
calculating the prediction error %22:1(% — f(x1))?), we
are more interested in the values of f(-) at the observations
{21, 20 }. Then flzy) = 5.Y, where s, = [K), (21 — 1),
ooy K (2, — xﬁ)]/z\x;1 K;I,(xiA— 2r) and YV = [yll\yg, e
yn]T. Denote f = [f(z1),...,f(z,)]". We have f=SY,
where S = [sT,...,sI']T. Note that £ is a linear transforma-
tion of the output vector Y and S depends only on the kernel
functions K (- ) and the observation points {z1,...,2,}. So S
is called a linear smoother matrix corresponding to the kernel
estimator.
The local linear estimator

Suppose that we are interested in the value of f(-) at z. By
the Taylor expansion, f(x) =~ f(z)+ f'(z)(xp — x) for the
observations zj, in a neighborhood of x. As a result, the predic-
tion error criterion Y, _, (yx — f(xx))? can be approximated
by >r_, (yx — f(z) — f'(x)(z), — x))?. Noting that the Taylor
expansion only holds in a small neighborhood of z, we add the
kernel function to control the size of the neighborhood and hence
the criterion function becomes >, _, (yx — f(z) — f'(z)(zy —
x))2 K}, (x), — x). Therefore, f(-) and its derivative f'(-) at x
can be estimated by minimizing

n 9
3" (g —a— blay —2)) K (ax — ) ©)
k=1
over two parameters (a, b) if x € R. The solution of (6) is called
the local linear (LL) estimator. Given that the objective function

(6) is a quadratic function over (a,b), the LL estimator has an
explicit form

~

(@), (@) = X" Wx)"' X" Wy, (7)
where

XT: 1 1
xr1 — T

W = diag [K (21 — x), ..., Ky (z, —x)].

Ty — X

o~

It is observed that the LL estimator f(xz) of f(z) is also a linear
combination of the output vector Y, and hence f = [f(z1),

.y f(z,)]T also has the form of f = SY, where each row of S
corresponds to the weights of the LL estimator and S is referred
to as a linear smoother matrix corresponding to the LL estimator.
By some straightforward calculations, it is seen that the kernel
estimator is the minimizer of >, (yx — a)* Kj, (z;, — x) over
a and hence the kernel estimator is also called the local constant
estimator sometimes.

[ll. VARIABLE SELECTION AND IDENTIFICATION OF A STATIC
ADDITIVE NONLINEAR MODEL

In this section, we first consider the variable selection of the
static additive nonlinear model (2).

A. Variable Selection and Set Convergence Analysis

Recall that variable selection is to find which 1D function
£ (+) contributes and which one does not. This problem is very
important when the dimension d is very large. Denote the index
set of nonzero functions and its complement respectively by

I:{jfj()ié()}, IC:{]fJ()EO}:{lvad}\I

where f;(-) # 0 represents that f;(-) is not identical to zero,
namely, the measure that f; ( - ) is unequal to zero is greater than
0. Variable selection proposed herein contains two steps. First,
a consistent estimate f; of f; is sought, which will be discussed
later. Then, the nonnegative garrote estimator is adopted here to
identify the set Z by

d d
1 ~11?

In(:IHEHY_ZijjH +)\.nZCj (8)

j=1 J=1
over ¢=[c1,...,cqt with the constraints c¢; >0, j =
1,...,d, where f; is a consistent estimate of f; for
j=1,...d, namely, [f;—fil/n=o(n"), 3>0,j=
1,...,d, and X, > 0 is a tuning parameter. Denote the mini-

mizer of (8) by ¢ = [¢1,...,¢;]7, which implies that the func-
tion f;(-) = 0if ¢; = 0; otherwise f;(-) # 0. Thus, the non-
negative garrote estimate of the jth additive nonlinear function
is given by

NG _~F

fj :ijj,j:1,27...,d. (9)
The theorem to be given below shows that the nonnegative gar-
rote estimator will produce consistent variable selections given

that the f;’s are consistent estimates and the tuning parameter
A 1s appropriately chosen. The nonnegative garrote estima-
tor was first proposed in [32], [33] for linear models and later
extended to additive nonlinear models [30]. However, in [30]
the nonlinear additive functions were approximated by splines
which essentially reduces a nonlinear problem to a linear prob-
lem, but an approximated one. In the current paper, f;( -)’s are
nonparametric and no attempt is made to approximate them by
linear combinations of basis functions.

Assumption 2: ||(f£ fz/n)~'| < oo, where f7 is the matrix
composed of the column vectors f; with j € Z and || f;||/\/n <
oo forj € 7.

Actually, the condition ||(f£ fz/n)~!|| < oo in Assumption 2
is a natural extension of the persistent excitation condition of
linear models to the additive nonlinear models. To see this, let
fi(xrj) = Bjxr; with B; # 0 for j € Z. Thus the conditions
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I(fE fz/n) || < co becomes

%HﬁTXTXﬁH >0 (10)
where X is the design matrix with its columns composed
of the observation points [z1;,Z2;,...,%,;]7 for j € T and
B = diag[B1, B2, ..., By]. Since §; # 0 for j € Z, (3 is non-
singular. Thus the formula (10) results in L[| X7 X|| > 0. It is
well-known that this is the persistent excitation condition of
linear models. If the condition || f;]|//n < oo is contradicted
for some j € Z, then & 37| f;(21;)* — oo. This means that
the sequence { f;(z1; 3, fi(z2j),...} diverges. In this case, the
output sequence {yi,ys, ..., + also diverges and hence in this
case the identifiability is lost. Meanwhile, when the observation
points {x1;, x2;, ..., Z,; } come from a continuous distribution
with compact support, which is an assumption used in the next
subsection for identifying the additive functions, we can see that

n

i (i >4 (W2>1/z - ([ remma)”
k

=1

and the condition || f;||/v/n < oo for j € 7 holds for any func-
tion such that the integral on the right-hand side is finite and this
is easily satisfied.

Theorem 1: Consider the model (3). Suppose that Assump-
tion2holdsand || f; — f;||*/n = Op(82), j =1,...,d, where
0, — 0. If the tuning parameter %, satisfies &, /n — 0 and
0n = 0(Ay /1), then we have as n — oo:

1) P(c; =0) — 1forany j € Z°,

2) P(c; >0) —1 for any j€Z and sup;crllfj —

FYCIP/n = 0p (32 /n).

Proof: See the Appendix. |

It is seen from Theorem 1 that the nonnegative garrote esti-
mate (9) of the nonzero additive functions converges at a differ-
ent and slower rate than its initial consistent estimation.

B. Consistent Estimates f;(-)’s of Static Additive
Nonlinear Models

From the previous subsection, if consistent estimates of f;’s
can be obtained, then the variable selection problem is resolved.
In this subsection, we focus on various ways to find consistent

estimates f;’s for the static model (2).

Some notation used in Section II for univariate regression
function will be expanded to corresponding d-dimensional vec-
tor expressions. For example, the bandwidth h = [hy, ..., hg]T,
p(-) is the joint density of X and p; (- ) is the marginal density
of X, for j = 1,...,d. For convenience, we also use the nota-
tionv_; = [v1,...,0j_1,Vj41,...,vq]] € R?"! forany vector
v=[v1,ve,...,v4]7 € R

The simplest case is that the inputs x;’s and x;;’s are sta-
tistically independent for k # [ or ¢ # j. Then both the kernel
estimator and the LL estimator introduced above can be directly
applied to identify the additive nonlinear function f;( - ) at the

.,@,;}. The estimate f; of f; is
givenby f; = S;Y, j =1,...,d, where S; is either the kernel
or LL linear smoother matrix corresponding to fitting the data
{yr,zrj,k=1,...,n} as a univariate nonparametric identi-
fication. For identifiability, it is required that Ef;(X;) = 0.

observation points {x;, ..

Hence, we obtain the simple smoother estimator

~

fi=SY —E(S,Y), j=1,....d. (11)

The convergence of (11) can be derived. The problem is that a
simple smoother estimator like (11) does not work when xj;’s
are correlated.

To overcome the problem of simple smoother estimators,
we propose a smooth backfitting algorithm. Two versions are
presented in this subsection, based on the idea of the kernel
estimator and the LL estimator, respectively.

Let ]—"Jl be the o-algebra generated by the random variables
{ykaxklv . '7$]€d70 < .7 < k < l} The process {ykaxklv sy
Zra, k > 0} is called strongly mixing [35] if

>

sup  |P(AB) — P(A)P(B)|
l,AeF} ,BEF®

I+k

a(k) — Oas k — oo.

Let us first give the required conditions.
Assumption 3:
i) The d-dimensional variables X=[Xy, ..., X;] has com-
pact support | =1; x --- x1; for bounded interval
l;,j =1,...,d. The joint density p(v) of X and the den-
sities p! (2°,9°) of (x1, x411),! = 1,.. ., are uniformly
bounded. Furthermore, p(v) > 0 on the support |.
ii) For some 6 > 2, E|y;.| < co. Let 0> = Var(ey,).
iii) The second-order derivatives f/'( - ) of the additive func-

tions f;(-),7 =1,...,d, exist and are Lipschitz contin-
uous. The first partial derivatives of p(v) exist and are
continuous.

iv) The conditional densities px|y (z|y) of X given Y

and Py xpyilye,ve s (xov xl |y0> yl) of (Z‘k, xk-H) given

(Y, yr+1),l = 1,. .., exist and are bounded from above.

v) The process {yi, Tk1,- .., T4} is strongly mixing with

L kPa(k) /¢ < oo for some 2 < € < 6 and b >
1-2/¢.

vi) The mixing coefficients satisfy > .7, ¢(k,j,1) < 0o
and > )7, o(k,j,l) <oo for j=1,...,d,l=1,2,
where ¢(k, j,1) = (kLy(k))/r(k)) (KT} /h} log k)"/*
a(ry (k) with 7 (k) = (kR /Ty log k)'/? and Ly (k) =
(kT /b 1ogk)!/? with Ty =(k log k(loglog (k))'*)1/*
for some 0 < 0 < 1, while ¢(k, j, 1) = (kLa(k)/ra(k))
x(k/h} log k)4 a(ry (k) with ro(k)=(kh! /log k)'/*
and Lo (k) = (k/h"% log k)!/2.

The assumptions v) and vi) that the mixing coefficients need
to satisfy seem a little complicated, but the mixing coefficients
decaying exponentially to zero (i.e., a(k) = O(p") for some
0 < p < 1) satisfy the assumptions v) and vi), which include
many common random processes.

Smooth backfitting algorithms are a projection, which di-
rectly projects the samples {yy, k = 1,...,n} onto the space of
additive functions with a multivariate kernel density weight. In
fact, it will be seen from a brief proof of the algorithms given
in the Appendix that the backfitting algorithms are a method of
alternating projections with a linear iterative form and the norm
of the resulting linear projection operator is smaller than unity.
This interpretation will enable us to understand the convergence
of the backfitting algorithms. For simplicity of notation in the
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following derivations, let us denote

ZKh — ki), (12)
ZKhJ — ki) (v — nj),
P ZKh — z5) (v — xry)7,
. 1
Dji(vj,v) = - ZKh,, (vj — xpj) Kp, (v — 1), (13)

(v, o) = — o) K, (0 — i) (01 — @81),

Py (v, o) i — @) K, (0 — zr)

= %ZK}L (’U

k=1

X (Uj — mkj)(vl — .’L‘kl).

We now discuss smooth backfitting kernel estimators. Letv =
[v1,...,vq] € |, where | is the support of the input variables. The
smooth backfitting kernel estimator is defined as the minimizer
of the criterion function

2
n d d
1 _ _
Ta/z ue = fo=>_ L) | TIEn, (0 = zp)dv
k=1 j=1 r=1

(14)

where the minimization runs over all additive functions f(v) =

fo+ 329, fi(v;) with constraints [ f;(v;)p; (v;)dv; = 0. Us-
ing the iagrange multipliers, the constrained functional opti-
mization (14) is transformed into the unconstrained functional
optimization

7/2 yk_f() Zf] U]) HKh —xkr)d

r=1

15)

d —
+ Y A / i (;)p; (v;)dv;.
j=1

Let {fo, fi(v1),-.., fa(va)} be the minimizer of (15). Ac-

cording to the method of variation, we find that {fo, fj(v]-),
j=1,...,d} satisfy the system of equations

. 1 n d "
fo=— > - Z/fj (v;)p; (v;)dvy,
k=1 j=1

(16)

r — Tkr )d'Ufj

d
I S (e Jo - Zf] )| TT K (0
r=1

k=1

— A;jpj(vj) = 0. (17)

Note the constraint ff;(vj)ﬁ] (vj)dv; = 0. We have fo=
% > r_1 Y- At the same time, (17) is simplified as

Fi By (vy) = fobi (v) = F (v7)5; (v;)
= Silw)pi (v, v)dv = 2555 (v;) = 0
I#]

where fj( ;) is the univariate kernel estimator of the jth func-

tion f;(-)

- ij)yk

Pl & k= K, (v
Y p;(vj)

By moving the terms, one obtains

f]('UJ f] U_] Z/fl p]l ]a'Ul)d l*‘%*}\'j
I#]

(18)

and by using the constraints | f] j)Pj (v;)dv; = 0, one derives
that the Lagrange mu1t1phers satlsfy Aj = 0. As a result, the

system of equations is simplified as (j = 1,...,d)
Vi, —
f](UJ f7 v;) Z/fl pﬂ ] l)d =Y (19)
I#]

where the sample mean Y = L3 |y of Y is a /n-
consistent estimation of £Y, which is faster than the conver-
gence rate Op (1/n?/) of nonparametric identification. In the
following, the backfitting algorithm for solving (19) is provided.

One starts with an arbitrary initial guess f( (vj) for ]7] (v),
for example one can choose the univariate kernel estimators:

]?(0)( i) = f] (vj). The jth function at the kth step is updated
as follows
B0y = Hlo) -3 [ 7P P,
< i (0))
-2 / 7 ) PR gy, ¥ o)
= pj(v;)

and the algorithm iterates over &k until a predetermined con-
vergence criterion is satisfied. The integrals are computed by
numerical integrals.

The backfitting algorithm (20) can be implemented on a grid
in the support of X. The merit of doing this is that the size of the
grid can be fixed and will not increase with the sample size n,
particularly when n is large. This means that the computational
complexity of the backfitting algorithm (20) is not relevant to
the sample size n. Denote the preset grid of the jth variable by
v) = [v};,...,0),;]", where m is the number of the grid points.
The Smooth backﬁttmg kernel estimator (SBKE)

Step 1: Use the observation points {y, xx; }k 0

the kernel function K(-) to calculate the values of
1D density estimates p; of p;(-) and kernel esti-
mates f; of f;(- )at the points {v}; }7- 11 """"""" 4 and 2D
density estimates pj;, j # [ of pﬂ( ) at the points
{(U?ngz)}fi o ‘fn by the formulas (12), (18),
and (13).

Initiate the estimates: set f}o) =fi,ij=1,...,d
Iterate for k: from j = 1 to d, successively calcu-
)() of f;(-) at the points

.....

Step 2:
Step 3:
late the estimates f]“
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{v } ’“'"m via (20), where the integrals are ap- Proof: See the Appendix. . . . n
prox1mated by the numerical methods in terms of We now discuss the smooth backfitting local linear estimator,
the values on the resulting grids. which is obtained by projecting {yr, k=1, - ,n} onto the

Step 4: Stop if a preset ignorance criterion is satisfied; oth- space of additive fun?tlons s ilarly to th(? rdeas Of. the .LL

' . . . Step 3 ’ estimator for 1D functions. This means that it is the minimizer
erwise, continue to iterate as at tep 3. of the criterion

Step 5: If one needs to calculate the estimated values of )

fi(+) at the original observation points, then the
interpolation technique can be used to achieve this
with the help of the values on the grids produced at
Step 4.

Theorem 2: Suppose that Assumptions 1 and 3 hold and the
bandwidths h; — 0,nh; — oo as n — oo. Then, with proba-
bility tending to 1, the solution to (19) exists and is unique.
Furthermore, there exist constants 0 < v < 1 and £ > 0 such
that, with probablhty approachmg to 1, the following inequality
holds forall j = 1,...,d:

/ (f}k)(vj) - E‘(%))QPJ' (v;)dv;

< &y

d
1+ Z/ (f}m(vj))ij (vj)dv;

where the functions ﬂm(vl)7 ce fd (vq) are the initial values
of the backfitting algorithm (20).

Suppose further that n'/°h; ——— 1 for some constants
i TSV

1;j > 0. Then, the following convergence holds in distribution
forany v € I:

n2/s o
ﬁi(vd)_fd(vd)

w%ﬁl(m) wl(m) 0 0
wgﬂ?(w) 0

: : S

d)gﬂd(vd) 0 o 00 wa(vg)

where 3;(v;),j =1,...,d on R with constraints [ 3;(v;)p;
(vj)dv; = 0 is the solution to

(Bo, B(+),- -, Ba(+))
= arg min /(ﬁ(v)—ﬁo—ﬁl(vl)_

Bose-sBa,
d
=251 (f}(v)) - log p(v) +
o2 [K2(dt .
Yipj(v 7) )=

- = Ba(va))® p(v)dv

with a constant ﬂo and [(v)

2f” v;)) [t*K(t)dt, and where w;(v;) =
1,...,d. Furthermore, for any v € |,

d

w2/ () = f@) = N Zw 8 (v;) Z ,

where f(v) 1]5‘(1)]') and f(v) =

(v))-

:?+Z}Z: f()""Z?:lfj

d
<[] K, (v — 2x2)dv, @1
r=1

where the minimization runs over all additive functions f(v) =
Jo+ Z;j 1 f (v;) with the constraints [ f;(v;)p;j(vj)dv;+
[6;(v)) ( j)dv; =0, j=1,...,d. Here, the —0;(-) s can
be regarded as the first-order derlvatlve of f;(-) s. This is sim-
ilar to the idea that is used in the LL estimator for univariate
nonparametric identification. Using the Lagrange multipliers,
the constrained functional optimization (21) is transformed into
the unconstrained functional optimization

*/Z yr — fo — ij

2

d
Z 0;(v;)(v; — ;)

d d
< [T K, (or = axr)do + )4, (/fj(%‘)@ (vj)dv;
r=1

j=1
+ / 0;(v)p) (U.j)dv.y‘)-

Let {fq, f,( i) 0 0. i(v;),j=1,....d} be the minimizer of
(22) Accordmg to the method of variation, we find that { fo,
fj (vj),0;(vj),j =1,...,d} satisfy the system of equations

_ 1 n d .
o= i3 - Z/fj(vj)ﬁj(vj)dvj
k=1 j=1

(22)

72/ (v;)p! vj )dv;,

1 n _ d N d _
[o3(m-f- ) - o) o)
k=1 j=1 j=1
d
< [ B, (v — 2xp)dv_; = 1,55 (v;) =0, (23)
r=1

s9

0;(v;)(v; — i)

/ Z yk_fO Zf} 'Uj
J

1

— AP (v;) = 0. (24)

d
X H Kh,» (’U

r=1

r = T )dv_j (v — Tky)

Using the constraints [ f;(v;)p; (v;)dv; + [ 0;(v; )ﬁj (v;)dv;

=0,j=1,...,d resultsin fy = L Uk 2 Y. Equation
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(23) is simplified as

7ZK}L — xp;) g — fobj(v;) = F3(0))B; (v))
k=1
—Z/fz (v)Bj (v, vi)dvr — 6, (v;)P) (v))
I#]
_2/01 v sz (vj,v)dv — A;p;(v;) = 0.
I#j

Moving the terms arrives at

||l>

A(Uj) (Uj)fj (v)) "‘pj (%)9 (v))

1
= K,J-( = Tk )Yk — Z/fz v)pj1(vj, v )duy

k=1 l#j
= 3 [ BonBlu(ws o 5y (w) o+ ).
l#3

Applying the constraint [ f;(v;)p; (v;)dv; + [6;(v;) (vJ)
dv; = 0 obtains the Lagrange multipliers A; = 0. This entalls

A ~ JU.
A(Uj) = pj(v)fi(v;) + 5} (v;)0;(v;)
1
= = Khj( | — Tk )Yk — Z/fl v)pji(vj, vr)du
= Y
_ 2/91 o pﬂ (vj,v)dv — P (v;)Y. (25)
I#3j
Similarly, (24) is also simplified as
A~ T
B(vj) = pj(v;)fi(v;) + D7 (v)0;(v;)
*ZK}LJ = ;) (vj — Tk )Y
*Z/fz )P, vjavl)dvl
I#]
=3 [, o - BT o)
I#j

Set C(v;) 2 B;(v;)B) (v;) — (B}(v;))?. Thus, we obtain

Fi ;) = (77 (v))Av;) = B (v;) B(v;)) /C (vy),
0;(v;) = (= Pl (v))Av;) + B; (v)B(v;)) /C(vy).

27)

(28)

Similar to the smooth backfitting kernel estimator, the system
of equations (25)—(28) is iteratively solved by the backfitting

algorithm described as follows:

ZK”J
_Z/fz (v)pji(vj, v)dv — 2/9 (01)Pj (07, o)y

— T4 )Yk

I<j I<j

,Z/fl (v1)pji(vj, vp)dy
>j

—Z/Hk 2 (v p,z (vj,vr)dv, — pj(”f) 29)
I>j

!Ekj)( xk;)yk

ZKh
_Z/ﬁk 'UZ U],Ul Ydu; — Z/G Uz ’U;,’Ug)d’t)g

I<j I<y

_Z/fz Ul p]l U7,Ul)d’ul
>

—Z/Q(k b (v)P’ v],vl)dvl pj(vJ)Y (30)
>3]

£ (i) = (37 (v) A® (v;) = Bl (0;) B®) (1)) /C(v;), (B1)

0" (v) = (= P (v)A™ (v))+ B; (0;) B®) (v7)) /Cv;) (B2)

)

where the initial values f;o)(vj),ﬁj(-o)(vj) can be chosen
to be the ID LL estimator of {y;,k=1,...,n} onto
{zp;, k=1,...,n}.

Like the iterative algorithm for the smooth backfitting ker-
nel estimator, the smooth backfitting LL estimator is also
implemented on a fixed grid to reduce the computational
complexity. Denote the preset grid of the jth variable by
v) = [v);,...,0),;]", where m is the number of the grid points.
The Smooth backﬁttzng local linear estimator ( SBLL)

Step 1: Use the observation points {yx, =, Ji_) "

the kernel function K () to calculate the values of

1D density estimates p;, pj, p;’ and LL estimates

F1. 85 of f;(-). 65(-) at the points {uf,}i2, 7,
and 2D density estimates pj;, pjl, pjl7 p]Z, j ;é l at

the pOIHtS {( 7] ’ vrl)};,izll,...,(fn‘

Initiate the estimates: set f;m = f,, 5;-(” = 5,, Jj=
1,...,d.

Iterate for k: from j =1 to d, successively cal-
culate the estimates of fi(-), 6;(-) at the points
{? J} """ accordlng to (29)—(32), where the in-
tegrals are appr0x1mated by the numerical methods
via the values on the resulting grids.

Stop if a preset ignorance criterion is satisfied; oth-
erwise, continue to iterate as at Step 3.

If one needs to obtain the estimated values of f; ()
s and their derivatives 6; (- ) s at the original obser-
vation points, then the interpolation technique can

Step 2:

Step 3:

Step 4:

Step 5:
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be used to achieve this with the help of the values
on the grids produced at Step 4.

Theorem 3: Suppose that Assumptions 1 and 3 hold and the
bandwidths h; — 0,nh; — ooasn — oo. Then, with probabil-
ity tending to 1, the solution to (25)—(28) exists and is unique.
Furthermore, there exist constants 0 < v < 1 and £ > 0 such
that, with probability approachlng to 1, the following inequali-
ties hold forany j = 1,...,d:

/ (71" (@) = £3(0))"pj(v;)dv; < E9%*T,
J@ @ -0y

j(v)dv; < €T

here T = 1 O 9 (-2 (v )dos
where "‘Z] S f vj)) + ( j (v5)))p; (v;)dv;
and the functions ]?J(O (vy), 9](0)( ),7 =1,...,d are the initial
values of the smooth backfitting LL estimator (29)—(32).

Suppose further that n'/°h; — 1; for some constants 1; >
0. Then, the smooth backfitting LL estimator converges in dis-
tribution for any v € |

ﬁ(”l)_fl(vl)+V1
25 f2(”2)*f2(112)+1/2
Fa(va) — fa(va) + va
2y (v1) wie) 0 0
NG P3aa(vg) , 0
0
et L 0 0 )
where

v = /fj (vj) K, (v; — t)p; (t)dtduy,
/f () ( v])dvj)7

_ [PK(t)dt

a;(vj) = — (

o? [[K(t)*dt
¥;p; (v;)

Furthermore, for any v € |

wj(v;) =

d

n* (f(v) - Z

vja; (v5),

Wheref( )= Y+Z7 1 f](”]) and f(v)=fo +Z] RACHE
Proof: The proof follows from the same steps as what pre-
sented in [36].

IV. VARIABLE SELECTION AND IDENTIFICATION FOR THE
ANARX SYSTEM

In this section, we extend the results on variable selection
and nonparametric identification of the static additive nonlinear
model (2) to the ANARX system (4). Recall ¢ = [y, ...,
Yk—st1, Uk, - - Ur_¢+1)" and the function f (¢ )=Ffo + f1(yr)
+oo A foWh—sg1) + forr(ur) + -+ fort(up—t41). The

system (4) can be rewritten in a compact form as
Yrr1 = f(ér) + €ry1 and further it has the vector form

d
Y =fol,+) fi+e

(33)
j=1
Define G(¢k) = [f((bk)?yka ey Yk—s+2, O,Uk-, e auk7t+2}Ta
. = [er,0,...,0,uz,0,...,0]". Thus, we get
Orv1 = G(dr) + Mey1- (34)

The range of ¢ 1 taking values in R**! is denoted by H.
Note that {n;1} is a sequence of independent and identically
distributed (i.i.d.) random vectors and independent of {¢;, j <
k} under Assumption 4iii) given below. For any A € B*!,
where B°*1 is the Borel o-algebra on H, one derives that

P(¢ri1 € Al dr,...,¢00) = P(¢rs1 € A o)
= P(¢1 € Al o).

This means that {¢, } is a time-homogeneous Markov chains
and its k-step transition probability is defined by

Pk(¢7A):P((bk€A|¢g:¢),VAEBS+t, ¢€H

A major difficulty is that Assumption 3 is easily satisfied for
the static model (2) but not obviously for the ANARX system (4)
because of its dynamics, mainly on the strong mixing condition
of {¢y, }. Providing the conditions on the system structure f; (- ),
the input ug, and the noise €5 so as to guarantee the strongly
mixing is very useful to practical applications. Therefore, the
conditions on the system structure f]-( -), the input uy, and the
noise £, such that Assumption 3 holds are given in the following
assumption, which are commonly used for identifying nonlinear
systems based on kernel functions in the literature [18], [27].

Assumption 4.:

i) The dynamic difference equationyy, = fo + f1(yr—1) +

-+ + fs(yr_s) has an exponentially stable equilibrium

point, i.e., [lyx || < Mip*[lyo| for some M; < 00,0 <

p <1, and any k£ > 0. Also, the system (4) is locally
controllable at the equilibrium point.

ii) The second-order derivatives of the functions f;(-),j =
1,...,d exist and are Lipschitz continuous.

iii) Both the input {uj } and the noise {¢; } are a sequence
of i.i.d. random variables with compact support. Also,
both of them have a density function on their resulting
supports. Let 0> = Var(gy ).

Theorem 4: Consider the ANARX system (4) under As-

sumptions 1 and 4. We have
1) The Markov chain {¢,} is geometrically ergodic, i.e.,
there exist a constant 0 < p < 1 and a unique invariant
measure Py such that ||Py(é,-) — Piv |lvar < 3(0)0",
where || - ||var denotes the total variation norm and g(¢)
is integrable with respect to Pry. As a result, the process
{r} is strictly stationary and strongly mixing with a
geometric convergence rate, i.e., the mixing coefficients
of {¢y } satisfy a(k) = O(p").

2) Consider the SBKE given by (20). Then, the convergence
results of Theorem 2 hold for the ANARX system (4).

3) Consider the SBLL given by (29)—(32). Then, the
convergence results of Theorem 3 hold for the ANARX
system (4).
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4) Further with an additional Assumption 2, apply variable
selection using the nonnegative garrote estimator (8) for
the ANARX system (4). Then the results of Theorem 1
hold for the ANARX system if the SBKE or the SBLL is
used as the initial consistent estimate in the nonnegative
garrote estimator. That is to say, the nonnegative garrote
estimator will correctly find the set of the nonzero func-
tions with probability one as n — oo for the ANARX
system (4).

Proof: The first part follows from [37, Theorem A 1.6, page
458] via some corresponding modifications. The main steps of
the idea consist of: (a) To show that the chain {¢y. } defined by
(34) is p-irreducible, aperiodic, and that any .-non null compact
set is small, where p is the Lebesgue measure on (H, B%). (b)
To show that the chain {¢y, } is geometrically ergodic by using
the drift criterion for geometric ergodicity. This implies that
Assumption 3 v)-vi) are satisfied. The proofs for the rest parts
of the theorem are parallel to the proofs of Theorems 2 and 3,
thus omitted. This completes the proof. |

To allow a little abuse of notation, we still use the acronyms
SBKE and SBLL to denote the whole variable selection proce-
dure including the smooth backfitting estimator and the nonneg-
ative garrote estimator. The variable selection algorithm for the
ANARX system (4) can now be stated step by step as follows.
Let us take the SBKE as an example. The implementation of the
SBLL is similar.

Step 1: The smooth backfitting kernel estimator (SBKE)
1) Collect the data {yg,ur,k =1,...,n}, and generate
the design matrix X with its (7, j)-element x;(k =
1,...,n,5=1,...,d) defined as

{ Yk

Tpj =

Uk—j+s5

2) Preset d 1D grids by the range of each column of X,
where the jth grid is denoted by v = [vf;, ..., 05 ;]"
and m is the number of lD gr1d points.

3) Use the data {y;, 2 })._ o and the selected kernel
function K () to calculate the values of 1D density
estimates p; of p;( - ) and kernel estimates f, of f;(+)

at the points {v?j }j o and 2D density estlmates
ﬁ]laj 7£ ! Ofpjl( ) at the points {( Vijs rl) {f_ll 1111 .m
by the formulas (12), (18) and (13)

4) Initiate the estimates: set f 0 _ f i =1,...,d.

5) Iterate for k: from j=1to d successively calculate the
estimates f ( ) of f;(-) at the points {v”}7 L T‘i
via (20), where the integrals can be calculated by the
function trapz in Matlab.

6) Stop if a preset ignorance criterion is satisfied; other-
wise, continue to iterate as at 5), where the ignorance
criterion given in [38] is used for the simulation in
Section V. That is, if forall j = 1,...,d,

(FED @l = FO )

m ) 2
S )
T < 0.0001,
SOy FR) (00))2 +0.0001

j=1,...,s,
Jj=s+1,...,d.

then stop.

7) Use the interpolation technique to calculate the esti-
mated values of f; (- ) at the original observation points
by the values on the grids produced at 6).
Step 2: The nonnegative garrote estimator
1) Solve the optimization problem

d d
mln HY ZCJfJH s.t. ZC]‘SI%
=1 1

(35)

for a given tuning parameter x, and the consistent
estimate fj, 7 =1,...,d obtained at Step 1 to get the
solution ¢ = [¢1,...,¢4)7. The choice of x, will be
given below.

2) The functions with the indices such that ¢; > 0 are
taken as the nonzero functions, otherwise as the zero
functions.

Note that the optimization problem (35) at Step 2 1), which
is equivalent to the original problem (8) in the paper, is a con-
strained linear least squares problem. Thus, this optimization
problem can be effectively solved by the numerical algorithm,
for example, the function 1sglin in Matlab. So the choice of
A, 1is transformed to that of k,,, which controls the size of the
selected coefficients. In the following, a data-driven choice for
Ky, 1s provided. To be consistent and compare with the method
in [30], here the L-curve criterion is used to implement the au-
tomatic selection of k,,. The L-curve criterion is based on the
so-called L-curve, which is a parametric plot of (¢(k,, ), w(kn)),
where ((k,) and w(k, ) measure, respectively, the size of the
regularized solution and the corresponding residual [39]. The L-
curve has a distinct L-shaped corner located exactly where the
solution ¢ changes from being dominated by the regularization
error to being dominated by the noise.

These explanations mean that the “optimal” tuning parameter
corresponds to the “corner” (maximum curvature) of the L-
curve. In the following, an algorithm for finding the “corner” is
given.

Step 1: Generate a gird k = {x/, },Q:1 in an ascending order
in the interval [1, d] for &,,.

Step 2: Calculate ((k) = Z‘;:l G, w(k) =LY = Y3
on the grid x, where ¥ = Z;—l:1 ”c\]ffj is the pre-
diction for Y and ¢ is the solution of (35).

Step 3: Calculate

w(kl) —w(kl1)
A; = arctan (—"’ - )7 1=2,...,Q
C(ry) — Gy )
Step 4: Calculate D; = A; — A;1, 1 =3,...,Q.
Step 5: The “optimal” tuning parameter x,, is defined by

R = KL, where [ = arg r?axQ D, —1.

)

For each point except two endpoints on the plot (¢(k),w(k)),
one can obtain two associated angles by connecting the adjacent
two points and extending to the horizontal axis. The difference
between the two angles at a point can be regarded as a measure
of the resulting curvature of the L-curve, and hence the point
with the maximum difference can be thought of as the point of
the maximum curvature of the L-curve.
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TABLE Il
TOTAL APPEARANCE FREQUENCY OF VARIABLE SELECTIONS FOR
EXAMPLE 1

Independent variables (¢ = 0)
Method oo fe fs S fs e St fs foo S

n = 100

SBKE 100 0 0 100 0 99 0 0 100 0
SBLL 100 0 0 100 0 100 0 0 100 0
NGPS 100 0 0 100 0 98 0 0 100 0
n = 200

SBKE 100 0 0 100 0 100 0 0 100 0
SBLL 100 0 0 100 0 100 0 0 100 0
NGPS 100 0 0 100 0 100 0 0 100 0

Dependent variables with correlation 0.5 (¢ = 1)

Method f1 fa fs fa fs fo fi fs fo fio

n = 100

SBKE 98 0 0 100 0 98 0 0 100 0
SBLL 99 0 0 100 0 99 0 0 100 0
NGPS 97 1 0 100 1 99 0 0 100 0
n = 200

SBKE 100 0 0 100 0 100 0 0 100 0
SBLL 100 0 0 100 0 100 0 0 100 0
NGPS 99 0 0 100 0 100 0 0 100 0

V. SIMULATION EXAMPLES

For comparison, the proposed SBKE and SBLL variable se-
lection approaches and the variable selection method based on
P-splines in [30], denoted by NGPS, are all applied to the fol-
lowing examples.

Example 1: Consider an additive nonlinear model

10

Yk :ij(xkj)+€kv k= 1;"'7’”’7
j=1

where f(z) = 3z, fi(x) =42?, fs(z) = 1.5sin(27x)/(2 —
sin(27mz)), fo(x) = 2cos(2mzx), and f; (x) = O for other six ad-
ditive functions. So the number of nonzero functions is four. The
variables x,; are generated by x; = %7 j=1,...,10,
where W;.; and Uj, are independently generated from the uni—
form [0, 1] and the number ¢ plays a role in controlling the
correlation among variables since the correlation coefficients
of zy; and xy; are equal to Corr(wg;, zy;) = ¢*/(1 + ¢*) for
any 1 < # j < 10. The variables are mutually independent if
q = 0, while the case for ¢ = 1 leads to the variables with cor-
relation 0.5. The observation noise {¢;, } is a sequence of i.i.d.
zero-mean Gaussian random variables with variance 1, and the
resulting signal-to-noise ratios (SNR) are 6.61 dB for the inde-
pendent case and 4.13 dB for the dependence case. The sample
sizes are taken as n = 100 and n = 200 data points, respec-
tively. The sample size n = 100 or 200 is very small for esti-
mating a 10-dimensional nonparametric nonlinear model. The
results presented below are based on 100 Monte-Carlo tests.
Table II shows the total appearance frequency of variable
selection by using the SBKE, SBLL, and NGPS, while the
corresponding statistical analysis is summarized in Table III.
They are the average of the number of the selected variables
(NS), the average of the number of the correctly selected vari-
ables (NCS), the average of the number of incorrectly selected
variables (NIS), the percentage of tests where all the correct
variables are contained in the selected variables (PIN), the per-
centage of tests where the selected variables are exactly the
correct variables (PCS), the average of goodness-of-fits (GoF),

TABLE IlI
STATISTICAL ANALYSIS OF VARIABLE SELECTIONS FOR EXAMPLE 1

Independent variables (¢ = 0)

Method NS NCS NIS PIN PCS GoF True GoF
n =100
SBKE 3.99 3.99 0 99% 99% 0.65 0.58
(0.10)  (0.10) 0) (0.03) (0.03)
SBLL 4 4 0 100%  100% 0.67 0.58
(0) (0) (0) (0.03) (0.03)
NGPS 3.98 3.98 0 98% 98% 0.63 0.58
0.14)  (0.14) (0) (0.03) (0.03)
n = 200
SBKE 4 4 0 100%  100% 0.61 0.57
(0) (0) (0) (0.02) (0.02)
SBLL 4 4 0 100%  100% 0.62 0.57
0 ©) (0) (0.02) (0.02)
NGPS 4 4 0 100%  100% 0.83 0.57
(0) (0) (0) (0.02) (0.02)
Dependent variables with correlation 0.5 (¢ = 1)
Method NS NCS NIS PIN PCS GoF True GoF
n = 100
SBKE 3.96 3.96 0 96% 96% 0.55 0.47
0.20)  (0.20) (0) (0.04) (0.04)
SBLL 3.98 3.98 0 98% 98% 0.57 0.47
0.14)  (0.14) 0) (0.04) (0.04)
NGPS 3.98 3.96 0.02 96% 94% 0.53 0.47
0.25)  (0.20)  (0.14) (0.04) (0.04)
n = 200
SBKE 4 4 0 100% 100% 0.51 0.47
(0) (0) (0) (0.01) (0.03)
SBLL 4 4 0 100%  100% 0.52 0.47
() ©0) (0) (0.01) (0.03)
NGPS 3.99 3.99 0 99% 99% 0.50 0.47
(0.10)  (0.10) 0) (0.01) (0.03)

and the average of true GoF, respectively. The GoF is defined by

GoF =1 — \/Z (Yx — Ur)? /Zk 1(yk—7

the sample size, Y = 1 351 Uk Uk = D7 Fi(xx;), Tis the
set of nonzero functions identified via the nonnegative garrote
estimator, and f; is the estimate of f; obtained by rerunning
the nonparametric identification methods given in Section III for
only the selected variables after finishing the variable selection
process by the nonnegative garrote estimator. Similarly, the aver-

age of true GoF defined by 1 — \/Ek e S (g = V)2

The values in the parentheses are the resulting standard errors.

The simulation results indicate that in the independent case
the percentages of the SBKE, SBLL, and NGPS finding the cor-
rect variables are 99%, 100%, and 98 % for the sample sizes 100,
respectively, and all the approaches identify the correct variables
100% when n = 200. In the dependent case, the SBKE, SBLL,
and NGPS that find the correct variables are 96%, 98%, and
94% for n = 100, respectively. When n = 200, the resulting
percentages increase to 100%, 100%, and 99%, respectively.
This example shows that the SBKE and SBLL outperform the
NGPS for a small sample size.

Example 2: Consider an ANARX system

)2, where n is

yk—ng (Yr—j) +Zfo+l (uk—1) + €k,

=1

(36)

where fy(z) = —1.5sin(0.82),

A e f3(x) = —dexp(—0.12%) +
.0, 7\xr) = 2207 —

fo(x) = 3sin(27x) /(2 — sin(27x)),
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o ' ! j j ! T TOTAL APPEARANCE FREQUENCY OF VARIABLE SELECTIONS FOR
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Fig. 1. Nonparametric estimation of f5( -) for Example 2.
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Fig. 2. Nonparametric estimation of fy(-) for Example 2.

while the other additive nonlinear functions are zero. The input
uy, is a sequence of i.i.d. uniform random variables over [0, 1],
and the noise {} } is a sequence of i.i.d. uniform random vari-
ables over [—1.73,1.73]. Under this setting, the resulting SNR
is 6.83 dB. The sample size is n = 500, which is a relatively
small sample size for estimating a 10-dimensional nonlinear
dynamic system. The results presented below are based on 100
Monte-Carlo tests.

To illustrate the performance of the nonparametric approaches
SBKE, SBLL, and NGPS, the identification results for the two
nonzero functions f5(-) and fo(-) based on a realization of (36)
are plotted in Figs. 1 and 2. Note that the estimates in Figs. |
and 2 have been subtracted with their resulting means to make
them have zero means. Since nonparametric approaches have
a boundary effect due to less data at the boundary, which is a
common problem and cannot be easily avoided, we plot the
positions of the 2%, 5%, 10%, 90%, 95%, and 98% quan-
tiles of the domain of each function by the black dashed line
in Figs. 1 and 2 to illustrate this. The number of the ob-
servation points corresponding to these quantiles are 10, 25,
and 50, respectively. These amounts of samples are not suffi-
cient to obtain a reliable estimate for a 1D function accord-
ing to the relationship in Table I. Indeed, it is seen that the

Method  f1 f2 f3 fafs  fo  f1 fs fo fio

SBKE 0 100 100 0 0 0 99 0 100 0
SBLL 0 100 100 0 0 99 0 100 0
NGPS 0 100 100 0 0 0 91 0 100 0

(=]

TABLE V
STATISTICAL ANALYSIS OF VARIABLES SELECTIONS FOR EXAMPLE 2

Method NS NCS NIS PIN PCS GoF True GoF
SBKE 3.99 3.99 0 9%  99% 0.61 0.59
(0.10)  (0.10) 0) (0.02) (0.02)
SBLL 3.99 3.99 0 9%  99% 0.61 0.59
(0.10)  (0.10) (0) (0.02) (0.02)
NGPS 391 391 0 91%  91% 0.55 0.59
0.29)  (0.29) (0) (0.02) (0.02)

SBKE, SBLL, and NGPS estimates at the boundary deviate
from the true values. On the other hand, these estimates per-
form well and have no obvious differences in the main re-
gion of the domain, for example, from the 10% quantile to
90% quantile, where some small fluctuations are because these
estimates are based on one random realization of (36) and the
sample size is small. Note that the identification results for the
other two nonzero functions f3(-) and f7(-) are also similar, but
are not shown here due to limited space.

Table IV displays the total appearance frequency of variable
selection by using the SBKE, SBLL, and NGPS, and the cor-
responding statistical analysis is outlined in Table V with its
entries defined as the same as in Table III. The simulation re-
sults reveal that the SBKE, SBLL, and NGPS identify the correct
variables with the percentage 99%, 99%, and 91%, respectively.
This shows that the boundary effect of nonparametric estimates
at Step 1 will not greatly influence the subsequent variable se-
lection procedure, which is the final goal of the paper, since the
estimates for the other zero functions are very close to zero.

In summary, the two-step variable selection methods (the
SBKE and SBLL) proposed in the paper perform well in a small
sample size and better than the NGPS.

VI. CONCLUSION

In this paper we have investigated the variable selection prob-
lem for high-dimensional dynamic additive nonlinear systems.
This is the first time that such problem is tackled by nonpara-
metric kernel approaches since the existing methods are mainly
based on spline approximations. Our proposed methods are
implemented by two subsequent steps: nonparametric identi-
fication of all the additive functions, followed by nonnegative
garrote estimation. In the stage of nonparametric identification
based on kernel functions, the algorithms including SBKE and
SBLL have been provided and both of them do not suffer from
the curse of dimensionality since only 1D and 2D kernel es-
timations are involved. Further, they achieve the convergence
and asymptotic normality of nonparametric identification under
weak conditions, and especially, the SBLL can ensure that the
estimate for each additive function acquires the same asymp-
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totic properties as if other functions are exactly known. We have
proved that the nonnegative garrote estimator can convert a con-
sistent nonparametric estimate for the additive functions into a
consistent estimate for the set of the nonzero functions. There-
fore, the variable selection methods provided in this paper can
find the correct nonzero functions with probability one under
weak conditions as the sample size approaches infinity.

APPENDIX
MAIN THEORETICAL PROOFS

Proof of Theorem 1: According to the convex optimization
theory with constraints [40], the solution¢;, j = 1,...,dtothe
constrained optimization (8) satisfies the Karush-Kuhn-Tucker
(KKT) conditions

— (Y~ fO) + ALy +u=0, 37)
ujc; =0 forallj=1,...,d, (38)
—¢; <0forallj=1,...,d, 39)
uj >0 forallj=1,...,d, (40)

where f=[f1,..., [, c=[c1,.... )", and u=[uq,...,
uq)T . Divide the index set {1,...,d} into the following sub-
sets in terms of the sets ¢ and Z:

o1 ={j:¢; =0,f(-)#0},
oo ={j:¢; =0,f(-) =0},
P11 ={j:¢ >0,f(-) #0},
Og={j:¢ >0,f()=0}

It is clear that &gy U <I>10 7¢ and ®y; U P1; = Z. For con-
venience, we denote 7 = <I>11 U®yg={j:¢ >0} and 7¢ =
@01 U‘I’oo —{1,,d}\1—{j .CJ —O}

First, we prove that P(|®1| > 0) — 0 as n — oo, where
|®1¢| denotes the cardinality of the set ®1y. The formula (37)
can be rewritten as

1 Uz
llf“\ Uz,

By (38)~(40), it is clear that ¢; > 0,u; = Oforj € Zand¢; = 0
for j € Z¢. It follows that

ik Lh|[a] | &Y
7

fiTn J?f j? 5@, J?jTr Y

NERK 2 Bk (&) [Fy
! 1ﬁn| Uz J?sz J?szr 0| ]/"%TCY
. P PP 7T .
Taking the first |Z| rows leads to )””IIII + ff 76 = ff Y. This

indicates that

~ [E¢111 _ [gllﬁll/n fgllf‘ﬁm/n]

= | - -~ -~
Co j/zwﬂb”/n fgmﬂbm/n
3 Y/n =1, /n]
f;{IUY/n — Ml /0

Denote
F=flf/n, Fyj=fi fo,/nforij=01,
F = Fy — For F}' Fo
= fan, (I = fau, (J3,, Jor) " Ja, ) o /e

By I’lOtlIlg that (I fq)ll(f(bllf‘l)ll) 1-]?7111)11([7}:1)”(}312/

fq)ll) lf@ﬂ) (I f‘bll(f@llf@ll) }gﬂ)’ we have that F’
is a positive semi-definite matrix. Thus
* *
Fl=| _ -
7F71F()1F1711 !

by the inverse formula of a partitioned matrix (see [1, p. 359]).
This means that

ablu = ﬁil(gmy/n*
+)“TLF01F1_111WL11/77‘)

)\n]-mm/n*F()lFlillj?{I;HY/n

=Flg, (41)
where

—fq,wY/n ALy, /1 — F01F1’11ﬁ£||Y/n
1,,, /n

fglu (I - J/{Pll (fg” ﬁll)ilﬁ%ﬂ”)Y/n —
+)\'71F01F1_111

-l-)»nFOlFﬂ

Al /n
mn/n~

Since fj is a consistent estimate for f;, i.e., ||fj
Op(82),j=1,...,d, we have

— fil?/n=

- fq)” || = Op ((5,1) fori,j = 0, 1.

1 ~
7 | fo,,
Therefore, under Assumption 2, we obtain
1
vn
1 ‘
n ftbl . fq)] 1 ’

f‘1>11 - f(I)ll = OP(dVIV)v

|57
|75 7o

A

Lozr 2 or or T
= E"fq)nfq’ll _f¢11f¢11 f@llfq)n _ftbllfq)n”

|
_i_f
n

o]

ENTS

_fq’n

H
\/ﬁ
J(Dll H

+ |7 |
N NG

= (SRl 11 +095,)) On(6) + 0p6.)

= Op(0n). 42)

This entails

1

— Op(6,),

\/ﬁfcbll—’_ P( )
1

= —fa,, for, +Op(0).

1 ~
ﬁfq)n =

1 -~
ﬁfi’nf‘l’n



MU et al.: VARIABLE SELECTION AND IDENTIfiCATION OF HIGH-DIMENSIONAL NONPARAMETRIC ADDITIVE NONLINEAR SYSTEMS

2267

Noting that || (fZ fz/n) || < oo, we get
1o =~ \' /1 !
(278, ) = (5Hh 0+ 0065

-1
= <:lfg|1fq>11 (I+OP(5TZ)))

1 -1
= (308 fo) (006

( f) (1 +00(,)).

It follows that
1~ 1 = Loy ~ \7!
ﬁ“f‘bmllﬁ”ﬂbn || ’ (nf<1>11 f{)ll) H

=00 (nul) = 0s 6.

Therefore, fzglo(l_fq’n(fgnfq’n) AqTU)Y/n—
A (14 Op(0,))1,,, /n. As mentioned above, we have

(I~ fo, (FE for ) U FE T = for, (FF for )M R
:Ifﬁl’n(.fgnf‘l’n)i ftbll'

This means that its eigenvalues are either 1 or 0, and hence we
have ||I — fo,, (ff fo.,) ' fi || < 1.1t follows that [|(I —

fq’u (gu fq’u )_1}‘;{11 )Y”SHI - f"I)ll (gn fq)ll)_lf{{ll HHYH
= Op(+/n), which derives that

s N T7 -1 7T
VL (0 = Fons (B Fou) LY
N N T ’T
< Hf‘l’lo ”HI - f‘l’n (f(I)ll f‘l’u) ! ‘1’11 )YH
= Op(v/nd,)Op(Vn) = Op(nd, ).
This leads to &=O0p(d,)— (1+O0p(dy))An/nlp,, =
—An /N1y, <0 dueto A,/n — 0 and J,, = o(%,/n). Since
¢; > 0 for any j € @19, we have {7 ¢p,, < 0. However, this
violates (41), which implies that ﬁTEq)w =¢TF~1¢ > 0. Thus,
we have P(|®1y| > 0) — 0 as n — oo. This means that @, is
a null set and hence Z¢ = &y U &1y = Py in the asymptotic
sense.
Next, we show that P(|®g;| > 0) — 0 as n — oo. Other-

wise, assume that |®g;| > 0. Similar to the derivation above,
the formula (37) can also be rewritten as

[For Fii' |l <

N 17 R Bl Bl le Iy
"1 uze At Pt | e Ly

Note that ¢g,, > 0. We have ug,, = 0 by the KKT conditions
(38)—(40). Taking the first |Z| rows leads to

A l1¢11] i [ 0 4 lﬁ11f¢11 jll\(%nf‘l’ol‘|
n -~ —~
1\‘1’01‘ Uy, jg()lf@n .]/cgmf@m

T
f‘1>11Y

43
J%U.Y (43)

C¢ll
X | =
Cd g,

Thus, we have

[E¢||] _ [fgllﬁll/n fgllf&)01/n‘|

E‘I’Ol g{)lf‘bu/n -}z{)lf‘l’ol/n
fglly/n_}‘n]-mu/n ‘|
J%MY/” - )"nlmol /TL — Uy, /TL

To allow an abuse of notation, denote

F=fIfr/n, Fj=fL fo, /nfori,j=0,1,

F = Fyo — Fo  Fiit Fio

= g@[ (I_ fq)H (f/:g‘llﬁll)ilfgu)f;m/n'

Note that F' tends to the invertible matrix fI f7/n as n — ooc.
It is seen from

* *

Fl=] _ .
—F'Fy Fb F!

that F is also invertible when n is sufficiently large. Similar to
the derivation in the procedure of proving P(|®1o| > 0) — Oas
n — oo, it follows that ¢p,, = F~1¢, where

£= ﬁ({ol Y/n—inlp,, /n— us,, /10— FglFﬁlf/’gUY/n
+ M Fo1 F' L, /0
= i, (0= For, (J3,, Jor) 7 8 )Y /0= d Ly
+ hn For Fii' 1, /o — ussy, /1
= Op(6,) — (14 O0p(6,))An /01y, — us,, /10
= — Ay /Ny, — ua,, /n <0,
since ug,, > 0 by the KKT conditions. However, by the facts

that ¢3,, = 0 and F is invertible, we obtain a violation & = 0.
Therefore, we have shown that P(|®g;| > 0) — 0 as n — oo,
i.e., ®¢; is also an empty set. Consequently, Z = ®11,7¢ = Py
in the asymptotic sense.

Taking the first | @1, | rows in (43) leads to A, 1,,,, + fDn

fq)HC@H f(b Y since ¢gp,, = 0. It follows that¢g,, = (ﬁgn

ﬁpll /n)” (f<1>u Y/n— A, 1,,,/n). With the same derivation
as that used in (42), we have

1oy~ 1

EJ?IT I:Efng+OP(67L)7

1 1 1

~J1Y = —fIY +0p(0n) = —f1 (frlig +) + Or (&)

1
= EfgfIl\Z\ + Op(6n),
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where the last equation uses the fact = f7'e = Op ( f) Then it
follows that

= (ff fz/n)" (S Y/n = A1z /n) (1 + Op (6,))
= (Lz = (f1 fz/n) " Lzha /n) (1 + Op (6,))

= 17/(1 = O(An /1)) (1 + Op(dn))

=1i7(1+ Op (2, /n)).

Therefore, fN¢ = f;(l +Op(rp/n)) for all j such that
fi(+)#0and P(¢; = 0) — 1 for all j such that f;(-) =0.
We obtain that

Lioavag 72
E”fj - fillF =

1~
Z s A
155120

IF0p /P

2t = T fi + G700 /)

IN

(ﬁm—ﬁW+iwﬂﬂ0Aﬁm%

= (0p(®) + 21517) 0 03 /n%) = O (33 /%)

Using the triangle inequality, we arrive at

1~ 1 -~ 1 -
o [V AR 11 e P A 11 e I A1
= Op (33 /1) + Op(37) = Op (33 /n*).
This completes the proof. |

Sketch Proof of Theorem 2: The proof follows from the
same steps as what presented in [36]. The main idea is as follows.
Let ¥;, j =1,...,d, be some operators acting on the addi-
tive functional space { f(v) = 25:1 fj(v;)} such that ¥; f(v)
= f(v) — E(f(X)|X; = v;), where it has been assumed that
EY =0, 1i.e., fo = 0 for simplicity of presentation. Clearly,

S () = [ Aot an).

1]

where p(v;|v;) are the conditional densities of X; given X;.

U, f(v) (44)

Further, let ¥; be the resulting estimates for ¥;, where p(v;|v;)
are replaced by their estimates p(v;|v;) = pji(v;, v1)/Pj(v)).

That is
T _ E _ ﬁjl (Ujv vl) >
\I/j f(’U) Z- (f](w) /fl (Ul) f?\, (11‘7‘) dvl . (45)

By applying (45), the equation (19) can be rewritten as f flv )=
7 f( )+ fJ (vj), where flv) = 2771 f] (vj). Tterative
apphcatlon of thlS _equation for the 1ndlces from d,...,1
produces f(v) = f( )+ 7(v), where T = U, - - Iy and

F(0) = Vg o fi(v1)+ 4+ fa1 (var)+ fa(va). (46)

This means that f(v) = Yoo T*7(v). So the uniqueness of
the solution of the system of equations (19) depends on whether
the norm of the operator 7" is less than unity or not. Note from
(45) that the operator 7" only depends on the estimated densities

Dji(v;,v1)/D;(vj). Using the convergence of pj; (vj, v;)/p;j(v;)

and the property of alternating projections [41], [42] yields that
|| < ~ for some constant 0 < v < 1 with probability tending
to 1.

On the other hand, from the definition of the algorithm (20)
one has f¥) (v) = T'f~1 (v) 4+ 7(v) and iterative application
of the above formula derives

k-1
=Y T'7v) + T fO(v)

=0

()

where f(9)(v) is the initial iterative value. This means that the
backfitting algorithm (20) exponentially converges to the true
values since || T|| < v < 1 with probability tending to 1.

Note from (44) that for j # [,

U filo) = filw) = /fz(vz)de

and the second term is a function that only depends on v;. The

(47)

convergence of each additive function f; (vj) of f(v) is based on
the following observations. The formula (47) implies that only
the first term W - - - Uy f (v1) of 7(v) defined in (46) depends
on vy wllile the other terms are independent of v;. Further,
Uy, ..., Py are also independent of v;. This means that 7(v)
has a form ofﬁ (v1) +7-1(va,...,vq), where T_1 (v2, ..., vq)
is a function that does not depend on v;. This fact can obtain
the convergence of ]?1 (v1) and, using the similar method, can

give the convergence of the other additive functions f] (vj),7 =
2,...,d. |
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