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1 G Cd71{er,kkF>w/�&Gd{eF<Sr,�4
d{eSF,Sr,�,℄

>w/�Rgd{eF,F<r,_&
M#r,S{e�<�rFw/ (EIV) {e�=?J71iSn*�� EIV {eS�9._ENbfBS�s�l+�q [1–3] U�
EIV {eS℄�9�s℄Jq [4] � [5] is!dI�r*f�rS��{e>TY~�℄2�
�(<M#r,�d��{e�9�^>�S~Æj7"h	S~Æj7lf�9�� EIV {e�KR)
1!Md>�S�.�??[<tfmol�l+��/%2ol�#?�o/SWS�.ol��C�.l�(EM$l*D�w/�.lU�Jq� [6–7] i>��S{G�KR�OlS�.d�&4Æ[�Z!LQN�Sr,HT6�*��d{e+HS�.�Q*<"*HTn�HO��&o���q�sd EIV {eSYh�9�RgOlJQN�SHT6��*4���.�.Oo��KJ2kSq�i�T�QT℄�b>&fS�� [8−11] ?<Yhol�9 EIV {e�#�p*Vd��{e��q��+��JX 2 ?i�u�D1d��f�r EIV {eSYh�9ol�p*�U?eP>
SR%�JOl (SAAWET)[12], Ol}<S�.2v| 1 AoN{eSo℄+H�X 3 ?D1d EIV Hammerstein {eSYh�9�T<ol&G? SAAWET, =?�

* �2z%\#$F�
 (61120106011, 61134013, 61273193) ��2J#B:-\#k�wr`_�Cz)�� 2012-08-31.
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1 AoNT`�~��JX 4 ?}<.�|��s0�
2 >A��& EIV :1��4�*3��f�r{eSF, u0

k ∈ R
m �F< y0

k ∈ R
n S�{<��S/so8 >

A(z)y0
k = B(z)u0

k, (1)�i
A(z) = I + A1z + · · · + Apz

p, (2)

B(z) = B1z + B2z
2 + · · · + Bqz

q, (3)

z  >�0Ox� zyk = yk−1, A(z) � B(z) s!? n × n � n × m ={Ho℄K{e=A
p, q S1℄SWf
=�T7SF,�F<��&
M#r,�ib
r,NFw/S uk� yk, ,

uk = u0
k + ηk, yk = y0

k + ξk, (4)�i� ηk � ξk s!?F,�F<bSr,L5�d?Rg{e�#?d{eF,*r,L5&d33a6��u�s!W}<U>�.dAoS�9Ol�#�WK��Gqg{e���X.g{eSF,;Xjg{eSF,�.��Kr,L5JXjg{ei�U.��=�
2.1 �E"R.*s�*p*#?q� [9, 11].dRg{e�+�33

A1 {eST7F, u0
k ?.{fES ARMA 
8

P (z)u0
k = Q(z)εk, (5)�i

P (z) = I + P1z + P2z
2 + · · · + Pnp

znp , (6)

Q(z) = I + Q1z + Q2z
2 + · · · + Qnq

znq . (7){HW Pi, i = 1, 2, · · · , np * Qj, j = 1, 2, · · · , nq ?o℄S�
A2 A(z) � P (z) ?r℄SSWf
=�, detA(z) � detP (z) S�_JIp�Fj�
A3 ∆k , [ξT

k , ηT
k , εT

k ]T ?.{`mds'SR%�r�v��i E∆k = 0, E‖∆k‖
2+δ <

∞, δ > 0, #�
E∆k∆k

T
, R∆ =





Rξ Rξη Rξε

Rηξ Rη Rηε

Rεξ Rεη Rε



 . (8)
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8 zk , [yT
k , uT

k ]T  >m n+m nS ARMA �=�℄6
λ , max {p, q, np, nq}, #�d i > p, j > q, s > np t > nq, 3 Ai , 0, Bj , 0, Ps , 0, Qt , 0.z

G(z) ,

[
A(z) −B(z)

0 P (z)

]
= I + G1z + · · · + Gλzλ (9)�

S(z) ,

[
A(z) −B(z) 0

0 P (z) Q(z)

]
= S0 + S1z + · · · + Sλzλ, (10)�i

Gi =

[
Ai −Bi

0 Pi

]
∈ R

(n+m)×(n+m), Si =

[
Ai −Bi 0

0 Pi Qi

]
∈ R

(n+m)×(n+2m). (11)�T= (1), (4), � (5), r,
8 {zk}k≥0 �}��SU=
G(z)zk = S(z)∆k , (12)s5N ∆k SnH? n + 2m,i zk SnH? n + m, = (12) &?.{�vS ARMA 
8�$i�;<q [9, 13] i;<Sol��= (12) d;S Yule-Walker o8($℄2gMWM<�m��u���*+�S.{33�

A4 G(z) � H(z)R∆H(z−1) �>��S��8x#� det Aλ 6= 0 � detPλ 6= 0.

 A1, A2, � A3, {zk}k≥0 ?8J�rS��jS�??�d'5.{YH τ , 0
Rτ , lim

k→∞
EzkzT

k−τ . (13)J= (12) Sq��d672 zT
k−s, s ≥ λ + 1, #!�l�z k −→ ∞, u�
QN��SU=

[G1, G2, · · · , Gλ]





Rs−1

Rs−2

...

Rs−λ




= −Rs, s ≥ λ + 1. (14)℄6

W , [Rλ+1, Rλ+2, · · · , Rλ+(n+m)λ], θ , [G1, G2, · · · , Gλ]T, (15)J= (14) i�! λ + 1 ≤ s ≤ (n + m)λ, u�
QN��SSWo8
ΓTθ = −WT, (16)
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Γ ,





Rλ Rλ+1 · · · Rλ+λ(n+m)−1

Rλ−1 Rλ · · · Rλ+λ(n+m)−2

...
...

. . .
...

R1 R2 · · · Rλ(n+m)




. (17)F$ 2.1[9,13] 33 A1–A4 6m���SW Γ ?��hS���u�}<SW{H Ai, i = 1, 2, · · · , p � Bj , j = 1, 2, · · · , q SYh�.�8m

Gi =

[
Ai −Bi

0 Pi

]
, 1 ≤ i ≤ λ,T2b�*�. θ QQNtd Ai, i = 1, 2, · · · , p � Bj , j = 1, 2, · · · , q S�.�d?'5SYH τ > 0, Rτ 
<��SOlYhW�.

Rτ,k ,
1

k

k−τ∑

i=1

zi+τzT
i = Rτ,k−1 −

1

k

(
Rτ,k−1 − zkzT

k−τ

)
, (18)�i� Rτ,k  >J6_ k d Rτ S�.�>t Rτ S�. Rτ,k ^��JSW Γ � W i�< Rτ,k H` Rτ , Γ � W S�.s!0m Γk � Wk. �T9h 2.1 ℄℄�L k 9sES6�� Γk ?��hS�8��T= (16), θS�. θk 
�*4W}<

θk = −(ΓkΓ
T
k )−1ΓkWT

k , (19)Kmt��SW�Æ���YhOl<f�. θk
[9]

θk+1 =

[
θk −

1

k
Γk(ΓT

k θk + WT
k )

]
· I[‖θk−

1
k
Γk(ΓT

k
θk+WT

k
)‖≤Mδk ], (20)

δk =
k−1∑

j=1

I[
‖θj−

1
j
Γj(ΓT

j θj+WT
j )‖>Mδj

]
.

(21)Jq [11] i��T= (16), [<t��#?R%�JSp6ssyOl�d?= (16), ℄2

5IS0
�QN��SU=
MΘ = 0, (22)�i

M , [ΓT WT] ∈ R
λ(n+m)2×(n+m)(λ+1), Θ , [θT I]T ∈ R

(n+m)(λ+1)×(n+m). (23)8m W � Γ ?����S�T2 M Sh(m (n + m)λ, #� Θ S|v?��v�S�8�� Θ S|v��?SW MTM SwZX`d;SZX�r�
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k Mk. 33d?d5SW MT

k Mk,;<#?R%�JSp6ssy [12,14] QNS>A�SZX`�.s!m λ̄1,k, λ̄2,k, · · · ,

λ̄(n+m)(λ+1),k,#� λ̄1,k ≤ λ̄2,k ≤ · · · ≤ λ̄(n+m)(λ+1),k,�d;SZX�rs!m ū1,k, ū2,k, · · · ,

ū(n+m)(λ+1),k.0 Θk , [ū1,k, ū2,k, · · · , ū(n+m),k] ,

[
Θ

(1)
k

Θ
(2)
k

]
, �i� Θ

(1)
k ∈ R

λ(n+m)×(n+m), Θ
(2)
k ∈

R
(n+m)×(n+m).T2� θ S�. θk ℄2=�=QN

θk , Θ
(1)
k

(
Θ

(2)
k

)−1
. (24)

2.2 ��"R.?S�*p*#?q� [15], � “X.g” ���Rir,L5�.��KF,G�?`m�v�u��}<d{e*�r,L5S33�
B1 A(z) � B(z) �>��8x� [Ap, Bq] ?��hS�#� A(z) ?r℄S�,� det

A(z) 6= 0, ∀|z| ≤ 1.

B2 r,L5 ηk � ξk ?fES 
�^�Y
8 ARMA 
8
P (z)ηk = Q(z)ωk, (25)

C(z)ξk = D(z)ζk, (26)�i
P (z) = I + P1z + P2z

2 + · · · + Pnp
znp , (27)

Q(z) = I + Q1z + Q2z
2 + · · · + Qnq

znq , (28)

C(z) = I + C1z + C2z
2 + · · · + Cnc

znc , (29)

D(z) = I + D1z + D2z
2 + · · · + Dnd

znd , (30)Ri P (z) � Q(z) �>��8x�d) C(z) � D(z) ,�>��8x�#� P (z) � C(z)_r℄� ^L5 ωk � ζk CJ�aÆH�#�V�?��`mS`mds'SwY`R%�r��j�d	{ ∆ > 2, E(‖ωk‖
∆) < ∞ � E(‖ζk‖

∆) < ∞.

B3 F, {u0
k, k ≥ 1} ?`mds'� u0

k ?>�aSwY`R%�r�#�`m? ωk �
ζk. �j� E(u0

ku0T
k ) = I, d	{ ∆ > 2, E(‖u0

k‖
2∆) < ∞.=? A(z) r℄�N

H(z) , A−1(z)B(z) =

∞∑

i=1

Hiz
i, (31)Ri H1 = B1, ‖Hi‖ = O(e−ri), r > 0, i > 1.
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k = 0, ∀k < 0, N

y0
k =

k∑

i=1

Hiu
0
k−i. (32)�T33 B2 � B3, u0

k, ωk � ζk ?��`mS�N
E(ykuT

k−i) = E(y0
k + εk)(u0

k−i + ηk−i)
T = Ey0

ku0T
k−i = Hi. (33)R[>u�℄2<#?FL5SF, uk �F< yk f�.��{eS�:	; Hi, i =

1, 2, · · · .#?= (33), k< SAAWET[12], d Hi, i ≥ 1 J6_ k S�. Hi,k =�=YhW}<
Hi,k+1 =

[
Hi,k −

1

k
(Hi,k − yk+1u

T
k+1−i)

]

·I[
‖Hi,k−

1
k
(Hi,k−yk+1uT

k+1−i
)‖≤Mδi,k

]
,

(34)

δi,k =
k−1∑

j=1

I[
‖Hi,j−

1
j
(Hi,j−yj+1uT

j+1−i)‖>Mδi,j

]
,

(35)Ri {Mk} ?'5!MSYOk.NZv�SZ7H�v�Hi,0 ?'!S;`� IA  >)� A S>�ÆH�.JQNt Hi S�.` Hi,k, SW{H {A1, A2, · · · , Ap, B1, B2, · · · , Bq} 
�

V�^4U>SV'�{H��.��T= (31), >���? z SSWf
=SU=
B1z + B2z + · · · + Bqz

q = (I + A1z + · · · + Apz
p)(H1z + H2z + · · · + Hiz

i + · · · ). (36)�;/=q� z S�d�A�
QN
Bi =

i∧p∑

j=0

AjHi−j , ∀1 ≤ i ≤ q (37)�
Hi = −

i∧p∑

j=1

AjHi−j , ∀i ≥ q + 1, (38)Ri a ∧ b  > min(a, b).℄6
Γ ,





Hq Hq+1 · · · Hq+np−1

Hq−1 Hq · · · Hq+np−2

...
...

. . .
...

Hq−p+1 Hq−p+2 · · · Hq+(n−1)p




, (39)
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= (38) � (39) 
QN��SHHo8
[A1, A2, · · · , Ap]Γ = −[Hq+1, Hq+2, · · · , Hq+np]. (40)L B1 6m6�= (39) iS Γ ?��hS�#�Ja6 B1–B3 ��L k −→ ∞ 6� Hi,k-�>>AoN Hi. T2L k 9sE6�
Γk ,





Hq,k Hq+1,k · · · Hq+np−1,k

Hq−1,k Hq,k · · · Hq+np−2,k

...
...

. . .
...

Hq−p+1,k Hq−p+2,k · · · Hq+(n−1)p,k




(41),��h�J Γk i�d i ≤ 0, Hi,k = 0.

{A1, A2, · · · , Ap, B1, B2, · · · , Bq} S�.�y$W℄=��S=x}<
[A1,k, A2,k, · · · , Ap,k] = −[Hq+1,k, Hq+2,k, · · · , Hq+np,k]ΓT

k (ΓkΓT
k )−1, (42)

Bi,k =

i∧p∑

j=0

Aj,kHi−j,k, ∀ 1 ≤ i ≤ q. (43)

3 EIV Hammerstein :1��4�*R*s?�����~[�9yqk �u�Z.I�rS EIV Hammerstein {e
v0

k = f(u0
k), (44)

C(z)y0
k = D(z)v0

k + ξk, (45)Ri
C(z) = 1 + c1z + · · · + cpz

p, (46)

D(z) = z + d2z
2 + · · · + dqz

q, (47)

ξk ?{eS�*L5�33��x{eST7S=A p, q 1℄� v0
k ?&℄r,S�*��� u0

k ? y0
k s!?{eSF,�F<�K&
QN�M#`�u�
QNSGG?F>L5 ηk � εk x&Sr,F, uk �F< yk

uk = u0
k + ηk, yk = y0

k + εk. (48)

3.1 <?K7.Æ�(,�u�D�}<d��x{eSa6�
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C1 F, {u0
k}k≥0 ?wY`�`mds'S�#U>�aÆHSR%�r�v�0 u0

k S�aÆHm p(·), WS\4?>BS�, |u0
k| ≤ U , Ri U > 0 ?.{1H�

C2 C(z) � z−1D(z) �N�#�_?r℄S�,� C(z) 6= 0 � z−1D(z) 6= 0, ∀|z| ≤ 1.

C3 r,L5 ηk � εk _?y 
�^�Y
8 (ARMA)

P (z)ηk = Q(z)ζk, (49)

E(z)εk = F (z)ςk, (50)Ri
P (z) = 1 + p1z + p2z

2 + · · · + pnp
znp , (51)

Q(z) = 1 + q1z + q2z
2 + · · · + qnq

znq , (52)

E(z) = 1 + e1z + e2z
2 + · · · + ene

zne, (53)

F (z) = 1 + f1z + f2z
2 + · · · + fnf

znf , (54)

P (z) � Q(z) �>��x�E(z) � F (z) ,�>�8x� P (z) � E(z) _r℄� ^L5 ζk� ςk ��*L5 ξk _?wY`�̀ mds'SR%�r�v#U>�aÆH��j� ζk , ςk� ξk ^4��`m�#d	{ ∆ > 2, E(‖ξk‖
∆) < ∞, E(‖ζk‖

∆+1) < ∞ � E(‖ςk‖
∆+1) < ∞,#�V�`m? u0

k.

C4 ÆH f(·) ℄,�R*>B�#�J�.[?n S��j�1H ρ , E(f(u0
k)u0

k) 6= 0.8m C(z) r℄��T C2, u�QN
H(z) ,

D(z)

C(z)
=

∞∑

i=1

hiz
i, (55)Ri |hi| = O(e−ri), r > 0, i ≥ 2, #� h1 = 1.℄6 ξ̄k = C(z)−1ξk, 33 u0

k = 0, ∀k < 0, �*4QN
y0

k =

k∑

i=1

hiv
0
k−i + C(z)−1ξk =

k∑

i=1

hiv
0
k−i + ξ̄k. (56)s5N ξk, ζk, ςk � u0

k ^4?��`mS�u�>��SU=
E(ykuk−i) = E(y0

k + εk)(u0
k−i + ηk−i) = Ey0

ku0
k−i

= E

( k∑

j=1

hjv
0
k−j + ξ̄k

)
u0

k−i =
k∑

j=1

hjE(v0
k−j)u

0
k−i

= E(v0
k−iu

0
k−i)hi = ρhi, ∀ i ≥ 1, (57)�i ρ = E(f(u0

k)u0
k).
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θ
(i)
k+1 =

[
θ
(i)
k −

1

k

(
θ
(i)
k − yk+1uk+1−i

)]

·I[∣∣∣θ(i)
k

− 1
k

(
θ
(i)
k

−yk+1uk+1−i

)∣∣∣≤M
δ
(i)
k

]
,

(58)

δ
(i)
k =

k−1∑

j=1

I[∣∣∣θ(i)
j − 1

j

(
θ
(i)
j −yj+1uj+1−i

)∣∣∣>M
δ
(i)
j

]
,

i ≥ 1, (59)Ri {Mk} ?'!SYOk.NZv�SZ7H�v� θ
(i)
0 ?'!S;`�8m h1 = 1, T2 hi, i ≥ 2 
<+�So=�.

hi,k+1 ,






θ
(i)
k+1

θ
(1)
k+1

, - θ
(1)
k+1 6= 0,

0, - θ
(1)
k+1 6= 0.

(60)Ri hi,k+1 ?d hi J6_ k + 1 S�.�>t hi S�. hi,k, ��x{eS+H {c1, c2, · · · , cp, d2, d3, · · · , dq} ℄2�*4Wk<���:	; hi, i ≥ 1 SV'�{QN��T= (60), >��S�? z Sf
=U=
z + d2z

2 · · · + dqz
q = (1 + c1z + · · · + cpz

p)(z + · · · + hiz
i + · · · ),�;/=q� z S�d�A�>

di =

i∧p∑

j=0

cjhi−j , ∀ 2 ≤ i ≤ q (61)�
hi = −

i∧p∑

j=1

cjhi−j , ∀ i ≥ q + 1. (62)℄6
Γ ,





hq hq−1 · · · hq−p+1

hq+1 hq · · · hq−p+2

...
...

. . .
...

hq+p−1 hq+p−2 · · · hq




, (63)�i�d? i ≤ 0, z hi , 0.J= (62) i�! q + 1 ≤ i ≤ q + p, 
QN��S��o8

Γ [c1, c2, · · · , cp]
T = −[hq+1, hq+2, · · · , hq+p]

T. (64)
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Γk ,





hq,k hq−1,k · · · hq−p+1,k

hq+1,k hq,k · · · hq−p+2,k

...
...

. . .
...

hq+p−1,k hq+p−2,k · · · hq,k




(65),?q�7S�RiL i ≤ 0 6�3 hi,k = 0.�T/�ShM� {c1, c2, · · · , cp, d2, d3, · · · , dq} S�.℄2=�=}<

[c1,k, c2,k, · · · , cp,k]T , −Γ−1
k [hq+1,k, lq+2,k, · · · , lq+p,k]T, (66)

di,k , hi,k +

i∧p∑

j=1

cj,khi−j,k, i = 2, 3, · · · , q. (67)

3.2 f(·) Æ�2��,��.q��ÆH f(·), ~n*S?*QN f(·) SF,*�d;SF<�v�d�qZ{S{efK�Q?�* u0
k � f(u0

k). J>t��*sS�.^�� f(u0
k) ℄2k<��{eStXa4 >lQN�$i=?&℄P u0

k S#�`�T2
1S�ÆH�.&I>��mt>hR{s℄�u�k<nV'�ÆH [16] f�. f(·).mt�. f(·), ��*��q{33�
C5 u0

k So/ ϑ2 ?1℄S�
C6  ^L5 {ζk}k≥0 ?wY`S`mds'SyLR%�r�v�K#&�*℄PWSo/�D��u�k<tXa4}< f(u0

k) S.{�hS�.℄6
Dk+1 ,





−d2,k+1 1
...

. . .

... 1

−ds+1,k+1 0 · · · 0




, Ck+1 ,





1

c1,k+1

...

cs−1,k+1




, H ,





1

0
...

0




,Ri s , max(p + 1, q − 1), Dk+1, Ck+1 � H s!? s × s, s × 1 � s × 1 SSW�J6_ k, d'.;` x̂0, f(u0

k) ℄=�=H��.
x̂k+1 = Dk+1x̂k + Ck+1yk+1, ϕ̂k = HTx̂k+1, (68)Ri� ϕ̂k H d f(u0

k) S�.��^�ÆH (Sinc)[17−18]

K(x) =
sin(x)

πx
(69)
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ΦK(t) ,

∫

R

eitxK(x)dx = I[|t|≤1].Ja6 C6 �� ηk ,?.{wY`SyLR%�r��ZXÆHm
Φη(t) ,

∫

R

e−itx 1

2πσ
e−

x2

2σ2 dt = e−
σ2t2

2 ,Ri σ2 ? ηk So/�
K(x) SnV'�ÆHm

Kk(x) ,
1

2π

∫

R

e−itx ΦK(t)

Φη

(
t

bk

)dt =
1

2π

∫ 1

−1

e−itxe
σ2t2

2b2
k dt (70)�

wk(x) ,
1

bk

Kk

(
uk − x

bk

)
=

1

2πbk

∫

R

e
−it(uk−x)

bk

ΦK(t)

Φη

(
t

bk

)dt

=
1

πbk

∫ 1

0

e
−it(uk−x)

bk e
σ2t2

2b2
k dt

=
1

π

∫ 1
bk

0

cos[(uk − x)t]e
σ2t2

2 dt, (71)Ri bk =
(

1
3σ2 log k

)− 1
2  >?d�Q$ σ2 ?&℄PS�K#?r,F, uk ℄2�.

σ2
k+1 =

1

k + 1

(
k+1∑

i=1

u2
i

)
− ϑ2,/=℄2*4W�6+�SYh�=

σ2
k+1 = σ2

k −
1

k + 1
(σ2

k + ϑ2 − u2
k+1). (72)8��L>t σ2 S�. σ2

k ^��J6_ k, wk(x) ℄2=�=JM
ŵk(x) ,

1

π

∫ 1

b̂k

0

cos[(uk − x)t]e
σ2

k
t2

2 dt, (73)Ri b̂k =
(

1
3σ2

k

log k
)− 1

2 . J71.Oi�= (73) �*Cq?H`'s�>t ŵk(x) S℄6^���� SAAWET ℄2YhW�. f(x)

µk+1(x) =

[
µk(x) −

1

k
ŵk(x)(µk(x) − ϕ̂k)

]
I[

|µk(x)− 1
k

ŵk(x)(µk(x)−ϕ̂k)|≤m∆k
(x)
]
,

(74)

∆k(x) =
k−1∑

j=1

I[|µj(x)− 1
j
ŵj(x)(µj(x)−ϕ̂j)|>m∆j

(x)], (75)
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6 .

4 � 'Jqi�u�}<tf�r�� EIV {e* EIV Hammerstein {eSYh�9Ol�#}<t;W�AoNT`Sa6�J EIV {e�9R{xC>�fs℄`QH.($N�&G*$Nfmg�S EIV q��{eS�9�l+ EIV Wiener {eS�9� EIV NARX{eS�9�2*�.�g�S EIV {eS�9�,;d?��S EIV {e�L{eF,*r,L5Ym ARMA 
86�+�Yh�9�,0oAX��  5 ;
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RECURSIVE IDENTIFICATION FOR ERRORS-IN-VARIABLES

SYSTEMS: FROM LINEAR TO NONLINEAR SYSTEMS

CHEN Han-Fu MU Biqiang

(Key Laboratory of Systems and Control, Institute of Systems Science, Academy of Mathematics and

Systems Science, Chinese Academy of Sciences, Beijing 100190)

Abstract The recursive identification methods for errors-in-variables (EIV) systems are

described in the paper. After briefly introducing the current status of identification for EIV

systems, the recursive identification algorithms for the multivariate linear EIV system as well

as for the EIV Hammerstein system are presented. The conditions guaranteeing the strong

consistency of the estimates given by the algorithms are demonstrated. Finally, some remarks

on problems for future research are pointed out.

Key Words Errors-in-variables, recursive estimates, stochastic approximation, strong

consistency.


