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Recursive Identification of Multi-Input Multi-Output
Errors-in-Variables Hammerstein Systems

Bi-Qiang Mu and Han-Fu Chen, Fellow, IEEE

Abstract—The note considers the identification of multi-input
multi-output errors-in-variables Hammerstein systems, in which
both the input and output can be observed but with additive
noises being ARMA processes with unknown coefficients. With the
help of stochastic approximation combined with the deconvolution
kernel function, the recursive algorithms are proposed for estimat-
ing coefficients of the linear subsystem and for the values of the
nonlinear function. Under some reasonable conditions, all the es-
timates are proved to converge to the true values with probability
one. These results include identification of the errors-in-variables
linear systems as a special case. A simulation example is given
justifying the theoretical analysis.

Index Terms—α-mixing, errors-in-variables, Hammetstein
systems, recursive estimation, stochastic approximation, strong
consistency.

I. INTRODUCTION

The Hammerstein system composed of a static nonlinear function
followed by a dynamic linear subsystem can be thought of the simplest
block-oriented nonlinear systems [1], but many practical systems,
for example, the distillation column in chemical engineering [2], the
power amplifier in electronic circuits [3], and solid oxide fuel cells [4]
and so on, can be modeled as a Hammerstein system. It is natural that
the identification of Hammerstein systems has received a considerable
attraction from both the theoretical researches and engineers.

To identify the nonlinear function in a Hammerstein system there
are parametric [3], [5], [6], and nonparametric approaches [7]–[9]
according to the description of the nonlinear function. The parametric
approach is applied when the nonlinear function is expressed as a
linear combination of basis functions such as polynomials, cubic
splines functions, piecewise linear functions, and neural networks with
unknown coefficients. In this case all parameters can be estimated
by the standard optimization methods. The nonparametric approach,
which requires no structure information about the nonlinearity, is
carried out by two steps: First, the parameters of the linear part are
estimated, then the value of the nonlinear function of the Hammerstein
system at any value of its argument is estimated with the help of the
kernel functions. The estimation is based on the observed input-output
data, which are the true input-output data corrupted by noises, i.e.,
we identify the multi-input multi-output (MIMO) errors-in-variables
(EIV) Hammerstein systems.
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The noises in Hammerstein systems may be given by the proba-
bilistic description [5], [9], [10] or by the set-membership description
[11], [12]. In the note, we adopt the nonparametric method and the
probabilistic description for the noises.

If the existing estimation algorithms [9], [13] are applied to the EIV
Hammerstein systems, then the resulting estimates may be inconsis-
tent. This is seen from the simulation example given in Section VI. In
this note, the consistent estimates are derived by using the stochastic
approximation algorithm with expanding truncations (SAAWET) [14],
modified from the well-known Robbins-Monro algorithm [15], incor-
porated with the deconvolution kernel functions [16], [17]. Moreover,
the conditions used here on the linear part are weaker than those
imposed in [9], and the corresponding estimation algorithms for the
linear part are simpler in comparison with [9]. Since many parameter
estimation problems can be converted to root-seeking problems by
suitably choosing the regression functions, SAAWET is an appropriate
tool by its simplicity of recursion and convenience of convergence
analysis. The deconvolution kernel function is a commonly used tech-
nique in the statistical literature [16], [17] for EIV nonlinear systems.

Various estimation methods for identifying the linear EIV systems
are well summarized in the survey paper [18], while the identifiability
issue of EIV systems is discussed in [19]. It is noted that the identifica-
tion methods mentioned in [18] mainly are nonrecursive. Recursive
identification for linear EIV systems is considered and the strong
consistency of estimates is derived in [20], [21]. There are also a few
papers on identification of the nonlinear EIV systems [22], [23] among
others.

In the note the MIMO EIV Hammerstein system is described as
follows:

v0k = f(u0
k) + ωk (1)

A(z−1)y0
k = B(z−1)v0k + ξk (2)

where A(z−1) = I +A1z
−1 + · · ·+Apz

−p and B(z) = B1z
−1 +

B2z
−2 + · · ·+Bqz

−q are the n× n and n×m matrix polynomials
with unknown coefficients but with known orders p, q, respectively,
while z−1 is the backward shift operator: z−1yk = yk−1. Further,
u0
k ∈ R

m and y0
k ∈ R

n represent the noise-free system input and
output, respectively, and ωk ∈ R

m and ξk ∈ R
n are the system noises.

The nonlinearity f(·) is a vector-valued function: f : Rm → R
m. The

system input and output are observed with additive noises ηk and εk:

uk = u0
k + ηk, yk = y0

k + εk. (3)

The goal of the note is to recursively estimate the unknown matrix
coefficients {A1, . . . , Ap, B1, . . . , Bq} of the linear part and the value
of f(x) at any given x in its domain based on the observed data
{uk, yk}.

The rest of the note is arranged as follows. The system assumptions
and the recursive algorithms are given in Section II. Some auxiliary
results on α-mixing are proposed in Section III. The strong consistency
of the estimates for linear subsystem and for the nonlinearity is proved
in Sections IV and V, respectively. A numerical example is presented
in Section VI, and a brief conclusion is given in Section VII.
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II. ASSUMPTIONS AND RECURSIVE

IDENTIFICATION ALGORITHMS

A. Assumptions

In the sequel, by ‖ ∗ ‖ denote the Euclidean norm for a vector ∗ and
the Frobenius norm for a matrix ∗, and by I denote the identity matrix.

We now give the assumptions used in the note.
H1 The noise-free system input {u0

k} is a sequence of independent
and identically distributed (iid) random vectors with zero mean and

known covariance matrix Λ
Δ
= Eu0

ku
0T
k . Furthermore, {u0

k} has a
density function p(·) in a bounded subset U of Rm.

H2 A(z−1) and B(z−1) have no common left factor, [Ap Bq]
is of row-full-rank, and A(z−1) is stable, namely, detA(z−1) �=
0 ∀|z| ≥ 1.

H3 The measurement noises ηk and εk are both ARMA processes:

P (z−1)ηk =Q(z−1)ζk (4)

R(z−1)εk =S(z−1)ςk (5)

where

P (z−1) = I + P1z
−1 + P2z

−2 + · · ·+ Pnpz
−np (6)

Q(z−1) = I +Q1z
−1 +Q2z

−2 + · · ·+Qnqz
−nq (7)

R(z−1) = I +R1z
−1 +R2z

−2 + · · ·+Rnrz
−nr (8)

S(z−1) = I + S1z
−1 + S2z

−2 + · · ·+ Snsz
−ns (9)

where P (z−1) and R(z−1) are both stable. The driven noises {ζk},
{ςk} and the internal noises {ξk}, {ωk} are all mutually inde-
pendent sequences of iid zero mean random vectors having prob-
ability densities. Moreover, ζk, ςk, ξk and ωk are independent of
u0
k, and E(‖ζk‖Δ−1) < ∞, E(‖ξk‖Δ) < ∞, E(‖ωk‖Δ) < ∞, and

E(‖ςk‖Δ) < ∞ for some Δ > 3.
H4 The function f(·) is measurable, locally bounded and continu-

ous at x where f(x) is estimated. Further, the input-output-correlation-

matrix of the nonlinearity Υ
Δ
= E(f(u0

k)u
0T
k ) is nonsingular.

H5 zB(z−1) is of column-full-rank for z−1 = 0,1.
H6 The driven noise {ζk} in (4) is a sequence of iid zero mean

Gaussian random vectors.
Before proceeding further, let us explain these assumptions. To iden-

tify the linear system it is sufficient to require H1-H4, while to estimate
f(·) we have to additionally impose H5-H6. For a practical system,
the iid assumption on the input in H1 may be a restriction, but which
is used to derive the simple relationship connecting the observed input
and output with the impulse responses of the linear part. Assumption
H2 is the necessary and sufficient condition for identifiability of the
multivariable linear subsystem. In H3, it is assumed that the input
and output measurement noises {ηk} and {εk} are ARMA processes,
which can characterize most noises, but the internal noises {ξk} and
{ωk} may or may not exist. Assumption H5 makes it possible to
estimate the nonlinearity {f(·)} by the observed {yk}. To impose the
Gaussian assumption on {ζk} in H6 it is just to make the deconvolution
kernel functions wk(x) (see (20)) simpler. The deconvolution kernel
function wk(x) requires the covariance of the input noise {ηk} be
known, but which is impossible to achieve only by using the observed
input {uk} if no additional condition is imposed. Because of this, we
require the covariance Λ of {u0

k} be available. It is worth noting that
the availability of Λ required in H1 is needed for identifying f(·) only,
and it is not required when identifying the linear part as to be seen
later on.

Remark 1: As pointed out in [9], A−1(z−1)B(z−1)f(u0
k) and

A−1(z−1)(B(z−1)P )(P−1f(u0
k)) for any nonsingular matrix P pro-

duce the same output under the same input {u0
k}. So, to determine

the system, the indeterminate matrix P has to be fixed. Let us choose

P
Δ
= Υ. Then the correlation matrix between the input and output

of the nonlinearity for the new system Υ̃ = E(Υ−1f(u0
k)u

0T
k ) =

Υ−1Υ = I under H4. Therefore, without loss of generality, we may
assume that the correlation matrix between the input and output of the
nonlinearity, Υ = I under H4.

B. Estimation of the Linear Part

Since A(z−1) is stable by H2, we have

H(z−1)
Δ
= A−1(z−1)B(z−1) =

∞∑
i=1

Hiz
−i (10)

where ‖Hi‖ = O(e−ri), r > 0, i > 1 and H1 = B1.

Defining ξ̄k
Δ
=A−1(z−1)ξk and assuming u0

k=0 ∀ k < 0, we have

y0
k =

k∑
i=1

Hif(u
0
k−i) +

k∑
i=1

Hiωk−i + ξ̄k. (11)

The following lemma may not be new but is very essential for
identifying the linear part.

Lemma 1: Assume H1–H4 hold but without need for availability of
Λ in H1. The following formulas take place

Eyku
T
k−i = Hi, for i ≥ 1. (12)

Proof: Since ξk, ζk, ςk, ωk, and u0
k are zero mean and mutually

independent, it follows that:

E
(
yku

T
k−i

)
= E

(
y0
k + εk

) (
u0
k−i + ηk−i

)T
= Ey0

ku
0T
k−i

=E

(
k∑

j=1

Hjv
0
k−j + ξ̄k

)
u0T
k−i=

k∑
j=1

HjE
(
f
(
u0
k−j

)
u0T
k−i

)
= HiE

(
f
(
u0
k−i

)
u0T
k−i

)
= HiΥ = Hi, ∀ i ≥ 1. �

Similar to [24], [25], we first estimate the impulse responses
{Hi, i ≥ 1} and then obtain the estimates for the coefficients
{A1, . . . , Ap, B1, . . . , Bq} by the deconvolution relationship between
them. Motivated by (12), the impulse responses {Hi, i ≥ 1} are recur-
sively estimated by applying SAAWET:

Hi,k =
[
Hi,k−1 −

1

k

(
Hi,k−1 − yku

T
k−i

)]
· I[∥∥Hi,k−1− 1

k

(
Hi,k−1−yku

T
k−i

)
)

∥∥≤Mδi,k

] (13)

δi,k =

k−1∑
j=1

I[∥∥Hi,j−1− 1
j

(
Hi,j−1−yju

T
j−i

)
)
∥∥>Mδi,j

] (14)

where {Mk} is an arbitrarily chosen sequence of positive real numbers
increasingly diverging to infinity, Hi,0 is an arbitrary initial value, and
IA denotes the indicator function of a set A, while the estimates for
{A1, . . . , Ap, B1, . . . , Bq} are obtained as follows:

[A1,k, A2,k, . . . , Ap,k] = −[Hq+1,k,Hq+2,k, · · · ,Hq+np,k]

× ΓT
k

(
ΓkΓ

T
k

)−1
(15)

Bi,k =

i∧p∑
j=0

Aj,kHi−j,k, ∀ 1 ≤ i ≤ q (16)
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where

Γk
Δ
=

⎛⎜⎜⎝
Hq,k Hq+1,k · · · Hq+np−1,k

Hq−1,k Hq,k · · · Hq+np−2,k

...
...

. . .
...

Hq−p+1,k Hq−p+2,k · · · Hq+(n−1)p,k

⎞⎟⎟⎠
with Hi,k = 0 for i ≤ 0 is of row-full-rank when k is sufficiently large
since Hi,k −−−−→

k→∞
Hi a.s. as to be shown by Theorem 1 and the limit

of Γk is of row-full-rank under H2 [24], [25].

C. Nonparametric Estimation of f(·)
We now recursively estimate f(x) by the observed input {uk} and

output {yk}, where x is an arbitrary point in the domain U . Since {u0
k}

is corrupted by the noise {ηk}, the conventional kernel function leads
to a biased estimate. To remove the influence of the input noise {ηk},
we use the deconvolution kernel functions [16], [17] to be defined in
the sequel.

A conventional kernel function K(x) is formally related with its

Fourier transformation ΦK(t)
Δ
=
∫
Rm eit

T xK(x)dx by

K(x) =
1

(2π)m

∫
Rm

e−itT xΦK(t)dt (17)

where x = [x1, . . . , xm]T , t = [t1, . . . , tm]T , and i stands for the
imaginary unit satisfying i2 = −1.

Dividing the integrand of (17) by the characteristic function of the
input noise {ηk} leads to the following function

Kk(x)
Δ
=

1

(2π)m

∫
Rm

e−itT x ΦK(t)

Φηk

(
t
bk

)dt (18)

where Φηk(t)=
∫
Rm

eit
Tx(1/((2π)m/2|Σ|1/2))e−xTΣ−1x/2dt= e−(tTΣt/2)

is the characteristic function of {ηk}, Σ
Δ
= E(ηkη

T
k ), and bk =

(bλmax(Σ)/ log k)
1/2 is the bandwidth with b ≥ 3 m being a constant,

and λmax(Σ) denotes the maximum eigenvalue of Σ.
Finally, the deconvolution kernel function is defined as follows:

wk(x)
Δ
=

1

bmk
Kk

(
uk − x

bk

)
. (19)

The Sinc function [16] (i.e., K(x) =
∏m

j=1
(sin(xj)/πxj)) is chosen

to serve as the function K(x) because its Fourier transformation

is very simple: ΦK(t)
Δ
=
∫
Rm eit

T xK(x)dx =
∏m

j=1
I[|tj |≤1]. Thus,

the resulting deconvolution kernel function wk(x) is given by

wk(x) =
1

bmk
Kk

(
uk − x

bk

)
=

1

(2πbk)m

∫
G

e[−itT (uk−x)/bk]e
tT Σt

2b2
k dt

=
1

(2πbk)m

∫
G

cos

(
tT (uk − x)

bk

)
e

tT Σt

2b2
k dt (20)

where G
Δ
= [−1, 1]m.

Remark 2: Based on the limits to be given in (41), we can estimate
the density function p(x) of {u0

k} and p(x)f(x), respectively, and then
obtain the estimate for the nonlinear function f(·). The sinc function
is used to guarantee the finiteness of the integrals (18) and (20), since
the support of its Fourier transformation is the bounded set [−1, 1]m.
Actually, any function whose Fourier transformation has a bounded
support can be used to replace the sinc function. Since the character-

istic function of zero equals 1, Kk(x) turns to be the sinc function if
the input noise {ηk} vanishes. In this case the deconvolution kernel
function becomes the conventional kernel function. Therefore, the
deconvolution kernel functions are the extension of the conventional
kernel functions.

Since the covariance Σ of ηk in (20) is unknown, we apply the
following SAAWET to recursively estimate Σ:

Σk =
[
Σk−1 −

1

k

(
Σk−1 +Λ− uku

T
k

)]
· I[|Σk−1− 1

k (Σk−1+Λ−uku
T
k )|≤Mφk ]

(21)

φk =

k−1∑
j=1

I[∣∣Σj−1− 1
j

(
Σj−1+Λ−uju

T
j

)∣∣>Mφj

] (22)

where Σk denotes the estimate for Σ at time k.
Finally, the estimate for wk(x) at time k is given by

ŵk(x)
Δ
=

1

(2πb̂k)m

∫
G

cos

(
tT (uk − x)

b̂k

)
e

tT Σkt

2̂b2
k dt (23)

where b̂k = (bλmax(Σk)/ log k)
1/2.

We now estimate χk
Δ
=B†

1A(z−1)yk+1, where B†
1

Δ
=(BT

1B1)
−1
BT

1

denotes the pseudo-inverse of B1. Then by (1)–(3), we have

χk = f
(
u0
k

)
+B†

1

q∑
j=2

Bjf
(
u0
k−j+1

)
+B†

1B(z−1)ωk+1

+ B†
1ξk+1 +B†

1A(z−1)εk+1. (24)

By (15) and (16), it is natural to estimate χk by

χ̂k = B†
1,k

p∑
j=0

Aj,kyk+1−j . (25)

Since uk is independent of {u0
j , j < k}, we have

E(wk(x)χk)=E
(
wk(x)f

(
u0
k

))
+(Ewk(x))B

†
1

q∑
j=2

Bj

(
Ef

(
u0
k

))
.

Then, by (41) to be given in Lemma 6, it follows that:

E(wk(x)χk)−−−→
k→∞

p(x)

(
f(x)+B†

1

q∑
j=2

BjEf
(
u0
k

))Δ
=h(x).

(26)
Based on the limits Ewk(x)−−−→

k→∞
p(x) and (26), we use the following

algorithms to estimate p(x) and h(x), respectively:

τk(x) =
[
τk−1(x)−

1

k
(τk−1(x)− ŵk(x))

]
· I[∣∣τk−1(x)− 1

k

(
τk−1(x)−ŵk(x)

)∣∣≤M
δ
(τ)

k
(x)

] (27)

δ
(τ)
k (x) =

k−1∑
j=1

I[∣∣τj−1(x)− 1
j

(
τj−1(x)−ŵj(x)

)∣∣>M
δ
(τ)
j

(x)

] (28)

βk(x) =
[
βk−1(x)−

1

k
(βk−1(x)− ŵk(x)χ̂k)

]
· I[∥∥βk−1(x)− 1

k

(
βk−1(x)−ŵk(x)χ̂k

)∥∥≤M
δ
(β)

k
(x)

] (29)

δ
(β)
k (x) =

k−1∑
j=1

I[∥∥βj−1(x)− 1
j

(
βj−1(x)−ŵj(x)χ̂j)

)∥∥>M
δ
(β)
j

(x)

]. (30)
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Since h(x)/p(x)=f(x)+B†
1

∑q

j=2
BjEf(u0k) and {Bj , j=1 · · · ,m}

are estimated by (16), to estimate f(x) it suffices to obtain an estimate
for Ef(u0

k). By stability of A(z−1), {y0
k} is asymptotically station-

ary, and we have μ(y) Δ
= limk→∞ Eyk. Set μ(f) Δ

= Ef(u0
k). By (2)

it follows that
∑p

j=0
Ajμ

(y) =
∑q

i=1
Biμ

(f), which yields μ(f) =(∑q

i=1
Bi)

† ∑p

j=0
Ajμ

(y) by H5. Therefore, we can estimate μ(f)

at time k by

μ
(f)
k =

(
q∑

i=1

Bi,k

)† p∑
j=0

Aj,kμ
(y)
k (31)

where μ
(y)
k is recursively estimated by

μ
(y)
k =

[
μ
(y)
k−1 −

1

k

(
μ
(y)
k−1 − yk

)]
· I[∥∥μ

(y)

k−1
− 1

k

(
μ
(y)

k−1
−yk)

)∥∥≤M
δ
(y)

k

] (32)

δ
(y)
k =

k−1∑
j=1

I[∥∥μ
(y)
j−1

− 1
j

(
μ
(y)
j−1

−yj)
)∥∥>M

δ
(y)
j

]. (33)

Finally, the estimate for f(x) is given by

fk(x)
Δ
=

βk(x)

τk(x)
−B†

1,k

q∑
j=2

Bj,kμ
(f)
k . (34)

III. AUXILIARY RESULTS ON WEAK DEPENDENCE

In order to establish the strong consistency of the estimates given
in Section II, one has to verify the conditions for convergence of
SAAWET. For this the basic step often consists in verifying con-
vergence of some series of random variables forming such as the
martingale difference sequence (mds), α-mixing, and others.

We first define the α-mixing [26] and then introduce the conver-
gence results for α-mixing [24]. For a process {Xk, k = 0, 1, · · ·}, we
denote by Fj

i the σ-algebra generated by {Xs, 0 ≤ i ≤ s ≤ j}. Define

αk
Δ
= sup

n,A∈Fn
0
,B∈F∞

n+k

|P (A)P (B)− P (AB)| .

The process {Xk} is called the α-mixing if αk −−−→
k→∞

0, and the

numbers αk are called the mixing coefficients of {Xk}. It is worth
noting that the mixing property is hereditary [26] in the sense that the
process {g(Xk)} for any measurable function g(·) possesses the mix-
ing property of {Xk}. The next lemma indicates that an asymptotically
stable ARMA process is an α-mixing.

Lemma 2. ([27]): Let {Xk} be an asymptotically stable vector-
valued ARMA process whose driven noise is a sequence of iid random
vectors with density and has a bounded moment of order > 2. Then
{Xk} is an α-mixing with mixing coefficients decaying exponentially
to zero.

Lemma 3. ([28]): Let {�k} be a sequence of random vectors
with supk E‖�k‖δ < ∞ for some δ ≥ 2, and let Li with ‖Li‖ =
O(e−ri), r > 0 be a sequence of real matrices. Then, the pro-
cess Xk =

∑k

i=1
Li�k−i has the bounded δ-th absolute moment:

supk E‖Xk‖δ < ∞.
Lemma 4. ([24]): Let {Xk,Fk} be a zero mean α-mixing

with mixing coefficient αk exponentially decaying to zero and∑∞
k=1

(E|Xk|2+ε)(2/2+ε) < ∞ for some ε > 0. Then
∑∞

k=1
Xk <

∞ a.s.

Remark 3: Since both the iid sequence and the mds are the α-
mixings with mixing coefficients exponentially decaying to zero, the
convergence of their sums can also be established by Lemma 4.
According to Lemma 2 and the heredity of the mixing processes, we
see that all signals appearing in the proof presented below are the
α-mixings with mixing coefficients exponentially decaying to zero.
Therefore, to assure the convergence of the corresponding random
series, one only needs to verify the convergence condition moments
in Lemma 4, while this can be derived by Lemma 3. Since the similar
convergence analysis for SAAWET has been elaborately described in
the papers [9], [24], [28], here we only outline the proof.

IV. STRONG CONSISTENCY OF ESTIMATES FOR LINEAR PART

Lemma 5: Assume H1-H4 hold but without need for availability of
Λ in H1. Then, for any 0 ≤ ν < 1/2, the following series converge:

∞∑
k=1

1

k1−ν

(
E
(
yku

T
k−i

)
− yku

T
k−i

)
< ∞ a.s. for i ≥ 1. (35)

Proof: Noticing u0
k−i, ηk−i, ξ̄k, ωk, and εk are mutually inde-

pendent, by (11) we have

∞∑
k=1

1

k1−ν

(
E
(
yku

T
k−i

)
− yku

T
k−i

)
= −

∞∑
k=1

1

k1−ν

(
ξ̄ku

0T
k−i

)
−

∞∑
k=1

1

k1−ν

(
ξ̄kη

T
k−i

)
−

∞∑
k=1

1

k1−ν

(
εku

0T
k−i

)

−
∞∑

k=1

1

k1−ν

(
εkη

T
k−i

)
−

∞∑
k=1

1

k1−ν

⎛⎜⎝ k∑
j=1
j �=i

Hjf
(
u0
k−j

)
u0T
k−i

⎞⎟⎠
−

∞∑
k=1

1

k1−ν

(
k∑

j=1

Hjωk−jη
T
k−i

)

−
∞∑

k=1

1

k1−ν

(
k∑

j=1

Hjωk−ju
0T
k−i

)

−
∞∑

k=1

1

k1−ν

(
k∑

j=1

Hjf
(
u0
k−j

)
ηT
k−i

)

+Hi

∞∑
k=1

1

k1−ν

(
Ef

(
u0
k−i

)
u0T
k−i−f

(
u0
k−i

)
u0T
k−i

)
. (36)

Since each term on the right-hand side of (36) is an α-mixing with
mixing coefficients exponentially decaying to zero, we see that (36)
converges by Lemma 4 and Remark 3, and hence (35) follows. �

Theorem 1: Assume H1-H4 hold but without need for availability of
Λ in H1. Then, Hi,k, i ≥ 1, defined by (13), (14) have the convergence
rates

‖Hi,k −Hi‖ = o(k−ν) a.s. i ≥ 1 ∀ ν ∈
(
0,

1

2

)
. (37)

As consequences, the following convergence rates also take place:

‖Ai,k −Ai‖ = o(k−ν) a.s. 1 ≤ i ≤p ∀ ν∈
(
0,

1

2

)
(38)

‖Bj,k−Bj‖= o(k−ν) a.s. 1≤j≤q ∀ ν∈
(
0,

1

2

)
. (39)
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Proof: We rewrite (13) as

Hi,k =
[
Hi,k−1 −

1

k
(Hi,k−1 −Hi)−

1

k
ei,k

]
· I[‖Hi,k−1− 1

k
(Hi,k−1−Hi)− 1

k
ei,k‖≤Mδi,k

]
where ei,k = Hi − yku

T
k−i = [Eyku

T
k−i − yku

T
k−i].

Since Hi is the single root of the linear function −(y −Hi), by
Theorem 3.1.1 in [14], the convergence rate theorem of SAAWET, it
suffices to prove

∞∑
k=1

1

k1−ν
ei,k < ∞ a.s. i ≥ 1 ∀ ν ∈

(
0,

1

2

)
. (40)

By Lemma 5, we find that (40) is true, and hence (37) holds, while (38)
and (39) are derived directly from (37) by (15), (16). �

V. STRONG CONSISTENCY OF ESTIMATES FOR f(·)

The limits (41) to be given in Lemma 6 reveal the relationship
between the deconvolution kernel functions wk(x) and the nonlinear
function f(·), and they indicate that the deconvolution kernel functions
can really depress the effect of the input noise {ηk}. Namely based on
them the SAAWET (27)–(34) are designed to estimate the nonlinear
function f(·).

Lemma 6: Under H1, H3, H4, and H6, for wk(x) defined by (20)
the following assertions take place:

E[wk(x)] −→
k→∞

p(x), E
[
wk(x)f

(
u0
k

)]
−−−−→
k→∞

p(x)f(x) (41)

∞∑
k=1

1

k
(Ewk(x)− wk(x)) < ∞ (42)

where p(x) is the density function of {u0
k}.

Proof: By the Fubini theorem changing the order of taking
expectation and integral, and noticing that the density function of ηk is
even, we have

Ewk(x) =
1

(2πbk)m

∫
Rm

Ee[−itT (uk−x)/bk] ΦK(t)

Φηk

(
t
bk

)dt

=
1

(2πbk)m

∫
Rm

Ee[−itT (u0
k
−x)/bk]ΦK(t)dt

=
1

bmk

∫
U

⎛⎝ 1

(2π)m

∫
Rm

e[−itT (y−x)/bk]ΦK(t)dt

⎞⎠ p(y)dy

=
1

bmk

∫
U

K
(
y − x

bk

)
p(y)dy=

∫
Uk

K(t)p(x+ bkt)dt−−−−→
k→∞

p(x)

where Uk tends to R
m as k → ∞. Likewise, we can prove the second

limit of (41), while (42) can be shown by Lemma 4 since wk(x) is
α-mixing with mixing coefficients exponentially decaying to zero. �

Lemma 7: Assume that H1, H3, H4, and H6 hold. Then Σk given
by (21) and (22) and ŵk(x) given by (23) have the convergence rates

‖Σk − Σ‖ = o
(

1

k1/2−c

)
∀ c > 0 (43)

|wk(x)− ŵk(x)| = o

(
(log)

m
2
+1

k
1
2
− m

2b
−c

)
∀ c > 0. (44)

Proof: The proof of (43) is similar to that of Theorem 1, so we
omit it here. According to (20) and (23), we have wk(x)− ŵk(x) =
I1 + I2 + I3, where

I1 =
1

(2π)m

(
1

bmk
− 1

b̂mk

)∫
G

cos

(
tT (uk − x)

bk

)
e

tT Σt

2b2
k dt,

I2 =
1

(2πb̂k)m

∫
G

cos

(
tT (uk − x)

bk

)⎛⎝e
tT Σt

2b2
k − e

tT Σkt

2̂b2
k

⎞⎠dt,

I3 =
1

(2πb̂k)m

∫
G

(
cos

(
tT (uk − x)

bk

)

− cos

(
tT (uk − x)

b̂k

))
e

tT Σkt

2̂b2
k dt.

Since ‖Σk − Σ‖ = o(1/k1/2−c) for any c > 0, we have∣∣∣∣ 1

bmk
− 1

b̂mk

∣∣∣∣ = (
log k

b

)m
2

∣∣(λmax(Σ))
m
2 − (λmax(Σk))

m
2

∣∣
(λmax(Σk))

m
2 (λmax(Σ))

m
2

= o

(
(log k)

m
2

k
1
2
−c

)
. (45)

Consequently, it follows that

|I1| ≤
1

(2π)m

∣∣∣∣ 1

bmk
− 1

b̂mk

∣∣∣∣
∣∣∣∣∣∣
∫
G

e
tT Σt

2b2
k dt

∣∣∣∣∣∣
≤ o

(
(log k)

m
2

k
1
2
−c

)
O
(
k

m
2b

)
= o

(
(log k)

m
2

k
1
2 − m

2b
− c

)
. (46)

Again by ‖Σk − Σ‖ = o(1/k1/2−c) for any c > 0 and (45), we have∣∣∣∣∣∣e
tT Σt

2b2
k − e

tT Σkt

2̂b2
k

∣∣∣∣∣∣=e
tT Σt

2b2
k

∣∣∣∣∣∣∣1−e

tT

(
Σk

2̂b2
k

− Σ

2b2
k

)
t

∣∣∣∣∣∣∣≤e
tT Σt

2b2
k o

(
log k

k
1
2
−c

)
.

Thus, it follows that

|I2| ≤
1

(2πb̂k)m

∫
G

∣∣∣∣∣∣e
tT Σt

2b2
k − e

tT Σkt

2̂b2
k

∣∣∣∣∣∣dt
≤ 1

(2πb̂k)m
o

(
log k

k
1
2
−c

)∫
G

e
tT Σt

2b2
k dt

= o

(
(log k)

m
2
+1

k
1
2
− m

2b
−c

)
. (47)

Finally, by (45) we have

|I3| ≤
1

(2πb̂k)m

∫
G

∣∣∣∣−2 sin

(
tT (uk − x)

1

2

(
1

bk
+

1

b̂k

))

· sin
(
tT (uk − x)

1

2

(
1

bk
− 1

b̂k

))∣∣∣∣ e tT Σkt

2̂b2
k dt

≤ 1

(2πb̂k)m

(
1

bk
− 1

b̂k

)∫
G

e

tT Σkt

2̂b2
k dt=o

(
(log k)

m+1
2

k
1
2
− m

2b
−c

)
. (48)
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Therefore, together with (46)–(48), we have

|wk(x)− ŵk(x)| = o

(
(log k)

m
2
+1

k
1
2
− m

2b
−c

)
. �

According to the convergence rates of the estimates for the linear part
in Theorem 1 and Remark 3, the estimates appearing in Section II-C
have the following convergence rates.

Lemma 8: Assume H1–H6 hold. Then χ̂k given by (25), μ
(y)
k

given by (32) and (33), and μ
(f)
k given by (31) have the following

convergence rates:

‖χ̂k − χk‖ = o

(
1

k
1
6
−c

)
∀ c > 0 (49)∥∥∥μ(y)

k − μ(y)

∥∥∥ = o

(
1

k
1
2
−c

)
∀ c > 0 (50)∥∥∥μ(f)

k − μ(f)

∥∥∥ = o

(
1

k
1
2
−c

)
∀ c > 0. (51)

Theorem 2: Assume H1-H6 hold. Then τk(x) defined by (27) and
(28) and βk(x) defined by (29) and (30) are convergent

τk(x)−−−−→
k→∞

p (x) a.s. (52)

βk(x)−−−−→
k→∞

h(x) a.s. (53)

As a consequence, fk(x) defined by (34) is strongly consistent

fk(x)−−−−→
k→∞

f(x) a.s. (54)

Proof: The algorithm (27) can be rewritten as

τk(x) =
[
τk−1(x)−

1

k
(τk−1(x)− p(x))− 1

k
ēk(x)

]
× I[

|τk−1(x)− 1
k (τk−1(x)−p(x))− 1

k
ēk(x)|≤M

δ
(τ)

k
(x)

] (55)

where

ēk(x) = p(x)− ŵk(x) = (p(x)−Ewk(x))

+ (Ewk(x)− wk(x)) + (wk(x)− ŵk(x))) . (56)

Since p(x) is the single root of the linear function −(y − p(x)), by
Theorem 2.2.1 in [14], for convergence of τk(x) it suffices to show

lim
T→0

lim sup
k→∞

1

T

∣∣∣∣∣
m(nk,Tk)∑

j=nk

1

j
ēj(x)

∣∣∣∣∣ = 0 ∀Tk ∈ [0, T ] (57)

for any convergent subsequence τnk
(x), where m(k, T )

Δ
= max{m :∑m

j=k
(1/j) ≤ T}. By the first assertion in (41) together with (42)

and (44), it follows that (57) holds for {ēk(x)}. The proof of (53)
can similarly be carried out. Therefore, the estimate (34) is strongly
consistent. �

VI. EXAMPLE

In order to justify the effectiveness of the algorithm proposed in the
note, we compare our method with the identification algorithms given
in [9], [13] for Hammerstein systems without input noise. We adopt
the simulation example considered in [13], which is as follows:

y0
k−0.3y0

k−1−0.2y0
k−2+0.3y0

k−3=2v0k−1+v0k−2+v0k−3+ξk,

v0k=0.9545g1
(
u0
k

)
+0.2983g2

(
u0
k

)
, g1(u)=u, g2(u)=2u2

TABLE I
ESTIMATION OF THE LINEAR PART

Fig. 1. Estimation of the nonlinearity by three algorithms.

where the input signal {u0
k} is a sequence of random variables

uniformly distributed over the interval [−1.7729, 1.7729], all the
noises {ζk}, {ωk}, {ξk}, and {ςk} are mutually independent Gaussian
random variables: N (0, 0.12), and the measurement noises ηk and εk
are as follows:

ηk − 0.7ηk−1 = ζk + 0.5ζk−1

εk + 0.4εk−1 = ςk − 0.6ςk−1.

It is clear that the Frobenius norm of the coefficients [0.9545 0.2983] of
the basis functions equals 1, which is required in [13], and the cross-

correlation between the input and output of the nonlinearity is Υ
Δ
=

E(f(u0
k)u

0
k) = 1.

All results are the averages of 10 Monte Carlo simulations where
the date size of each simulation is N = 5000. The estimates and
the resulting square sum of estimation errors (SSEE) for the linear
part generated by the three different algorithms are listed in Table I,
respectively. The true nonlinear function together with the estimation
results given by the three algorithms for the nonlinearity are illus-
trated in Fig. 1. We see that the algorithms given here work well,
while the algorithms proposed in [9] and [13] do not lead to the
satisfactory results.

VII. CONCLUSION

The recursive estimation algorithms for identifying MIMO EIV
Hammerstein systems are proposed in the note. The estimation is
carried out by the stochastic approximation algorithms, and addition-
ally incorporated with a deconvolution kernel when estimating the
nonlinear part. All the estimates are proved to converge to the true
values with probability one.

For further research it is of interest to consider identification of other
EIV nonlinear systems, for example, EIV Wiener systems or more
complicated EIV Wiener-Hammerstein systems.
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