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Abstract—In this work, recursive identification algo-
rithms are developed for Hammerstein systems under the
conditions considerably weaker than those in the existing
literature. For example, orders of linear subsystems may be
unknown and no specific conditions are imposed on their
moving average part. The recursive algorithms for estimat-
ing both linear and nonlinear parts are based on stochas-
tic approximation and kernel functions. Almost sure con-
vergence and strong convergence rates are derived for all
estimates. In addition, the asymptotic normality of the esti-
mates for the nonlinear part is also established. The nonlin-
earity considered in the paper is more general than those
discussed in the previous papers. A numerical example ver-
ifies the theoretical analysis with simulation results.

Index Terms—Asymptotic normality, Hammerstein sys-
tem, kernel function, nonparametric approach, recursive es-
timation, stochastic approximation, strong consistency.

[. INTRODUCTION

AMMERSTEIN systems consisting of a static nonlin-
ear function followed by a linear dynamic subsystem can
effectively model many practical systems, such as distillation
columns in chemical engineering [1], power amplifiers in elec-
tronic circuits [2] and solid oxide fuel cells [3], among others.
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Because of their effectiveness on modeling practical systems
and their simple structures, identification of Hammerstein sys-
tems has received considerable attention from researchers and
practitioners.

To identify the nonlinear function in a Hammerstein system,
both parametric [2], [4], [5] and nonparametric [6]-[10] ap-
proaches have been proposed. In the parametric approach, the
nonlinear part is approximated by a linear combination of ba-
sis functions such as polynomials [11], cubic spline functions
[12], piecewise linear functions [13], neural networks [14], sup-
port vector machines [15], kernel machines [16], [17]. In this
case, the nonlinear part depends only on a finite number of
unknown parameters; and as a result the entire Hammerstein
system is completely determined by the unknown parameters
of both the nonlinear and linear parts. Therefore, parameterized
Hammerstein systems are transformed into bilinear systems.
The iterative algorithm proposed in [18] is a commonly used
parametric method for estimating all unknown parameters of a
Hammerstein system, and its convergence properties have been
investigated subsequently. While the algorithm demonstrates
fast convergence in some cases, it was shown to diverge and
become unbounded in an example given in [11]. By normal-
izing model parameters, convergence of an iterative algorithm
was established in [19] for Hammerstein systems with a finite
impulse response (FIR) linear part if initial estimates were care-
fully chosen. This result was later extended to Hammerstein
systems with infinite impulse responses (IIR) on their linear
parts in [20] under the condition that the nonlinear functions are
odd and the inputs are stochastic with symmetric probability dis-
tributions. By adding a regularization procedure, convergence
of a modified algorithm was obtained in [5], removing certain
restrictive conditions imposed in [20]. In addition to the itera-
tive algorithms mentioned above, the kernel machine and space
projection method [16] and the fixed point iteration for identify-
ing bilinear models [17] are two kinds of algorithms proposed
recently, where a kernel machine was employed to approximate
the nonlinear part, which transforms a nonlinear relationship to
alinear relationship in a higher dimensional space. It was shown
that the resulting iteration in [17] was a contraction mapping on
a metric space. Furthermore, two kinds of ambiguities in the
identification of block-oriented systems were analyzed in [16].

When the nonlinear structure of a Hammerstein system is
a priori known, such as its basis functions and corresponding
orders, the parametric approach becomes a preferred choice.
However, if such knowledge is not available or incorrect basis
functions are used to represent the system, then the paramet-

0018-9286 © 2016 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
See http://www.ieee.org/publications_standards/publications/rights/index.html for more information.



IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. 62, NO. 7, JULY 2017

3278
Ek
ug J(ug) Yk 2k
—  f0) ARX
Fig. 1. Hammerstein system.

ric approach fails to generate a reliable model for modeling,
prediction, and optimization. In such circumstances, the non-
parametric approach is a favored alternative, since it requires
no structural information about the nonlinearity of the system.
The nonparametric approach is to estimate values of a nonlinear
function at any points of interest by applying kernel functions.

It is well understood that for real-time implementation of
identification algorithms, recursive estimation carries much
lower computational complexity and uses much smaller mem-
ory space for data storage [21]-[24]. Consequently, substantial
effort has been put on developing recursive algorithms for iden-
tifying Hammerstein systems. Recursive kernel estimates were
used to estimate the nonlinear part of nonparametric Hammer-
stein systems in [6], [7], in which the assumption that the values
of the nonlinear part at two points were available and different
in advance is needed for completely recovering the nonlinear
part. The L, performance index was introduced to establish the
convergence and convergence rates of the estimates in [6], and
the point-wise almost sure convergence was derived in [7].

A recursive algorithm for estimating a constant multiple of
the impulse response sequence of the linear part and the val-
ues of a linear transform of the nonlinear part was proposed in
[8]. Mean square convergence and rate of convergence for the
estimates were established. The results in [8] left unaddressed
some aspects on the estimates (including three undetermined
constants, asymptotic normality of the nonparametric kernel
estimate, among others). Recursive algorithms for estimating
Hammerstein systems with FIR linear parts and general non-
linear functions were presented in [9], and point-wise almost
sure convergence of the recursive algorithms was proved. Later,
these recursive algorithms were extended to Hammerstein sys-
tems with ARX (autoregressive with exogenous) linear parts in
[10], and point-wise almost sure convergence of the algorithms
was established.

The Hammerstein systems considered in this paper are de-
picted in Fig. 1 and represented by

Yp Fa1yp—1 + -+ apyr—p = b1 f(up—q)
+bo f(ur—1-d) + -+ by flug—(g-1)-a) + &, (1)

where uy, yi, and & are the system input, the system output,
and the system internal noise, respectively; (p, g) are the orders
of the autoregressive (AR) part and exogenous (X) part of the
linear subsystem; d is the time-delay of the system. by (b; # 0)
is the leading coefficient. Without loss of generality, we assume
by = 1, since it is always possible to treat f(-) 2 by f(+) as the
nonlinear part of the system. For simplicity of presentation, we
assume d = 1. Generalization to arbitrarily known time-delay
is straightforward. It follows that the Hammerstein system to be
identified can be expressed as

Ye T a1y + o+ apyi—p = flugp-1)
+baf(ur—2) + -+ by flup—g) +&, (2

which can be written in the compact form as
a(z)yr = b(2) f (ur) + &, 3)

where a(z) =1+a1z+---+a,2” and b(z) =z + bpz* +
-+ +byz? with z being the backward shift operator: zy; =
yr—1. The output y;, is observed with additive noise ¢, as

Zp =Yg + k- 4)

The goal of this paper is to recursively estimate the orders
(p, q), the parameters {a1, ..., ap, ba, ..., b, } of the linear sub-
system, and the values of f(-) at any points of interest based
on the designed inputs and observed outputs {uy, z; }. The pa-
per introduces recursive algorithms and establishes their almost
sure convergence, rate of convergence, and asymptotic normal-
ity. The main contributions of the paper are as follows: 1) The
assumption 23:1 b; # 0 required in [8]-[10] for recursively
estimating Hammerstein systems is removed (see Remark 3 be-
low). The minimum phase condition on the linear subsystem
required in [25] is no longer assumed. Furthermore, the esti-
mate for an important constant for completely recovering the
nonlinear part is analyzed in detail (see Section II-B). 2) Instead
of assuming known orders (p, ¢) of the linear subsystem as in
[51, [9], [10], [17], the orders are estimated in this paper. The
existing order estimation methods of linear systems based on the
information criteria (e.g., Akaike information criterion (AIC),
Bayesian information criterion (BIC), and others) are mainly
applicable to batch identification, while the method proposed
in this paper is built upon the rank properties of the matrices
composed of impulse responses and singular value decomposi-
tion; and as such it is suitable for real-time identification. 3) In
contrast to mean square convergence on the constant multiple
of the impulse response of the linear part as in [8], convergence
with probability one is derived here. Compared to the almost
sure convergence results for parameters of the linear part and
the values of the nonlinearity in [7], [9], [10], almost-sure con-
vergence rate is obtained in this paper. 4) The estimate for a
linear transform of the nonlinear part was proved to converge in
mean square at rate O(k~(4/°~)) for sufficiently small v > 0
in [8] and the convergence rate of the estimate for the nonlinear
part in [6] characterized by the L; performance index depends
on the moment of the output. Here the possibly fastest rate
for nonparametric kernel estimators is obtained directly for the
estimate of the nonlinear part in the almost sure sense and is
independent of the moment of the output. Furthermore, asymp-
totical normality is established. 5) The requirement in [6], [7]
that the values of the nonlinear part at two points were available
and different in advance for determining two constants is not
needed for completely recovering the nonlinear part in this pa-
per. 6) Three constants included in the proposed estimates were
left undetermined in [8]. This problem is resolved by analyzing
the identifiability of the system in this paper. 7) It is shown that
a certain class of Hammerstein systems that cannot be treated
by the methods in [6]-[10] can be identified in the current paper
(see Remark 1).

The rest of the paper is arranged as follows. Sections II
presents the recursive algorithm for estimating the parameters
of the linear part and the values of the nonlinear part at any
points of interest. Strong consistency, convergence rate, and
asymptotic normality of the recursive estimates are investigated
in Section III. A numerical example is illustrated in Section IV,
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and a brief conclusion is given in Section V. Some auxiliary
results are placed in the Appendix.

Il. RECURSIVE IDENTIFICATION ALGORITHMS

We first list the assumptions for estimating the parameters of
the linear part.

Assumption 1: The designed input {u;} is a sequence of
independent and identically distributed (i.i.d.) random variables
with zero mean, and is independent of both the internal noise
{& } and the observation noise {¢y, }. Also, {uy } is bounded, i.e.,
there exist real numbers v and @ (u < @) such that u < u, < @,
and its density function exists and is denoted by v(+). The lower
bound u and the upper bound @ and the density v(-) may be
unknown.

Assumption 2: a(z) and b(z) are coprime, and a(z) is stable,
ie., a(z) #0,V]z| < 1.

Assumption 3: An upper bound n* for p 4 ¢ is available.

Assumption 4: {& } and {e; } are sequences of i.i.d. random
variables with zero mean and are mutually independent. More-
over, both &, and ¢, have probability density, F|¢),|* < oo and
Eler|® < oo for some A > 2.

Assumption 5: The function f(-) is measurable and has the
left and right limits f(z~) and f(z*1) at any point = € (u, u).
In addition, at least one of the constants T £ E f(uy)uy and
p = Ef(ug)(u? — Eu?) is nonzero.

It is worth noting that in Assumption 4, the condition Ee} <
oo usually used for proving convergence has been strengthened
to Eler|® < oo with A > 2 for establishing asymptotic nor-
mality.

A. Recursive Algorithm for Estimating Linear Subsystem

Recursive identification of the linear subsystem is mainly
based on the convolution relationship between its parameters
and impulse response.

By stability of a(z) from Assumption 2, we have

b2 25 =D ©
i=1

z

where {h;, ¢ > 1} are impulse responses and h; = 1 since the
coefficient of the power z of b(z) equals 1 in (2). For any positive
integers s > 1,t > 1, define the Toeplitz matrix

Iy hi—q ht—s11
Rt hy hi—sy2
List2| . 1 e
htJrsfl ht+572 e ht

where h; 2 0 for i < 0. By [26, Theorem 4.2] it is known that
the true orders of the linear subsystem are (p, ¢) if and only if
rank L(p,q) = rank L(p + 1, g + 1) = p. This criterion is the
basis of estimating the orders (p, q).

We now give the way of recovering the parameters by using
impulse responses when the orders (p, ¢) are known. From (5)
it follows that

Z4 by’ b2t = (1+arz+ - +ay2’)
X (z+ho2? +- -+ hizt +--0).

Identifying coefficients for the same orders of z on both sides
implies

p
b= ajhi_;,V1<i<gq, D
j=0
p
hi=—=> ajhij,Vi>q+]1, ®)
Jj=1

where ag = 1 and h; = 0 for ¢ < 0. From (8) for the indices
q+ 1 < i < g+ p we obtain the following linear equation:
hq+p]T-

ap)” = —[hgs1 hgso -+

Under Assumption 2, L(p, ¢) is nonsingular by [26, Proposition
2.1], and hence the parameters of the AR-part are derived:

hoipl" - 9)

The parameters of the X-part are obtained by (7) when the
parameters of the AR-part are known. As a result, the p + ¢
parameters of the system can be uniquely determined via the
p+ g values {hy,..., hyiq}.

In what follows, we begin to present the recursive algorithm
for estimating the linear subsystem in terms of the input-output
data {uy, zj, }. The Lemma to follow is the basis for identifying

the impulse responses sequence of the linear subsystem. Define

: A . o
& = a1(2)&, and assume that the linear subsystem is with

zero initial condition. It follows from (3) that

L(p,q)lar ag -

[al az - - ap]T = —L(p, C])_l [hq+1 hyto -+

k

k
ye =Y hif(u—i) + a0 (2)& =D hif (i) + &. (10)
i-1

i=1
Lemma 1: Under Assumptions 1, 2, 4, and 5, we have

Ezpuy,_; = Thy, ¥i > 1, (11
Bz (v, — Eu} ;) = phy, Vi > 1. (12)

Proof: Since {&. }, {er. } and {uy, } are mutually independent,
we have

k

Ezpup—; = F Z Ry f(up—;) + & | wr—
=1

k
- ZhjEf(uk,j)uk,i = hiEf(uk)uk = Thi.
j=1

Similarly, one obtains

Bz (u}_; —

i

— Z hjE(f(Uk—j)(ul%—i - Eu%‘”)

j=1
= hiEf(u)(u2 — Bul) = ph;.
This finishes the proof. |
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Remark 1: In [6]-[10], estimating the impulse responses se-
quence of the linear subsystem is based on (11). This naturally
requires 7 # 0. However, 7 may be zero for some cases, for ex-
ample, in the case where the input is symmetric and f(-) is even.
In such cases, the algorithm given in [6]-[10] does not work,
but it is still possible to construct the estimation algorithm based
on (12) when p # 0.

The idea of estimating the coefficients of the linear sub-
system is as follows. We first estimate the impulse responses
{hi,1 <i<n*}, then estimate the orders (p,q) by the es-
timated impulse responses, and finally give the estimates for
{a1,...,ap,bs,...,b,} using the estimated impulse responses
and orders.

The estimation of {h;, 1 <14 < n*} is motivated by (11) and
(12). Note that the righthand sides of (11) and (12) are equal to
7 and p, respectively, when ¢ = 1 since h; = 1. Thus, one may
take the sample average of {z,uy_;} (or {2 (u} , — Eui ;)})
to serve as an estimate for 7h; (or ph;) and hence {h;, 1 <
i <n*} by (11) if 7 # 0 (or by (12) if p # 0). Moreover, the
estimate % EZ:I z1uy—1 for 7 can be rewritten in the recursive
form as

O = 0T — (07 — zpwp ),

where v, = 1/k is the step size, 9,(6“) represents the estimate

for 7 at time k, and the initial value Oél’T) = 0. In the below,
all initial values of the following recursive algorithms are set
to zero. However, by Assumption 5, it is only known that at
least one of 7 and p is nonzero, so one has no knowledge about
which one is nonzero. A feasible method is to apply a switching
mechanism by comparing the absolute values of the estimates
for 7 and p at each step.

Denote the estimates for 7h; and ph;, 1 < i <n* at time k

by 0,(;"7) and 9](;'”] ), respectively. The recursive estimates are
given by

0" = 01" — (6,7 — mwy), (13)
P ) 0 — i~
where G,iu) = 9,(:1)1 — Vi (9,(;1)1 — u}) is a recursive estimate for

Euj. By comparing absolute values of the estimates 91(«1'7) and

9]({1"” for 7 and p, the impulse responses {h;,1 < i < n*} at
time £ are estimated as follows:

9“” . 1,7 1,

P T e s
k

ti.0) . 1,7 1,

b 16T <l ).

1>

h/,
ik 0

Y~
91/7)7

We are in a position to estimate the orders (p,q) using
the estimated impulse responses {h; ., 1 <1 < n*}. Since the
true orders of the linear subsystem (2) are (p,q) if and only
if rank L(p,q) = rank L(p+ 1,¢ + 1) = p by [26, Theorem
4.2], the key point is to estimate the rank of the Toeplitz matri-
ces L(s,t) by the available Ly (s,t),s > 1,¢ > 1 obtained from
L(s,t) with h; replaced by its estimate h; 5, V1 < i < n*. Here
the rank of the matrices L(s,t),s > 1,¢ > 1 is estimated by ap-
plying the singular value decomposition (SVD) method given
in Appendix C to Ly (s,t),s > 1,¢t > 1. The detailed estima-
tion algorithm is placed in Appendix C. Denote the estimated
rank of the Toeplitz matrices Ly (s,t),s > 1,t > 1 by (s, t).

Thus, the estimate for (p, ¢) is selected such that the rank con-
dition 74 (s,t) = rx(s + 1,1 + 1) = s is satisfied in the range
s>1,t >1,s+t < n* Denote by (pi,qr) the estimated or-
ders at step k.

At last, the estimates for the parameters of the linear subsys-
tem are defined as follows:

[al,k azp - apk,k]T é _Lljl (pkv Qk)
X [thJrl,k hqk+2,k hr]k +m--,k]Tv (16)
Pk
bik £ ajrhiju, i=1,...,q, (17)
j=1
where
Li(pr, ar) =
hQImk hth -1,k th —pr+1,k
hqk--}-lﬁk th.mk th —P.k +2,k (18)
hqk+pk7l‘k hqk+pk -2,k hqk,k

serves as the kth estimate for L(p, ¢) with h; ;, = 0 for ¢ < 0.

Remark 2: It is seen that the recursive estimators of both
the orders and the parameters of the linear subsystem are im-
plemented with the help of the recursively estimated impulse
responses sequence. Therefore, to some extent the proposed
algorithm for estimating the orders and the parameters of the
linear subsystem is semi-recursive.

B. Recursive Algorithm for Estimating f(-) Using Kernel
Functions

In this subsection, the values of f(-) at any points of interest
in the domain {u < 2 < @} are recursively estimated by using
the kernel functions. We first introduce the kernel function K ()
and the averaging kernel

U — &
Ko@) = dkK< dy )
where K (-) and the bandwidth sequence {dy. } are assumed to
satisfy the following condition:
Assumption 6:
i) K() is bounded, symmetric, and positive such that
jR t)dt =1, limy - [t|K(t) =0, [g 2K (t)dt <

19)

ii) dk monotonically tends to 0 and kd; — oo, and %

S (45 = B> 0forl = —1,2.

The well-known kernel functions including Gaussian,
Epanechnikov, uniform, triangle, biweight, etc. (see [29]) sat-
isfy Assumption 6i). If the sequence of the bandwidth dj;, =
O(1/k%), 0 < ¢ < 1/2, then Assumption 6ii) holds.

It is worth noting that unlike [8]-[10], in the estimation
algorithm of the nonlinearity below, neither the condition
>4, bi # 0 nor the parameter estimator of the linear subsys-
tem is involved in the kernel functions.

The idea of using kernel functions to estimate the non-
linear part is based on the following observation. Under
Assumptions 1, 5, and 6, K, (z) has the following limit
properties: EK, (x) p— v(xz) and EKy, (x)f(ug) p—

v(z) f(z) (see Lemma 3 below), where v(z) is the density func-
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tion of u;, and f(z) = (f(z™) + f(z™))/2, which equals f(z)
if f(-) is continuous at the point . Under Assumptions 1, 2, 4,
5, and 6, it follows that

k

EKq, (2)zk1 = Z hjEKq, (z) f(ug+1-5)
=1

= EKy (x Zh EKy (2)Ef(ug)
—— (o) Zh Ef(u) | 2 ga).

(20)

By EK,, (z) = v(x) and (20), it is possible to estimate the

nonlinearity f(-) by using the ergodicity of {uy, z; }.

To derive the rate and asymptotic normality of the recursive
estimate for the nonlinear part, some smooth conditions on the
density function v(-) and the nonlinear part f(-) are needed
since the derivation usually involves the Taylor expansion up to
second order. In fact, this is a standard condition for investigating
the asymptotic normality. Since this paper considers the point-
wise almost sure convergence property of the estimate, the rate
and asymptotic normality of the estimate still hold at the twice
differentiable points in the domain even if the nonlinear part
is not twice differentiable for all the points in the domain, for
example, the dead-zone function, the saturation function, the
quantizer function and so on.

Assumption 7: Both the density function v(-) and the non-
linear function f(-) are twice differentiable and 0 < v(z) < oo
in the interval (u, w).

The recursive nonparametric identification of f(-) is accom-
plished by distinguishing two cases as follows.

Case 1: Ef(uy) = 0.

In this case, we have f(z) = g(x)/v(z) by (20). Further-
more, the case of Y /_, b; = 0 falls into Case 1 (E'f(uy,) = 0).

To see this, by setting f(x) S f(z) — Ef(uy), the system
{a(2)yr = b(2)f(ur) + & } and the original system a(z)y; =
b(2) f (ur,) + & produce the same output y;, if the input u;, and
the initial conditions are the same for both systems. This is
because

Y+ a1Yp—1+ -+ apYr—p
= flug) +bof(up—1) + -+ by flup—q) + &
= flug) + b2 f(up—1) + -+ by f(ur—q)

- (Z b> Ef (ur) + &

= flu) + 0o f(ur—1) + -+ b fur—g) + & Q1)
Case 2: Ef(uy,) # 0.
In this case, we have g(z)/v(z)= f(z)+ (> i=s

h;)Ef(uy) and implicitly -7 , b; # 0. Therefore, to ob-
tain the estimate for f(x), one has to estimate the constant

( dieahy )E f(ux) by using the input-output data. Note that

B - 250:2 J
Zh Ef(uy) = ;hj Ef(uk)zjilhj
ZP:O J
=u(1- = : 22
I ( ST, (22)

where

(23)
j=1

,u( ) & hm Ezk (Zhﬂ Ef(ug)

since {z;} is asymptotically stationary due to the stability of
a(z), and the identities

Z;O:thzl_ 1 - i=09;
E;?; hj Zjozl h; 22:1 b
and
00 q b
S h = (24)
j=1 j 0 CL]

obtained by setting z = 1 in (5) are used. Thus, in this case, one

gets
flz) = 9@) _ p 1 — 7§) 0 7. 25
(z) v(x) 1 b 25)

j=1"J

To judge whether or not E f (uy) equals zero, we show that
Ef(u;) = 0if and only if ;(*) = 0. The necessity is directly
seen from (23). Let us show the sufficiency, i.e., um = Oimplies
Ef(uy) = 0. From (23) it follows that x(*) = 0 implies either
Ef(ur) =0 or 3772, hj = 0. In the latter case, > °, h; =
0 leads to Y 7, b; =0 by (24) and hence one also derives
E f(ux) = 0. Thus, the recursive algorithm for estimating the
nonlinear part f(-) is presented as follows:

1) Estimate the sample mean ;(*) of z;:

(2) (2) (2)

My = M2y — 'Yk(ﬂkfl - 2), (26)
where /LS? is the estimate for ;(*) at time .
2) Define the decision number:
P Ep—— B
Qr & ek B eg k1. 27)
log k
3) Estimate v(z) and g(z):

O (2) = vp-1(®) = W (vk-1(2) — Kq, (2)), (28)
9k () = gr—1(x) — Y (gr-1(2) — Ka, (2)2k41)- (29)

4) Estimate f(x):

g;é,; *,U'E»-Z) (1 - W)v lka Z 7,

j=1"k

1>

@ = N ~
;’; (;) ) lka <,

(30)

where 17 > 1 is used to judge whether () is zero or not
by checking @, > 7 or not at step k.
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Remark 3: It is seen from (20) that to estimate f(-), one has
to estimate ( > s h;) E f(uy). Thus, from (22) it is natural to
require 23:1 b; # 0 as done in [9], [10]. However, we have just
shown that for Hammerstein systems the condition ) \!_; b; =0
implies Ef(uy) = 0, and hence (-2, h;) Ef(uy) = 0. So,
in the case Y /_, b; = 0 the Hammerstein systems can still be
identified. In comparison with the recursive algorithm for esti-
mating f(-) in [10], the recursive procedure (28)—(29) does not
use the estimates {a; ;,1 <14 < p} for the coefficients of the
linear subsystem.

I1l. CONVERGENCE ANALYSIS

In this section, we prove convergence properties of the re-
cursive algorithms (13), (14), (26), (28), and (29), which are
all stochastic approximation algorithms. For illustration con-
venience, the convergence results for stochastic approximation
algorithms are summarized in the Appendix.

A. Convergence Analysis of the Recursive Algorithms
for Estimating the Linear Subsystem

It is noted that the noise condition is satisfied when the
weighted sum of the corresponding noises converges. So, we
start with convergence analysis for some series.

Lemma 2: Under Assumptions 1-5, for any 0 < 6 < 1/2,
the following series converge almost surely: V1 < ¢ < n*,

1 6
(zpup—; — Ezpug—;) < 0o,

€19}

Mg T M8

(2 (i — Bui_y) — Bz (ui_; — Bui_;)) < oo
k=1
(32)
Proof: Under Assumptions 1-5, from (10) we derive
zpup—; — Ezpup i = hi [f(ugp—i)up—;i — Ef (up—i)ug—]
k
+ Z hj f (g —j ) —i + Epup—i + Eptp—;. (33)
Jj=1,j#i
Thus, we have
Zml*é [ziup—i — Ezpug—i]
k=1
= hz 27}175 [f(ukfz)ukfz - Ef(Uk,Z)’U,k,Z]
k=1
9] k
+ 271176 Z b f (g )uk—i
k=1 j=1,j#i
+ Z * (&g Z ? lepur—i] - (34
k=1 k=1

Define o) £ 710 [f(ur_i)ur_i — Ef(ur_i)u_;] for a

fixed . It is clear that {g/},(cl)} is a sequence of mutually inde-
pendent random variables with zero mean. By the boundedness

of both {uy } and {f(ux)} we have

S W] =Y Bk
k=1 k=1

Flun i —Ef(ur_)ur )]

< Z%z(lﬂs)E [f (ur—i)up—i]* < oo,
=1

which implies that the first term on the righthand side of (34)
converges a.s. by the Khintchine-Kolmogorov convergence the-
orem [30, Theorem 1 in Section 5.1].

For the second term on the right-hand side of (34), we have

o0
1-5
>
k=1

hj f (g —j ) —;

j=1.0#i
o) _171
= Zﬁ’é_é Zhjf(ukfj)ukfl
k=1 _]:1
00 k
> Y S ()
k=1 j=i+1
i—1 i—jJ o0
1
= h; Z : 19
M L (i =+ k)

X

[f(u(i—j+1)k+l—j)u(i—j+1)k+l—i]

00 k
+ Z%i_& Z hj f(ug—j )uk—
k=1

j=it1

(35)

Define 1/)k W[f(u(ifﬁrl)lwdfj)u(i7j+1)k+l=i]

for fixed 7. Thus, {wk )} is a sequence of independent ran-
dom variables with zero mean. The boundedness of {uy, } and

{f(ug)} leads to

S e[] =3

k=1 k:l

(i —j+ 1)k +1)20-9)

2
X E [f(u(i7j+1)k+lfj)u(i7j+1)k+l—i} < 0,

which implies that the first term on the right-hand side of (35)
converges a.s. again by the Khintchine-Kolmogorov conver-
gence theorem [30].

Define o) £ S e b f(uj)up—; and Fy & {u;_y,
i < j <k} for a fixed i. Thus, we have E[w£73)|9 1] =0,

ie., {1#,2,3),5%} is a martingale difference sequence (m.d.s.)
and
A
supE thukjuk, ‘ﬁk1<0 Z|h <00
j=i+1 j=i+1

for some A > 2 due to the boundedness of uy, and f(uy ). From
Theorem A2 in the Appendix it follows that

k

1-5
Z%
=1

l

> hif(u )i | =0 (Wi (log Wi) ™) < oo,

j=i+1
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where W, = ( Zf;l 'y12<1_0))1/ *. With k tending to infinity,
one arrives at that the second term on the righthand side of (35)
converges a.s., and hence the second term on the righthand side
of (34) also converges a.s.

Define ¢\ 2 &uy; and Fp 2 {uj,& 11,0 < j <k}
for fixed i. Thus, we have &, € .%_; and E[wlid‘)\ﬁk,l] =
& E [u—i|Fr1] =0, so {1#,24)7, Z} is an m.d.s. and sup;, E
(I ur—i|® [Fr1) = supy, (Bl |* x E(lup—i|*|Fi1)) <
oo for some A > 2 due to Theorem A3 in the Appendix and
the boundedness of u;,. From Theorem A2 it follows that

Zy}“@ul,i =0 (Wk(long)w) < 00,
1=1

where W, = (ZL %2(1—0))1/ ®. With k tending to infinity,
one derives that the third term on the righthand side of (34)
converges a.s.

Finally, define ¢") £ ~) e, u; ;. Tt follows that {1\ is
a sequence of mutually independent random variables with zero
mean. By Assumption 4, Fe? < oo, which entails

S BE)
k=1

Hence, the last term on the right-hand side of (34) converges
a.s. by the Khintchine-Kolmogorov convergence theorem [30].
Thus, we conclude (31), while (32) can be similarly proved. The
proof is complete. |

With Lemma 2, we are ready to analyze the convergence of
the estimates for the linear subsystem.

Theorem 1: Assume that Assumptions 1-5 hold. Then the
following assertions take place: i) The estimates {h; ;,1 < i <
n*} for the impulse responses given by (15) convergeto {h;, 1 <
1 < n*} almost surely with the rate:

oo

1 2 2
= Z mEﬁkEuk < o0.
k=1

|hik — hil = o(k™*) as., V4 € (0,1/2). (36)
ii) The order estimates are strongly consistent:
Pe—— pas.and g P qas. 37

iii) The estimates for the parameters of the linear subsystem
given by (16)—(17) converge to the true values with the rate:

—a;|=o(k)as., Vo€ (0,1/2),1<i<p, 38)
bi| = o (39)

|ai,k

b 1, — k%) as., Ve (0,1/2),1<i<q.
Proof: We first show that G,S,iﬂ and Hlii'p ) given by (13) and
(14) converge to Th; and ph; with the rate:

1647 — 7hy| = of

|6 k) as.¥6 € (0,1/2)
for 1 < ¢ < n*, respectively. Rewrite the recursive algorithm

(13) as 607 = 07 4+ 4 (= (07 — Thi) + €7

eg”T) = zpup—; — Th; = zup—; — Ezpup_;. Thus, the corre-

sponding regression function of the algorithm (13) is —(z —

Th;) and the noise is e,(f’T). By Theorem Al in the Appendix,

for proving (40), it suffices to prove » .~ 'yi’ﬁ (zpup—; —
Ezpu,_;) < ccas., Vo € [0,1/2). This is guaranteed by (31)

k%) as.Vs € (0,1/2), (40)

— phi| = o @1)

>) , where

in Lemma 2, and hence (40) holds. By noticing Ez (uf ;, —
Eu )= l*?f(u;g)(uifZ — Eu%ﬂ) = ph;, the algorithm (14)

can be rewritten as 9,(;"") ) — 9,&’? + (- (9,&’;) — ph;) +

e;; i )), where

e;f’p) _ Zk(uz_ _ Qé{)i) — phi

3

(2 (i — Bz ) — Bz (i — Eui )

[o¢]

(Euk 1*9kul Z (ur—;)

(B — 0\ )& + (Bud_, — 6\"))ep.  (42)

Thus, the corresponding regression function of the algorithm
(14) is — (2 — ph;) and the noise is e|”). Similarly, by Theo-
rem Al in the Appendix, for proving (41) it suffices to show
that

e\ < c0as. V8 € [0,1/2). (43)

Zv

Clearly, (43) holds with e,(:"p ) replaced by the first term on the
righthand side of (42) by (32).
Since {uy, } is a sequence of i.i.d. random variables with zero

mean, by Theorem A2, Z,’f;l (u? — Eu 7)) = (\[(log VE)®)
for any @ > 1/2. This means \0 " Euk| =[E5F  (u? -
Eu})| = O((log Vk) /VE) < O(k~(1/27)) for any suffi-
ciently small v > 0. Thus, (43) with e(Z ) replaced by the
second term on the righthand side of (42) takes place, since

-2 1 hj f(uy—;) is bounded.
f:or the third term on the right-hand side of (42), we have

ST Ak0 — Bul)é sz KA
k=1 k=1

oo

Z VI (& - BI&D) +273/2 " Bl&].

k=1 k=1
For a fixed 9, we can always choose an appropriate v > 0 such
that 3/2 —6 —v > 1,50 37, 72/2_6_VE|EL¢| < 0. By The-
orem A3, {|¢.| — E|&;|} is a zero mean c-mixing with mixing

coefficient exponentially decaying to zero and E|&;,|® < oo for
some A > 2 under Assumption 4. Note that

(B2 08l - man) )"

2t

Thus, we have Y7 1’)'5/2 *“(|&| = E|&|) < 0o as. by The-

orem A6. This yields that (43) with eif"” ) replaced by the third
term on the righthand side of (42) takes place.

NE

k

1

26— 21/ E‘S ‘A)Q/A < 0.

Similarly, (43) also holds with e,(f’”) replaced by the last term
of (42). Therefore, (41) holds.
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By Assumption 5 at least one of 7 and p is nonzero, and the

convergence of 9,&1’7) and 9,(61’9 ) implies that 1) the switching in
(15) will cease for || # |p| after a finite number of steps; 2) the
switching in (15) often happens for |7| = |pl|. Note that (15) is

cither "7 /6" or "*) /6\"") at each step for |7| = |p| and
both of them have the de51red rate due to (40) and (41). Thus,
(36) holds for both cases thanks to (40) and (41). Accordingly,
(37) follows from [31], [26] under (36), while (38) and (39)
straightforwardly follow from (36) together with (37). Hence,
the proof is complete. |

Remark 4: The rates (38)—(39) in Theorem 1 will not be
influenced by the switchings in the algorithm due to the fact
that the estimates (13)—(14) are calculated at each recursive step

and the estimates 9,(;“’7) , 9,(5”) ) always have the rates (40)—(41)
independent of the switchings; and the rates (38)—(39) are on the
asymptotic property of the estimates. Since the order estimation
is also asymptotically convergent by (37), the rates (38)—(39)
hold in the asymptotic case.

Remark 5: Actually, the estimates (15), (16), and (17) are
asymptotically normal. This can be proved by using the similar
procedure as that carried out in Theorem 2, but their asymptotic
variances are difficult to derive explicitly due to the complicated
relationship. This means that the rates in Theorem 1 can be
improved and become O, (1/k'/?).

B. Convergence Analysis of the Recursive Algorithms for
Estimating f(-)

Prior to proving the convergence of the recursive algorithms
(26)—(30), we first show some properties of the averaging kernel
K, dy, (.Z‘ )

Lemma 3: Under Assumptions 1, 5, and 6, for the averaging
kernel Ky, (z) defined by (19), the following limits take place

Ede (:E) - U(ZL’), Ede (m)f(uk) - ’U(:L')]?(ZL'), 44)

k—o0 k—o0

where f(z) = (f(z7) + f(z*))/2, which equals f(z) if f(")
is continuous at x. In addition, if Assumption 7 also holds, then

BKy (1) — v(x) = & ;( z) /R PR@BAE+o(d), (45
EKy, (z)f(ur) —v(z)f(x)

= B[ () (@) + 0" (@) F(@)/2 + v(@) [ () /2 /R 2K (1)dt

+o(d}), (46)
and if d, = O(1/k°) with 0 < ¢ < 1/2, then

Z — EKy, (7)) < o0as., (47

Z )f(ur) = EKy, (2)f(ur)) < 00 as., (48)

k=1

where 0 < ¢ < (1 —¢)/2.

Proof: By the definition of K, (x) we have

Bk @) ) = [ 2K (L20) fwliy

= [ R ) swrman [ k() rmeay
= ' K(t)f(x + dit)v(z + dpt)dt

+ [ K@) f(x +dit)v(x + dit)dt

))/2

Moreover, if Assumption 7 holds, then by the Taylor expansion
we have

v(ztdpt) f(w+dit) —v(@) f(z)=[V'(z) f(2) +v(2) f'(2)]dxt
+" (@) f(2) + 20" (2) f () + o(@) f" ()]}t [2+o(d}),

which implies

EKq, () f(ur)

/ K(t
= B @) @)+ " (@) F(2)/2 + o) " (2) /2] /R 2K (t)dt

(50)

o

——v(@)(fa7) + fa*

k—ro0

(49)

— () f()

(x + dit) f(x + dit) — v(x) f(z)]dt

where [ tK(t)dt =0 is used. The first assertion of (44)
and (45) can be similarly proved. Notice that {uy} is a se-
quence of i.i.d. random variables and so does the sequence
{Kq, (z) — EKy, (z)}. Utilizing the derivation similar to that
used in (49), we can prove E[Ky, (2)]> = O(1/d) = O(k°).
When 0 < ¢ < (1—¢)/2,i.e,2(1 =) —c > 1, we obtain

(Ko, () — B, (@)

1
= kz(}fo E(Kd*' () — EKq, (x))Z

C - 1
O(k) = Z 20— <%
k=1

which implies (47) by the Khintchine-Kolmogorov convergence
theorem [30]. Similarly, we obtain (48). |
Lemma 4: Under Assumptions 1, 2, 4, and 5, it holds that

0o ) #£0,
ka{l

if u*) =0,
where @y, is the decision number defined by (27).
Proof: First, one concludes that under Assumptions 1, 2,

4, and 5, the estimate u,(f) given by (26) converges to u(*)
()| =o(k?)V0 < § < 1/2. This

if u 51)

a.s. with the rate: \u,iﬂ — i
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can be proved similarly as that done in Theorem 1. Therefore,

7] = 1) |+ o).
By the definition of @), we have Q) = |,u§f)|logk + 1. If
p?) #£0, then Qp, = |pu*)|logk + o(k=%)logk + 1 oo

On the other hand, if () = 0, then \,u,(f)| = o(k™?), and hence
kao(k";)logk+lk—>1. |
The next theorem makes an analysis of convergence of the
nonlinear part estimate, including its asymptotic normality.
Theorem 2: Under Assumptions 1-6, the estimate fj (x) de-
fined by (30) converges:

fi(z) — f( ) a.s.

k—o0

(52)

If, in addition, Assumption 7 holds and dj, = O(1/k),0 < ¢ <

1/2, then f; (z) converges with the rate
[fi(z) = f(2)] = o(k™ (53)

where 0 < ¢ = min(2¢, (1 — ¢)/2 — v) < 2/5 with sufficiently
small v > 0. Moreover, if d, = O(1/k'/?), then fi(x) is
asymptotically normal:

Vkdy, (fi(z) — f(z)

where

By = & (f'(@)/2+ f ()0 (x) o) / PE()dt,

) a.s.

= Bi) —— A0 (@), (54

() = fyo? / K(t)2dt/o(z),

with (, =5/3, -1 =5/6,
+ 32,2 i Var(f(uy)). This means that |fi(z) — f(z)| =
O,(1/k*/°). Furthermore, if the bandwidth dj, = O(1/k°),
1/5 < ¢ < 1/2, then (54) still holds with B, =0 and 81 =
1/(1+¢).

Proof: By ergodicity of z; and by (38), (39), it is seen
from (30) that for proving (52) it suffices to show that
vy () k—>v(x) a.s. and g (x) A—>g(m) a.s. We first

and o2 = Var(&) + Var(e;)

prove vy (x) — v(x) a.s. The recursive algorithm (28) for

estimating the density v(z) of w; can be rewritten as vy (z)
= v 1 (@) + 7 (= (V1 (2) — v(z)) + el (2)), where €]
(z) = Ky, (2) —v(z) = (Kq, (z) — EEy, (2)) + (EKq, (2)
— v(x)). Clearly, the regression function of the algorithm (28) is
fly) = —(y —v(zx)) and e,(cv) (z) can be regarded as the noise.
By Theorem A1l in the Appendix for the convergence of vy, ()
it suffices to show that 1) >°7° | vi (Ky, () — EKy, (2)) < 00
a.s.and 2) EKy, (z) — v(x).

The convergence stated in 1) holds by (47) with ( = 0, while

the convergence 2) is the first assertion of (44). Furthermore,
the assertion gy, () — g(x) a.s. can be proved in a similar

way, and hence (52) holds.

For proving (53), one needs to show that |vy (z) — v(z)| =
o(k™%)a.s. and |gi(x) — g(z)| = o(k~°) a.s. We first show
the first assertion. By Theorem Al in the Appendix it
suffices to show that > )7, (1/k' ™) (v(z) — EKy, (z)) <
ooa.s.and EKy, (x) —v(z) = O(k™). The assertions (45)
and (47) imply EKy, (z) —v(z) = O(d;) = O(k™*¢) and

Soy i (K, (x) — EKy, (z)) < 0oa.s. As a result, the
rate of the convergence for the term v(z) — EKy, (z) is
O(k~2¢), while for the term EKy, (v) — Ky, () itis O(k™°).
Since 0 < ¢ < (1 — ¢)/2, we can choose a sufficiently small

v > 0such that 9 2 (1 —¢)/2 — v > 0 and hence

>

So, the convergence rate is O(k™°) with ¢ = min(2¢, ) for
the bandwidth d, = O(1/k¢) with 0 < ¢ < 1/2. In particular,
when we choose 2¢ = (1 — ¢)/2 — v, ie.,c = 1/5 — 2v/5, the
two terms achieve the same convergence rate O(1/k%/5=47/%),
This makes the algorithm (28) achieve the fastest rate of conver-
gence O(1/k*/54/%) when ¢ = 1/5 — 2v/5. Similarly, one
can show gy, (z) — g(x)| = O(k™°) a.s. By (30), these rates in-
corporating with (38) and (39) yield the assertion (53).

We now proceed to show the asymptotical normality
(54). For simplicity of notation, let us denote the constant
I3 Pk
(1 — %) and its estimate p\* (1 — %) by
k

b
¢ and ¢y, respectively, and set wy, ES Zj:2 hy (f (ug—j) —
Ef(uk—j)) + & + ex. Thus, we have g(z) =v(z)(f(z) +
¢) and z = fue 1) +wp + Y5y by Ef(up) = flug1) +
Wy + ¢ + O(AF) for some 0 < A < 1. Noting that

VEdy (6 — ¢) = V/kdi x o(k™) = o(1),

by Theorem 1 and the relation |p\*) — u(*)| = o(k~?), Y0 <
d < 1/2, we see from (30) that for proving (54) it suffices to
show

(z) — Ky, (z)) < coa.s.

gr(®)  g(x)
M(v’;m o) Bi) —— A#(0,()).  (55)
First, we have
gr(x) g(x)  gr(@)o(z) — g(@)u(z)
vp(z)  v(x) v (z)v(x)
_ (@) —9(2)) = (f (@) + ¢) (v (z) — v(x))
vy ()
=] (x) + JQ(SU)7
where
() 2 (95 () — Egi(x)) = (f(2) + ¢) (i (z) — Bug(x))
1 - Uk (LU) ’
which is asymptotically normally distributed, and
(e & (B0 ~9@) = (@) +6)(Eue) — viz)
v () 7

is the bias term.

We first consider the bias term J;(z). Simple calculation
indicates that the recursive forms (28) and (29) can be expressed
by vg(2) = £ 31, Ko, (2) and gy (2) = 3+ 30, Ko, (2211,
respectively. Further, by Assumption 6ii) it follows from (45)
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and (46) that The term gy, () — Egj (z) in Jy (x) can be decomposed into

k k
Bun(a) = v(a) = 3 Y (B (2) - v(a) ov(0) ~ Egr(a) = 1 3 (K (@150~ B (211

(Ko, () ()~ B, () )+ ZKd @i

el e
-

_ %Z (“N(g—)d?/RtQKa)dHo(d?)) _

1

k

21)// T . 2 k
—dkT()/Rt?K(t)dt (%Z(j—k) >+o(d§) %Z( ~EKy (x )Zh Ef(ur)
i=1 i=1
A B0 (z) b
L /R PR (6)dt + o(d?) %Z( — BK,, (x ) ZKd T)wi i1

—~ Q

and + (v () — Evg(x))¢ + O(1/k).

i Since vy, (z) —— v(z) a.s., one obtains
Egi () = g(v) = 7 >_(EKq,(#)2i11 = 9(x)) R

Ji (J?) = J11(Z‘) + Jlg(l‘) + Jlg(l‘) + O(l),

k
= & DU, (@) 1) = () (@) where
. k ! xTr) = l . X Ui ) — X Ui vl
+ 23 (BEw @) Y b B ) - v(a)o) Inle) = 32 (Ka 1) = R (0] ot
i=1 j=2
1 k
k Jia(2) (— (Ky, (v) — EKy, (2) ) v(z),
= (B, (@) () — v(@) () 2 (e v@) )/
i=1
1 k
k J - Ky ()witr1 /v
2 S (BK,, () — o)+ O(1/K) 30 = § 2 Ko o)
= B3l (0)f (@) + 0" () (2) /2 ety Gl e ) () convrgestozers
o) f'@)/2 [ PR Var(Ju (@)
2 k
+ (B (x) — v(z))p + o(d}), _ m 3 (E[Kd, (2)f (u)]? = [EK,, (x)f(ui)]2)
i=1

where the condition + Zle (37)2 —— (3 in Assumption 6ii)
oo . due to the mutual independence of {uy, }. A treatment similar to

is used. Since vy () —— v(z) a.s., one derives . 5
k—o0 that used in (49) leads to E[Ky, (z)f(w;)]” = d; 'v(z) f(z)?
K(t)*dt +O0(di) and [EKy, (2)f(u)]" = v()’ f(2)? +
Jo(x) = diBolf"(2)/2 + 2 (2) f' () v ()] /R 2K (t)dt é(df)_ Thus, nd B |

+o(d}) = By, + o(d}), Fl@)? [ K(t)*dt (1 : dk> f(x)?
Var(Ji1(x)) = —————— | — — |+ —
which implies () v(@)kdy k — di k
dy, d?
gr()  g(=) _ +0(=)+0(-L).
\/kdk(vz(x) ~o(a) —Bk) = Vkdy J1 (z) +0<\/kd2) ( 2 ) ( k )

This entails

= Vkdy.Jy () + o(1

due to d, = O(1/k'/?). Thus for asymptotic normality it re-
mains to show

k
kdy Var(Ji (z)) = f(@)? [ K(t)*dt (% 3 d_k> +0(dy)

Vkdi Jy (2) ) —— A (0.x 2(z)). (56) = — ) +o(1), (57)



MU et al.: RECURSIVE IDENTIfiCATION OF HAMMERSTEIN SYSTEMS: CONVERGENCE RATE AND ASYMPTOTIC NORMALITY

3287

where the condition (% Zf;l %) — (-1 in Assumption 6
i) oo
is used. Similarly, we have

kdy Var(Jia () = ﬁlf(x);(;{)K(t)?dt +o(1),
kdkCOV(JU(J?), J12(l‘)) = _ﬁlf(x);(i)K(t)th + 0(1)

It follows that
Var (v/kdy [J11(z) + J12(2)]) = kdy, Var(Jy1 (z))

+ kdi, Var(Ji2(2)) + 2kd; Cov(Ji1 (z), J12(z)) = o(1),
which implies v/kdj, (J11(z) + Ji2(z)) — 01in probability.

Therefore, to show the asymptotic normality (56), it suffices to
prove

VkdiJi3 (@) 7= (0, (), (58)
which will be given in Appendix D. |

IV. ILLUSTRATIVE EXAMPLE

Consider the Hammerstein system
Yi T a1Yk-1 + a2yp—2

= f(up—1) + bof(up—2) + b3 f(up—3) + &, flur) =uj,

where a; = 0.3, as = 0.6, by = 0.8, and b3 = —1.8, and the
true orders (2, 3) of the linear subsystem are unknown. It is
seen that 2?:1 b; = 0, and hence the nonlinear part cannot be
identified by the algorithms given in [8]-[10], while it can be
estimated by the algorithm proposed in the paper.

Let the input signal {u;} be a sequence of i.i.d. random
variables uniformly distributed over [—1,1]. Assume that the
internal noise {&.} and the observation noise {ej} are se-
quences of mutually independent Gaussian random variables:
& € A(0,0.3%) and ¢, € 47(0,0.3%). The resulting signal-
to-noise ratio (SNR) is 8.4285 dB. The sample size at each
Monte-Carlo experiment is N = 3000. The simulation results
below are based on 101 Monte-Carlo experiments. The im-
plementation of each experiment is summarized as follows: 1)
Estimate the impulse responses by the algorithms (13)—(15); 2)
Estimate the orders of the linear subsystem by the estimated im-
pulse responses with the help of the SVD method introduced in
the Appendix; 3) Estimate the parameters of the linear subsys-
tem by (16)—(18); 4) Estimate the nonlinear part by (26)—(30).
In one implementation, the needed recursive steps for correctly
finding the true orders of the linear system is an important index
to evaluate the order estimation algorithm, which is defined as
the minimum number such that the estimated orders are correct
when the recursive steps are greater than or equal to the number.

Fig. 2 illustrates the distribution of the needed recursive steps
for correctly finding the true orders of the AR-part, the X-part,
and the linear subsystem by box plots, respectively. It is seen
that the first quantile (the 25th percentile), the second quantile
(median), and the third quantile (the 75th percentile) of the
needed steps for correctly finding the true orders of the linear
subsystem are 117, 194, and 256, respectively. This means that
the steps for correctly finding the true orders (2, 3) are less than
194 in half simulations. In the following plots, the solid lines,

500 T T T
400 | T T E
| |
| |
§ —_— | |
% 300 | | | | T
3 I I I
2 |
5 |
2 200 | ]
5
s
=1
o
= 100 | T T p
a I I
| P
J
oF .
-100 L L 1
AR-part X-part Linear subsystem
Fig. 2. Boxplot of the needed steps for correctly finding the true orders

of the AR-part, the X-part, and the linear subsystem, respectively.

32=0.6

a,=0.3

L L L L
1000 1500 2000 2500 3000
Recursive steps

Fig. 3. Recursive estimates for AR-part. The black solid lines, black
dashed lines, dotted lines (blue and red) represent the true values, the
estimates based on the average of 101 experiments, and the one unit of
standard deviation of the corresponding estimates, respectively.

dashed lines, dotted lines represent the true values, the estimates
based on the average of 101 experiments, and the one unit of
standard deviation of the corresponding estimates, respectively.
The recursive estimates for the parameters of the linear part are
presented in Figs. 3 and 4, while Fig. 5 gives the estimates for
the nonlinear part for its arguments taking values in the interval
[—1,1]. Figs. 3 and 4 show that the estimates have a large
fluctuation before the true orders are correctly found for all the
experiments. To some extent, this is caused by the estimation
algorithm (16)—(18) since the obtained parameter estimation is
incorrect when the estimated orders are wrong. Meanwhile, it
is also seen from Fig. 5 that the nonparametric estimate for the
nonlinear part based on kernel functions are subjected to so-
called boundary effects, a phenomenon in which the bias of an
estimator increases near the endpoints of the estimation interval
[32]. To reduce the impact of these boundary effects, boundary
kernels can be applied by modifying kernel estimators near
boundaries (see [33] for details). From the simulation results it
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b,=0.8

-3 E{ m
£
H
-4 : L L L L L
500 1000 1500 2000 2500 3000
Recursive steps
Fig. 4. Recursive estimates for X-part. The black solid lines, black

dashed lines, dotted lines (blue and red) represent the true values, the
estimates based on the average of 101 experiments, and the one unit of
standard deviation of the corresponding estimates, respectively.

:)(3

Values of f(x)

-1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1
X

Fig. 5.  Nonparametric estimate for the nonlinear part in the interval
[—1, 1]. The black solid line, black dashed line, blue dotted lines represent
the true values, the estimates based on the average of 101 experiments,
and the one unit of standard deviation of the estimates, respectively.

TABLE |
STATISTICAL RESULTS ON THE TIME SPENT BY THE ALGORITHM FOR 101
RUNS: UNIT (SECONDS)

Quantile 5%
4.4073

25% 50% 75%
44146 44187 44243

95% Avg

Time 44360  4.4197

is clearly seen that the proposed recursive algorithms perform
very well as predicted in the preceding theoretical analysis.

In order to illustrate the computational complexity of the
algorithm proposed, the quantiles and the average of the time
spent by the algorithm for 101 runs are reported in Table I. This
result shows that the algorithm can be operated quickly and thus
is suitable for real-time applications. The hardware used for this
computation includes a 3.5 GHz Intel Core i5 CPU and an 8
GB RAM while the software platform is Matlab 2014b running
under OS X 10.10 operation system.

V. CONCLUSION

Recursive identification algorithms for Hammerstein systems
have been proposed based on stochastic approximation incor-
porated with kernel functions. The new findings include the
following key aspects. 1) Some restrictive conditions used in
the literature have been removed; 2) The orders of the linear
subsystem may be unknown and are consistently estimated re-
cursively. 3) Almost sure convergence rate of the estimate for
the parameters of the linear subsystem has been established;
4) The rate of point-wise convergence and asymptotic normal-
ity of the estimate for the nonlinearity have been derived.

Note that the recursive estimates for the orders and param-
eters of the linear subsystem are implemented with the help
of recursively estimated impulse response sequences. For fur-
ther research it is of interest to derive recursive estimates for
both the orders and parameters of the linear subsystem directly
based on the input-output data rather than on some intermediate
estimates.

APPENDIX
A. Stochastic Approximation With Linear Functions

The stochastic approximation is a recursive method used for
estimating roots of an unknown function f(-) (regression func-
tion) from the observation that may be corrupted by errors and
noises. It updates the estimate as follows:

xp = Tp—1 + %Ok, (59

where 7, is the step size and it may be taken as v, = 1/k, and
Oy, is the observation of f(-) at time k. The observation Oy, can
always be decomposed as Oy, = f(xp_1) + &5, where f(z;_1)
represents the value of f(-) at x;_, and & is the resulting
observation error.

Since all regression functions of the recursive algorithms in-
volved in the paper are linear, i.e., f(z) = —(x — x*), where z*
is the parameter that needs to be estimated, we only introduce
the convergence results of stochastic approximation with linear
regression functions.

Theorem Al: ([34, Theorem 2.5.1, Remark 2.5.2, and
Theorem 2.6.1])

Let the estimation sequence {x } be produced by the stochas-
tic approximation algorithm (59) with linear regression function
f(z) = —(x — z*). Then the recursive estimate xj; converges
to the true value z* if and only if the observation noise ¢ can
be decomposed into two parts ¢, = ¢}, + £/ such that

(o)
E Ve < ooa.s.ande) —— 0a.s.
Py ) " k—oo

Further, ), converges to z* with the rate |z, — 2*| = o(7})
if the observation noise ¢ can be decomposed into two parts
e = €, + €}, such that

o0
Z’y,ﬁ"ssz < ocoa.s.andel = O(7)) a.s.
k=1

for some 0 € (0, 1].
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B. Convergence for Series of Random Variables where || - || denotes the Frobenius norm of a matrix. Let the
Theorem A2: ([35, Lemma 2]) Let {X}, %} be a martin- singular value decomposition (SVD) of A be

gale difference sequence satisfying sup, E(|X;||Zr_1) < A=UxV, (60)

oo a.s. for some A > 2. Let {M}} be a sequence of random
variables such that M, is .%),_; measurable. Then

’ w
;Min‘H = O(Wk (log Wk> ) a.s.,Vw >1/2

with Wy, = (35, M2)1/2,

For the process {X;, k= 1,2,...}, denote by .%/ the o-
algebra generated by { X, 1 < i < s < j}. For simplicity, .7}
is abbreviated as .%}.. Define

ak) = sup |P(A)P(B) — P(AB)].
n,Ae%, ,BeF>

n+k
The process { X} } is called a-mixing if «(k) — 0, and the

numbers a(k) are called the mixing coefficients of the random
process { X} }.

Theorem A3: ([36, Theorem 1] [25, Lemma 4.2]) Let { X} }
be a stable autoregressive moving average (ARMA) process
driven by a white noise sequence {e; } with a continuous den-
sity function. Then { X}, } is a-mixing with mixing coefficients
(or mixing rates) decaying exponentially to zero. Moreover, if
Elei|” < oo for some v > 0, then E| X}, |V < oo.

Theorem A4: ([37, Lemma 1]) Let {X}} be an a-mixing
with the mixing coefficients (k). Letry, 72, r3 be positive num-
bers such that 7" + 75" + 75 = 1. Suppose that Y and Z are
random variables measurable with respects to the o-algebras .%;
and % ., respectively. Then

[E(YZ) ~ BY BZ| < 10(a(k)™ (E|Y]" )77 (B|Z]")7 .

Theorem A5: ([38, Lemma 1.1]) Let {X}.} be an a-mixing
with mixing coefficients (k). Let my, t, k= 1,...,n be in-
tegers such that 1 =m; <t <--- <m, <t, with mp; —
ty > 1, k=1,2,...,n—1. Suppose that Y7,Y5,...,Y, are
random variables with |Y;| < 1 and Y}, is measurable with re-
spect to .7 . Then

|E(}/1 o KL) - Em o E}/n| < 16(” - 1)a(l)
Theorem A6: ([39, Lemma 4]) Let {Xj, %} be a zero
mean «-mixing with the mixing coefficients «(k) exponentially
decaying to zero and >0 | (E|X;|*) ¥ < oo for some A > 2.
o0

Then ) X < coa.s.
k=1

C. Estimating the Effective Rank of a Matrix

The method of estimating the effective rank of a matrix cor-
rupted by disturbance is based on the following theorem. Let
A = [a;;] be anm x n matrix of complex valued elements. One
now seeks for an m x n matrix B = [b;;] of rank r minimizing
the criterion

1/2
m n

|A=Bllr =Y lai; —biI”|

i=1j=1

where U and V are m x m and n X n unitary matrices, respec-
tively, and ¥ = [0;] is an m x n nonnegative diagonal matrix
whose elements are ordered such that o1 > 099 > ---0y; > 0,
where [ = min(m, n). The diagonal elements are called the sin-
gular values of A.

Theorem A7: ([27, Theorem 7.2]) The unique m X n matrix
of rank r < rank (A) which best approximates the m x n ma-
trix A in the Frobenius norm sense is given by A") = U, V,
where U and V are as given in (60) while X, is obtained from
Y. by keeping its r largest singular values and setting the rest to
zero. This optimal approximation provides the minimum of the
criterion:

1/2
. /

2
Z 9jj

j=r+1

|A—AD||p = 61)

As r approaches to [, this sum in (61) is decreasing and even-
tually becomes zero at r = [. To provide a convenient measure
for this approximation independent of the size of matrix A,
consider the normalized ratio:

py = 1A :\/"%1+"§2+"'+0’2‘T, 1<r<t.

[All 7 oty 0%+ + o]

Clearly, this normalized ratio approaches its maximum 1 as
r tends to [. If the quantity v(r) is close to one for some r
significantly smaller than /, then the matrix A is of low effective
rank. On the other hand, if in order for v(r) to be close to one,
the corresponding r must take values close to [ (i.e., 7 ~ [), then
A is said to be of high effective rank.

Based on the explanation given above, the estimate of the
effective rank of the matrix Ly (s,t),s > 1,t > 1is given by

ri(s,t) = min{r | v(r) > 0, 1 <r < s},

where v(r), 1 <r < s is the normalized ratio of the matrix
Ly (s,t),s > 1,t > 1 and pis a fixed threshold close to but less
than one, e.g., o = 0.999 [27], [28].

Remark 6: Note that a method for estimating the rank of
the matrices L(s,t) by using Ly (s, t) was given in [26] based
on the characteristic polynomial of the matrix Ly (s, ) LY (s, t).
Our practical experience shows that the SVD method is more
robust and performs better than the method used in [26] and
hence the SVD method is adopted in this paper. It is also seen
from the illustrative example in Section I'V that the SVD method
works well since the true orders are almost correctly found for
all 101 runs when the data size is greater than 500.

D. Proof of Asymptotic Normality for Theorem 2

Theorem A8: ([30, Corollary 1 in Section 9.1]) If { X} } are
mutually independent with FX; =0 and Z§:1 E|X;A =
o(s2) for some A > 2, where s? = Zle EX72 then Zle
X;/sy — A(0,1).
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Proof of Asymptotic Normality for Theorem 2 Let us con-
tinue to show the asymptotic normality (54) with the help of
Theorem A8, where we apply the technique of big blocks sep-
arated by small blocks [40, Theorem 7.5, pages 228-231] and
[41].

Define the c-algebra .7, = {uj,&41,€j+1,7 <k} and
7, = Ky, (x)wgs1. Thus, {Z), F} is adapted and the se-
quence {7}, } is an a-mixing with exponentially decaying mix-
ing coefficients (k) by Theorem A3, i.e., a(k) = O(A*) for
some 0 < A < 1.Lettheinteger sequences {py }, {gx }, and {7 }
be defined as follows:

_ A A — A k
= | (kdp)? ], = o = | =—,
pr = [(kdp)’ |, @ = Vel T L)kJquJ

where (A — 1) < A/2 — 1 for some A > 2, and |z] denotes
the integer part of a real number z. Clearly, 0 < § < 1/2. Fur-

ther, define
m Im JFQL
dk dk
J ’ Spm = ] )

Jj= km+1 j= lm+1

d
907+1_ Z \/7 J’

j= E+1

where k = 7 (Pr + qx), and kK, 2 (m —

A ~ o~ ~
= (m_l)(pk+Qk)+pAf0rm:1,,
partial sums

1)(§k + %), lm
7. Define also the

"
= $rq1-

Z Pm s Sk - Z (pma S

m=1

Then we have \/kdj, J13(x)v(z) = Sk + S}, + S1. Let us first
show that £S;? and ES ]’C’Q converge to zero. Clearly,

dVar(K,, (z) /K 24t — dyo(z)? = O(1)

for all 1 <i<k since d; monotonically decreases and

Cov(Z;,Zj) =0(1)for1 <i<j<k.
Observe that

Tk
= Y Var(g),) +2
m=1

where at the righthand side the first term is estimated as

Z Var @m

m=1

Y Cov(gl, ),

1<i<j<F

T L +qi

_dkz Z Var(Z

m=1j=l,, +1

+272 >

m=11, +1<i<j<l, +q

COV(ZZ', ZJ)

while the second term is estimated as

S Covlelp

1<i<j<ry

li+qe lj+ar

Z Z Z Cov(Zs, Zy)

1<i<j<ry s=li+1t=1;+1

m -1 7 Li+qe lj+dk

B SESBSS ddﬁf“

i=1 j=i+ls=l;+1t= l+1

dk&zﬂfk il . A2
= <kd2<A1)/A Z (alpr))
k =1

(szk )jk(A*Q)/A(l — APk (A=2) (7% *U/A)
=0 ka2 1_ abr(A-2)/A
27 Pk (A=2)/A
:O <rik 172/A —>07
kd,,

where Theorem A4 is used. Analogously, one derives

k d
//2 Z Var(Z;) + 2? Z Cov(Z;, Z;)
j=k+1 E+1<i<j<k
o d (5 52
< O(pk ;:Qk) +O( k(pk]:'(Jk) ) 0

Therefore, one needs only to show that .S, in distribution con-
verges to .4 (0, x?(z)v?(x)). By Theorem A5 we have

ﬂ eXp(jt‘Pm)] -

m=1

< 16(7, — 1)a(qr

]j E [eXp(jt@771 )} ‘

m=1
7) —>07

since a(k) exponentially tends to zero, where j is the imaginary
unit. This means that .S;. and the random variable > '* | Y],
asymptotically are identically distributed as k — oo, where
{Y,,,m =1,... 7} are mutually independent with EY;, = 0
and Y,,, and ¢,, have the same distribution. So, to establish (54),
it remains to show that the distribution of Z Y,, converges
to A (0, x*(x)v*(z)). Clearly,

SEv: =3 B

m=1 m=1

m=1

T

S Y ey Y

m=1j=k, +1 m=1ky, +1<i<j<l,

COV(Zi, ZJ) .
For the first term at its righthand side,

Z ZEK2

m=1j=k; +1

Ew7+1

1 T I
=z Z

m=1j=k, +1 J

e

/ K2(H)dtEw? + O(d2)

— X (2)0* ().
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For dealing with the last term, let us divide the index set {(z, j
km+1<i<j<l,} into two disjoint subsets

{G@0) 14,5 € {km +1,.. 1}, 1 < j—i <t} and Qg
{(17‘7) ‘ Z?] € {km +17~'-alm}7tk <]77' <§k}7 where 123
is such that ¢, — oo and djt; — 0. Thus, we have

B SS

m=1k, +1<i<j<l,

= Qdk Z > Cov(Z;, 2;)

m=1 Q,

)
A
A

COV(Zi y Zj)

Qdk Z > Cov(Z. Zy),

m=1 Qs

where the first term at the righthand side is
2,
T Z Cov(Z;, Z;)

Lt DT
—O(k kkk k> —0(1)7
m=1 @,

while the last term item is estimated by

2dk Z > Cov(Z;, Z))

- ZQZ( ) (at-a)
ol T ) IEE T @)

F(0)") =)

where the covariance inequality given in Theorem A4 is used.
Therefore, we have Y /| EY;2 — x*(z)v?(z). Using the
C,-inequality [34, Page 6] leads to

Il
Q
/N
T

dy,
BNV > = Blonl* < (%)™ Z E|Z;|*
J=km +1
l
ANA2 1
=0 (f) k Ja-1 )
j=km+1 "7

which implies

77)‘-
D 1
EY;"A:O —k _____ (=
2 Pl =0 G

o
Thus, we have shown that
A/2

S B,/ Sevz) o).

m=1 m=1

By Theorem A8 we conclude that Z Y,, converges to
(0, x?(z)v*(z)) in distribution, and the asymptotlc normal-
ity (54) has now been established. ]
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