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CHARACTERIZATION AND IDENTIFICATION OF MATRIX
FRACTION DESCRIPTIONS FOR LTI SYSTEMS*
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Abstract. This paper shows that the matrix fraction description, given by a pair {A(z) B(z)} of
matrix polynomials of z, for a linear time-invariant system may not be unique even if A(z) is monic,
A(z) and B(z) have no common left factor, and the matrix coefficients corresponding to the highest-
order terms of A(z) and B(z) are full row rank. The orders of all possible matrix fraction descriptions
(MFDs) of a given system are completely characterized. Testing criteria for determining whether
a matrix pair is an MFD of the system are derived, which involve rank tests of certain Toeplitz
matrices derived from either the impulse response or output correlation functions of the system. A
decision procedure is devised that generates sequentially all MFDs for a given system. Identification
algorithms are introduced that estimate all MFDs of a given system from its input-output data or
output data only. The results are then extended to cover ARMAX systems.
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1. Introduction. Consider the following multi-input-multi-output (MIMO) lin-
ear time-invariant (LTT) autoregressive moving average (ARMA) system:

(1.1) A=)y
A(z)
B(z)

B(z)uk, where
I+ Aiz+ -+ AP,
= Bo+ Biz + -+ Byz*

are matrix polynomials of the backward-shift operator z : zy, = yi—1 with A; € R™*"™,
Bj € R™*™. The orders of the polynomials are denoted by (p,q). A(z) is assumed to
be asymptotically stable, namely, det A(z) # 0 V|z| < 1.

Typical system identification consists of several essential steps, including model
structure selection, model order determination, input design, data acquisition, param-
eter estimation, model validation, etc. [16]. This paper will use the model structure
(1.1) in which the pair {A(z) B(z)} of order (p,q) is a matrix fraction description
(MFD) of the system’s transfer matrix. This paper presents new results that com-
pletely characterize the orders of these MFDs for a given system, and algorithms for
identifying the matrix coefficients after order selection.
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Model order determination is a critical task in a modeling process, and has drawn
extensive research effort. Most well-established information criteria for order selection
are the AIC [1], the BIC [19, 20], and the ®IC [14]. The method proposed by [15]
extends the minimum description length criterion introduced in [19]. This method
is later extended to order estimation of ARMA models under noisy outputs [2], and
subsequently to estimation of non-Gaussian processes that are corrupted by colored
additive Gaussian noises using higher order cumulants [3]. A recursive algorithm of
order selection is proposed in [11] for MIMO ARMA and ARMAX models. Parameter
estimation is a classical topic, and we refer the reader to [16] for a comprehensive
coverage of estimation algorithms, and to [9] for detailed convergence analysis of
some recursive algorithms. The strictly positive realness condition is frequently used
in convergence analysis for identification algorithms.

The main contributions of this paper are in the following aspects. First, we
establish nonuniqueness and a complete characterization of the MFDs of a given
system. While normalized coprime factorization of a scalar ARMA system is unique,
its MIMO counterpart is far more complicated and has distinct features that are
important for practical identification design.

Second, this paper presents two possible approaches in identifying the MFDs.
One is of deterministic nature by using impulse responses; and the other employs
stochastic probing signals and correlation analysis. Algorithms and their convergence
analysis lay a foundation for practical and reliable implementation of the identification
process. In addition, we have shown that the algorithms remain viable under noisy
observations. Finally, in comparison to the classical AIC and BIC, the algorithms
here do not require prior bounds on the system orders.

These findings have several important implications. For example, since the same
impulse response can have multiple MFDs, the original physical parameters may be
lost since the input-output data cannot uniquely determine the MFDs. This implies
that additional structural information should be used to pinpoint the physical-system-
based model. On the other hand, if one is allowed to choose model structures to
explain the input-output behavior, then our characterization can be used to guide
model selections. It will become clear that some MFDs will have less complexity than
others, leading to potential complexity reduction in treating such systems.

The paper is organized into the following sections. In section 2, the equivalent
conditions of the MFD with a fixed order which represents uniquely the impulse
response of the system are presented. An example illustrates that for a given impulse
response there may exist multiple MFDs with different orders. In section 3, a testing
criterion is derived to determine if a given MFD is unique. When the given MFD is not
unique, a method is devised to detect the order ranges of the other MFDs. Algorithms
for finding all additional MFDs are also presented. Section 4 provides a complete
characterization of all MFDs for the impulse response of the given system. Parallel
results are derived by the correlation method in section 5. In addition, parameter
estimation of all the MFDs, by using either the input-output data or the output
data only, is included in section 6. When the system observations are corrupted by
noise, our methods are extended to ARMAX systems in section 7. Finally, section 8
concludes the paper with some remarks on specifics of results given in the paper.

2. Preliminaries. Given a system in (1.1), stability of A(z) allows us to repre-
sent the system by the transfer matrix H(z) from {A(z) B(2)} as

(2.1) H(z) 2 A7 (2)B(z) = > Hi?',
i=0
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where {H;,i = 0,1,...} is the impulse response with Hy = By, ||H;|| = O(\),i > 1,
for some 0 < A < 1. Then, the output y; in (1.1) can be expressed in a convolution
sum form

(2.2) Yk = ZH’Luk—'L
i=0

Conversely, given a transfer matrix H(z) = Y. H;z%, the matrix pair {A(z) B(z)}
satisfying (2.1) is called a matrix fraction description of H(z). The system coefficients
{A41,...,A,,By, B1,...,B,} are related to the impulse response {H;,7 > 0} by the
equation

(2.3)
Bo+ Biz+ -+ Bgzl= (I + A1z + -+ ApzP)(Ho + Hiz + -+ Hi2" +---).

Identifying coefficients for the same orders of z on both sides of (2.3) implies

PAL
(24) Bl = ZAJ‘HZ',]', 0 < ) < q,
§=0
pPAL
(2.5) Hy=—=> AjH j, i>q+1,
j=1
where Ag = I and a A b = min(a,b). Sweeping the index i € {¢+1,...,¢+ np} in
(2.5), we obtain

(26) [Al AQ SN AP]L(p,q) = —[Hq+1 Hq+2 . Hq+np]7

where L(p, q) is a Toeplitz matrix

H, Hypr o0 Hgpnp—t
H, 4 H, oo Hygnp—o

(2.7) L(p,q) = : . : :
Hypr1 Hgpr2 o Hopm-1)p

and the notation H; £ 0 for i < 0 is used. Define

A A
0h = [A1 Ay ... A, WT = —[Hyys Hyvo .. Hypnpl

Then, it follows from (2.6) that

(2.8) 04 = (L(p,q)L(p,q)") ' L(p, )W,

if L(p,q) is full row rank. By solving (2.8) and (2.4) under fixed (p,q), an MFD of
H(z) can be obtained.

A primary question is, is there another MFD { X (2) Y (z)} for the impulse response
H(z), which is generated from {A(z) B(z)}? In other words, is {A(z) B(z)} unique
for a given H(z)? This problem has been studied over several decades [21, 13, 5, 18],
but a complete answer remains elusive.

Starting from the matrix pair {A(z) B(z)} of orders (p, ¢q) in (1.1) with its corre-
sponding impulse response H(z) from (2.1), denote by M(p, q) the set of all matrix
polynomial pairs {X (z) Y (z)} satisfying
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(i) X Y(2)Y(2) = H(z), where X(z) € R™ " is stable with X(0) = I and
Y(z) € R*m
(ii) deg X(z) <p and degY(z) < q.
Obviously, {A(z) B(z)} € M(p,q).

Without coprimeness constraints, M(p, ¢) contains infinitely many pairs. How-
ever, under coprime conditions, fixed orders, and constraint on the coefficients of the
highest orders of A(z) and B(z), the pair becomes unique. The following conditions
are equivalent in characterizing the uniqueness of {A(z) B(2)} in M(p, q).

PROPOSITION 2.1 (see [18]). The following statements are equivalent:

HI1: {A(2) B(z)} in M(p,q) is unique.

H2: A(z) and B(z) have no common left factor and the composite matriz [A, By
is of full row rank,

H3: There exist no nonzero n-vector polynomial d(z) and m-vector polynomial
c(z) with orders strictly less than p and q, respectively, such that d¥ (z)H (z)+
cr'(z)=0.

H4: The matriz L(p, q) is full row rank.

The main question this paper intends to answer is, if we remove the restrictions
deg X (2) < p and degY'(z) < ¢, are there other MFDs of H(2)? In other words, we
are seeking { X (z) Y(2)} # {A(z) B(z)} with orders (s,1),

X(z)=T+X1z+ -+ X,2%,
Y(2) =Y+ Yiz+ -+ V2!
such that

(1) X~ 1(2)Y(2) = H(2),

(2) and X (z) and Y (z) have no common left factor with the composite matrix
[Xs Y:] being full row rank.

The following example confirms nonuniqueness of MFDs when the order restriction is

removed.

Ezample 2.1. Consider {A(z) B(z)} € M(3,1):

Yk + Aryr—1 + Asyr—2 + Asyr—3 = Bour + Biug—1,

15 0 10 02 0
Al:{ 1 —1}”42:[1.2 0.8}”43:[0.8 —0.4]’

where

and {X(z) Y(2)} € M(4,0):
Yk + Xiyr—1 + Xoyr—2 + X3yr—3 + Xayr—a = Yous,

where

1 05 0.75 —0.5 0.3 0.4
Xl_[o.5 —0.5}’ XQ_[0.95 0.3 ] X3_{o.9 0 }

0.3 —0.2 2
X‘*‘[os —0.2}’ YO_{O]'
It is straightforward to verify that they have the same H(z) and satisfy conditions
(1) and (2).
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Let us denote by M the set of all matrix pairs {X(z) Y (2)} satisfying conditions
(1) and (2) if {A(2) B(2)} is unique in M(p, q). It is clear that {A(z) B(z)} € M,
and hence M is nonempty. We call (s,t) the orders of the pair {X(z) Y(z)} if
{X(2) Y(2)} € M with deg X(z) = s,degY (z) = t. It is clear that each element
{X(2) Y(2)} € M of the orders (s,t) is also unique in M(s,t) via Proposition 2.1.

Remark 2.1. Both {A(z) B(z)} and {X(z) Y(2)} belong to M in Example 2.1.
The complexity of a model is defined as the total number of parameters it contains.
For example, the complexity of a model with orders (p,¢) and input-output dimen-
sions (n,m) is equal to n?p + nmq. Therefore, the complexities of {A(z), B(z)} and
{X(2),Y(2)} in Example 2.1 are 22 x3+2x 1 x2=16and 2> x4 +2x 1 x 1 = 18,
respectively. As a result, {A(z), B(2)} is less complex than {X(z),Y(2)}.

3. Order characterization of MFDs. We consider the ranges of orders of all
pairs belonging to M, and the necessary and sufficient conditions for existence of
more than one pair in M. We first state the following lemma.

LEMMA 3.1. Assume that {A(z) B(z)} of orders (p,q) belongs to M. Then
{X(2) Y(2)} of orders (p,q+J) for any j > 1 also belongs to M if and only if X (z) =
A(z), Y(2) = B(2), Yg4; = 0, and A, is full rank. Similarly, when {A(z) B(z)} of
orders (p,q) belongs to M, then {X(z) Y (2)} of orders (p+7,q) for any j > 1 is also
in M if and only if X(2) = A(z), Y(2) = B(2), Xp+; =0, and By is of rank n.

Proof. Necessity: Since both {A(z) B(z)} of orders (p,q) and {X(2) Y(z)} of
orders (p,q + j) belong to M, {A(z) B(z)} is unique in M(p,q) and {X(z) Y (z)} is
also unique in M(p, ¢+ j) via the definition of M. Noting M(p,q) C M(p,q+7), we
see that both {A(z) B(z)} and {X (z) Y (2)} are in M(p, g+7). However, {X(z) Y(2)}
is unique in M(p,q + j), which means that A(z) = X(z) and B(z) = Y(z). Denote
the coefficient of the highest order of Y (z) by Ygy;. Thus Y,y; = 0 since B(z) is
a polynomial of order ¢q. The statement that {X(z) Y (z)} is unique in M(p,q + j)
derives that [X), Y4 ;] is full row rank by Proposition 2.1. As a result, A, = X, is
full rank.

Sufficiency: Suppose that {A(z) B(z)} € M and is of orders (p,q). Then A(z)
and B(z) have no common left factor. If the coefficient A, of the highest order of
A(z) is full rank, then {A(z) B(z)} of orders (p,q + j) also belongs to M for any
j > 1 by Proposition 2.1 since [A, 0] is still full row rank and A(z) and B(z) have no
common left factor, where B(z) = B(z) + 02971 4 .. 4029+,

The proof for the case By, the coefficient of the highest order of B(z), is of rank
n is similar. O

Based on Lemma 3.1, we call {A(z) B(z)} of orders (p, ¢) a distinct pair in M, if
both the coefficients A, and B, of the highest orders of A(z) and B(z) are nonzero.
Therefore, the number of the distinct elements in M is always finite and is determined
by the system orders of any pair in M. This is illustrated by the following theorem.

THEOREM 3.2. Assume {A(z) B(2)} of orders (p,q) belongs to M.

(i) There exists a pair {X(2) Y(2)} € M with orders (s,t) and {X(2) Y(2)} #
{A(z) B(2)} only in the cases s > p, t < q or s <p, t > q. The total number
of distinct pairs {X (z) Y (z)} € M is no more than p + q.

(ii) There ezists a pair {X (z) Y(z)} € M of orders (s,t) with s > p, t < q if and

only if there is an n X n(s —p + 1) full-row-rank matriz

A
K2[KepKep ... Ko

such that KB(s,t) = 0, the rows of K constitute a basis of the left kernel
space of B(s,t), i.e., any n(s —p+ 1)-row-vector o’ satisfying o’ B(s,t) =0
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must be a linear combination of the rows of the matrix K, where

By Byi .- Bysp - Bi(sp
(31) B(S, t) _ 0 Bq ... B‘Z*(Sfp)+1 .. . Btf(s—p)+2 7
0 0 0 By e By

and the n x n matriz polynomial
(3.2) K(z)=Ko+ Kiz+-+ Ks_pz°"

s unimodular, that is, det K(z) equals a nonzero constant for all z on the
complex plane.

(iii) There exists a pair {X(z) Y(z)} € M of orders (s,t) with s <p, t > q if and
only if there is an n X n(t —q+ 1) full-row-rank matriz

K'2]

Ké—q Ké—q—l K(/)]

such that K'A(s,t) = 0, the rows of K' compose a basis of the left kernel
space of A(s,t), i.e., any n(t — q + 1)-row-vector BT satisfying BT A(s,t) =0
must be a linear combination of the rows of the matriz K', where

Ap Apr o Apeg o Ao
(3.3) A(s,t) = 0 A o Ay g1 Asog2 7
0 0 0 AP e As+1

and the matriz polynomial
(3.4) K'(z) =Ky +Kjz+---+ K| 21

s unimodular.

Proof. (i) By the uniqueness of {X(z) Y (2)} € M(s,t), it is impossible to have
s > pand t > ¢, and by the uniqueness of {A(z) B(z)} € M(p,q) it is not possible
to have s < p,t < qor s < p, t < q. Therefore, only the cases s > p, t < ¢
and s < p, t > q are possible. In the case s > p, t < ¢ by the uniqueness of
{X(2) Y(2)} € M(s,t) there is only one X (z) with order s corresponding to a Y (z)
with order ¢ so that {X(z) Y(z)} € M. Noting 0 < t < ¢, there are at most ¢
different pairs of {X (z) Y (z)} € M. Similarly, there are at most p — 1 different pairs
of {X(2) Y(2)} € M in the case s < p, t > q. As a result, the number of the whole
distinct matrix pairs in M is no more than ¢+ (p — 1) +1=p+q.

(ii) Necessity: Assume that {X(z) Y(2)} € M with orders (s,t) : s > p, t < g,
where

X)) =T+X1z+ -+ X2°,
Y(2) =Yy +Yiz+ -+ Yz
Set K (z) = X (2)A71(z). Then, we have
(3.5) X(z) = K(2)A(z),
(3.6) Y(2) = X(2)H(2) = X (2)A™ (2)B(2) = K(2)B(2).
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Since both A(z) and X (z) are stable, det K(z) cannot identically equal zero. Hence,
we have rank K (z) = n. Let us express K(z) in the Smith-McMillan canonical form
12, 22]

K(2) = U(z)diag u(z) ¢2(2) qn(2) V()
(2) pa(2)”
(3.7) =U(z)P(2)Q(2)V (2),
where U(z) and V(z) are n x n unimodular matrices,

P(z) = diag[pi(2),p2(2),...,pn(2)],
Q(z) = diag[q1(2), ¢2(2), - - -, qn(2)]

with p;(z) and ¢;(z) being coprime Vi = 1,...,n. Putting the expression of K(z) given
by (3.7) into (3.5) and (3.6) leads to

(3.8) QM (2)P()U(2)X (2) = V(2)A(2), Q7 (2)P(:)U~ 1 (2)Y (2) = V(2)B(2).

Noting that the right-hand sides of both equalities in (3.8) are matrix polynomials, we
find that the ith rows of both P(2)U~!(2)X (z) and P(2)U~1(2)Y (z) must be divided
by ¢; Vi =1,...,n. Noting that ¢; and p; are coprime Vi = 1, ..., n, we find that Q(z)
must be a common left factor of U~!(2)X (2) and U~1(2)Y(2). In other words, both
Q1 (2)UY2)X(2) and Q7 1(2)U~1(2)Y (2) are matrix polynomials. Noticing that
Q~'(z) and P(z) in (3.5) are commutative, we find that P(z) is a common left factor
of V(2)A(z) and V(z)B(z). Since A(z) and B(z) have no common left factor, there
exist matrix polynomials M (z) and N(z) such that A(z)M(z) + B(z)N(z) = I, and
hence V(2)A(2)M (2)V~1(2) + V(2)B(2)N(2)V~1(z) = I. This means that V(2)A(z)
and V(z)B(z) also have no common left factor. Consequently, P(z) is unimodular.
Then, from (3.7) it is seen that K(z) is a matrix polynomial. Let us denote it by
K(z) 2T+ K1z + -+ K,2". Likewise, set K(2) 2 A(z)X~!(z). By carrying out
similar treatment as above, K (z) is also a matrix polynomial. Noting K (z) = K~1(2),
K (z) is unimodular.

We now show deg K (z) = s—p. If the highest order r of K(z) is greater than s —p,
then by comparing the coefficients of the highest order on both sides of (3.5) we have
KA, = 0. Noticing t < ¢, from (3.6), we have K, B, = 0. Since [A4, B,] is of full row
rank, we obtain K, = 0. Similarly, we derive that K; =0, s—p+1 <¢ <r—1. Thus
we obtain that deg K (z) < s —p. By (3.5), we have deg X (z) < deg K(z) + deg A(»),
which implies that deg K (z) > s — p. Therefore, we obtain deg K(z) = s — p.

Denote the coefficients of K (2) by K = [Ks_, Ks_p—1 ... I]. Noting deg Y (2) =
t < ¢, and comparing the coefficients of the orders ¢t +1 < i < ¢ on both sides of (3.6),
we have KB(s,t) = 0. It is clear that the n rows of K are linearly independent.
It remains to show that the n rows of K are a basis of the left kernel space of
B(s,t) for the necessary part. Let a be a nonzero n(s — p + 1)-vector satisfying
aTB(s,t) = 0. Assume the converse that ol is linearly independent of rows of K.
Form an n X n(s — p + 1)-matrix

which is obtained from K by replacing its any row with a”. Since K is of full row
rank and a” is linearly independent of rows of K, the matrix K is also of full row
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rank. It is clear that KB(s,t) = 0, K # K, and K(z) # K(z), where

K(z) S Ko+ Kzt + Ko 2577

We now show that rankK (z) = n. If rankK (z) were less than n, then there would
exist an n-vector v # 0 such that ’yTIN((z) = 0 Vz, and we would have ’ny( = 0.
But, this is impossible since K is of full row rank. Define I?(z) = K(2) + eK(2) =
K(2)(I+eK'(2)K(z)). Since K(z) is unimodular, one can select a sufficiently small

~

€ > 0 such that I?(z) is stable and K (0) is nonsingular. Set

A(z) 2 K1 0)K(2)A(z), B(z)2 K ' (0)K(2)B(z).
From the above definition it is seen that deg A\(z) < s, and by KB(s,t) = 0 it follows
that deg B(z) < t. Since K (z) is of full rank, we have

~

A7 (2)B(2) = (KY(0)K (2)A(2)) 'K (0)K (2)B(2) = A7 (2) B(2).

This means {A(z) B(z)} € M(s,t). Noticing K(z) # K(z), by (3.5) and (3.6) we
see that {A(z) B(z)} # {X(z) Y(2)}. However, by assumption, {X(z) Y(z)} € M
of order (s,t). In other words, {X(z) Y(2)} is unique in M(s,t). The contradiction
shows that there does not exist any nonzero o’ linearly independent of rows of K
and satisfying o B(s,t) = 0.

Sufficiency: Since K (z) is unimodular, det K (z) is a nonzero constant. Thus we
have det Ky = det K (z) # 0 by setting z = 0. Define

(3.9) X(2) 2 Kj'K(2)A(2), Y(2) & Ky 'K(2)B(2).

We now show that {X (2) Y (2)} € M of orders (s, ).

It is clear that X (0) = I, deg X(z) < s, and degY (z) < ¢ since KB(s,t) = 0.
It is also clear that the matrix pair {X(z) Y (2)} has the same impulse responses as
those for {A(z) B(z)}. Since A(z) and B(z) have no common left factor, there exist
matrix polynomials M (z) and N(z) such that A(z)M (z) + B(z)N(z) = I, and hence

Ky K(2)A(2)M (2) K~ (2) Ko + Ky 'K (2)B(2)N (2) K~} (2) Ko = 1.

This means that neither X (z) nor Y (z) have a common left factor. It remains to show
that the matrix [X; Y;] is full row rank, where X, and Y; are the matrix coefficients of
the highest order of X (z) and Y (z), respectively. Assume the converse: there exists
a nonzero column vector a € R™ such that o [X, ¥;] = 0. Let S be an orthogonal
matrix such that the first element of Sa is zero. Choose 3 so that the first element
of SB is one and zero elsewhere. Then, the matrix polynomial F(z) £ I + a2z is
unimodular since det(SF(z)ST) = 1. Define

(3.10)
A(2) 2 F(2)X(2) = F(2)K; 'K (2)A(2), B(z) 2 F(2)Y (2) = F(2) Ky 'K (2) B(z).

Noticing a” X, = 0, we see that deg E(z) < s. Similarly, by a”¥; = 0 we have
deg B(z) < t(< q).

Thus, {A(z) B(z)} has the same impulse responses as those of {X(z) Y (z)} or
{A(2) B(2)}, and {A(z) B(2)} # {X(2) Y(2)}. We note that deg A(z) > p, because
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the converse assumption deg A(z) < p would lead to {A(z) B(z)} € M(p,q). This
violates the uniqueness of {A(z) B(z)} in M(p,q). Set K(z) 2 F(2)Ky 'K (z). We
now show deg I~((z) = deg g(z) — p. Let K, be the corresponding coefficient of the
highest order z" in I~((z) If r > deg ﬁ(z) — p, then comparing coefficients of 2" in
(3.10) by noticing deg B(z) < t < q leads to K,.[A, B,] = 0. Since [A, By] is full row
rank, we conclude that K, = 0 Vr > deg A(z) — p, and hence deg K (z) < deg A(z) —p.
On the other hand, from (3.10) it is seen that deg K (z) > deg A(z) — p. Consequently,
deg K(z) =deg A(z) —p < s —p.

Denote the matrix coefficients of K(z) by K 2 [K._p Ke 1 ... I]. By (3.9)
and (3.10), we see that all row vectors of the matrix

Ky'Kep Ko'Kepa oo 1

N(s,t) =
(s,2) Ko, Kep1 . 1T

belong to the left kernel space of the matrix B(s,t). By the assumption of the theorem
the rows of [Ky 'Ky, Ko ' Ks_p_1, ..., 1] compose a basis of the left kernel space of
B(s,t). Then there is an n x n matrix I such that

T[K; K p Kg' Ko py ... I = [Kep Koy ... 1]

Comparing the last n x n matrix at both sides of the equality, we find I' must be
an identity matrix. However, this is impossible as can be seen from (3.9) and (3.10),
since {A(z) B(z)} # {X(2) Y(2)}. The contradiction shows that [X, V;] is full row
rank, and the proof of sufficiency is completed for the case s > p and t < ¢.

(iii) For the case s < p,t > ¢ we can similarly verify that deg K'(z) = t — ¢,
K'A(s,t) = 0, and any nonzero n(t — q + 1)-row-vector 37 for which 7 A(s,t) = 0
must be a linear combination of rows of K’.

The sufficiency for this case can be proved similarly to that for case (ii). d

THEOREM 3.3. Assume that both the matriz pairs {A(z) B(z)} of orders (p,q)
and {X(2) Y(2)} of orders (s,t) belong to M, and {A(z) B(2)} # {X(z2) Y(2)}.
Then the orders (p,q) and (s,t) satisfy the following inequalities:

(3.11) (n=Ds+t=(n—1)p+g,
(3.12) s<p+(n—1)q

if s>pandt<q; and

(3.13) (n—1t+s>(n—1)g+p,
(3.14) t<g+(n—1)p

ifs<pandt>q.

Proof. In the case s > p and ¢ < ¢, as proved in Theorem 3.2 (in the necessity
part of (ii)), K(z) £ X (2)A71(z) is unimodular and deg K(z) = s — p. Therefore,
deg K~1(z) = deg AdjK(z) < (n — 1)(s — p). It follows from (3.6) that B(z) =
K~1(2)Y(2), and hence we have deg B(z) < deg K ~!(z) + deg Y (2). Thus we have
g < (n—1)(s—p)+t, which means (n —1)s+t > (n—1)p+gq.

We rewrite (3.5) and (3.6) as

(3.15) A(z) =
(3.16)

o8
=
™
SN—
[
= =
AR
Py
N W
S—
=%
&
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Since K (z) is unimodular, we have K ~1(2) = I+ K{z+- -+ K/2". We now show
deg K~1(2) = g — t. Assume the converse: r > ¢ — t. From (3.16) it is seen that the
coefficient of 2" is KY; = 0, where Y; is the coefficient of 2! in Y'(z). Similarly, the
coefficient of 2" "% on the right-hand side of (3.15) is K/ X = 0, because r+s > s > p.
By the full row rankness of [X; Y;] we have K/ = 0. Therefore, deg K ~!(2) < q — t.
On the other hand, from (3.16) it follows that ¢ < deg K ~1(2) +t. Thus, we conclude
that deg K~1(z) = ¢ — t. This implies that deg K(z) < (n — 1)(q — t), since K(z) is
unimodular. Noticing deg K(z) = s —p, we have s <p+(n—1)(¢—t) <p+ (n—1)q.
For the case s < p and t > ¢, the assertions (3.13) and (3.14) can be proved in a
similar way. d
COROLLARY 3.4. Assume that both the matriz pairs {A(z) B(2)} of orders (p,q)
and {X (2) Y(2)} of orders (s,t) belong to M, and {A(z) B(2)} #{X(z) Y(2)}.
(i) If A, is nonsingular, then the orders (s,t) of {X(z) Y (2)} must be located in
{p<s<p+(n—1)q, 0<t<q} and the total number of distinct pairs in
M is no more than q+ 1.

(i) Similarly, if By is of rank n, then the only possible orders (s,t) of {X (2) Y (2)}
satisfy {1 < s <p,q <t <qg+(n—1)p} and the total number of distinct pairs
in M is no more than p.

(iii) As a consequence of (i) and (ii), if both A, and B, are of rank n, then
we cannot have that both the matriz pairs {A(z) B(2)} of orders (p,q) and
{X(2) Y(2)} of orders (s,t) belong to M, and {A(z) B(z)} # {X(z) Y(2)}.
In other words, {A(z) B(2)} is the unique distinct pair in M. In particular,
{A(2) B(z)} is always unique in M if the system (1.1) is scalar.

Proof. We first show the assertion (1). If A, is nonsingular, then A(s,t) defined
by (3.3) is full row rank. By Theorem 3.2(iii) the orders (s, ) of {X(z) Y (z)} cannot
fit the case s < p, t > ¢. So, by Theorem 3.2(i) we must have s > p, ¢t < ¢. Then,
the total number of distinct pairs in M is no more than ¢ + 1 via the range of the
index 0 <t < ¢, and by (3.12) s < p+ (n — 1)g. The proof for (ii) and (iii) is simi-
lar. 0

Remark 3.1. When the number of distinct pairs in M is greater than 1, the user
has a choice to take, for example, the one with the least number of system parameters,
the one with the lowest order of the AR-part, or with the lowest order of the MA-part,
etc.

Assume that {A(z) B(z)} of orders (p,q) belongs to M and is available. The-
orems 3.2 and 3.3 together with Corollary 3.4 provide an access to find all the dis-
tinct pairs in M. By Theorem 3.2 the total number of distinct pairs in M is no
more than p 4+ ¢, and Theorem 3.3 and Corollary 3.4 give the range of possible or-
ders. To be specific, either the possible orders are null or their range is located
mn{p<s<p+n—-1q¢g0<t<gqgh {1 <s<pqg<t<gqg+(n-—1p} or
{p<s<p+(n—-1)q0<t<gandl <s<pqg<t<qg+(n—1)p} by jude-
ing if A, and B, are of rank n. If the range of the possible orders is located in
{p<s<p+(n-1)q0 <t < q}, then whether a pair of orders (s,t) belongs to
M or not depends on whether the dimension of the left kernel space of the matrix
B(s,t) defined by (3.1) is n or is not. If a pair of orders (s,t) satisfies the condition,
then it belongs to M and is equal to { K 'K (2)A(2), Ky 'K (2)B(2)}, where K(z) is
calculated by (3.2) in Theorem 3.2. Clearly, the possible pairs with orders (s,t) in
the range {1 < s < p,q <t < g+ (n—1)p} belonging to M can be found in a similar
way.

Ezample 3.1. Assume the pair {A(z) B(z)} of orders (3,1) in Example 2.1 is
known. Then the range of possible orders (s,¢) is 3 < s <3+ (2—-1)1,0<¢t <1
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by Corollary 3.4 since As is of full rank. As a result, the orders of the unique pair
other than {A(z) B(z)} are s = 4,t = 0. By a straightforward calculation, the row

vectors of the matrix [ 202021 9] is a basis of the left kernel space of the matrix

B(4,0) = [1499]" defined by (3.1).

Define K(z) 2 I+ Kyz, where K; = [Z0202]. Thus, another pair in M is
equal to [K(2)A(z) K(z)B(z)], which is identical to {X(z) Y(2)} in Example 2.1.
Therefore, the set M containing { A(z) B(z)} has only two distinct pairs: {A(z) B(z)}
and {X(z) Y(z2)}.

4. Determining MFD from impulse responses. In the last section we have
discussed how to derive the pairs of M if {A(z) B(z)} € M is available. In this
section, we assume that {A(z) B(z)} € M but not necessarily available, and then
proceed to find all pairs in M only on the basis of impulse responses {H;,i > 0} of
{A(2) B()}.

THEOREM 4.1. Assume that {A(z) B(2)} of orders (p,q) belongs to M. Then, in
the case s > p, t > q, the ranks of the Toeplitz matriz defined by (2.7) are as follows:

np if s—t=p—q,
rank L(s,t) =< n(s—t+q) +rankA(t—s—(¢—p)) if s—t<p—gq,
np+rankO(s —t — (p — q)) if s—t>p—aq,
where
[ Ap Ap—l Ap—t+1 !
0 A —t+2
(4.1) AQt) 2 i e

is an nt x nt matriz with Ag = I and A; =0 fori <0, and

[ B, By1 ... Byts1 ]
0 By ... Byt2
(4.2) o(t) , o -

L0 0 0 By |

is an nt X mt matriz with B; =0 for i < 0.

Proof. (i) We first show rank L(s,t) = npif s—t = p—q. It is clear that the matrix
L(p, q) is a part of the last np rows of L(s,t), and is full row rank by Proposition 2.1.
This means that rank L(s,t) > np. On the other hand, since the row vectors of the
n(s — p) X ns matrix

I A ... A, 0 0
0 I A ... A, 0
0 ... 0 I A .. A,

all belong to the left kernel space of L(s,t) by (2.5) and they are linearly independent,
we have rank L(s,t) < ns —n(s — p) = np. So, rank L(s,t) = np when s —¢t =p — q.

(ii) We prove that rank L(p, t) = n(p—(t—q))+rank A(t — ¢) for t > g+1. For this
it suffices to show that the dimension of the left kernel space of L(p, t) is equal to that
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of the left kernel space of A(t — q), i.e., np — rank L(p,t) = n(t — ¢) — rank A(¢t — q),
because from here it follows that rank L(p,t) = np — (n(t — q) — rank A(t — q)) =
n(p—(t—q))+rank A(t — ¢). We show that there is a bijection between the left kernel
spaces of L(p,t) and A(t — q). As a consequence, these kernel spaces have the same
dimension.

We first show that there exists an injection from the left kernel space of L(p,t)
to that of A(t—gq). Assume z = [z] 23 ... 2]]" # 0 with 2; € R is any point of
the left kernel space of L(p,t). Define

(4.3) d(z) £ @iz,
i=1
(4.4) ' (2) £ d"(2) A7 (2),

We want to show the following;:

(a) nT(z) is a vector polynomial with degn? (2) <t —q— 1. If this is true, let us
denote nT'(z) £ nd +nlz+-+ 77'511_(1_12“‘1*1 and combine the coefficients
of n"'(z) into a vector n = [nf", 1 n , o ... ng]".

Define the linear mapping f : x — n;
(b) n belonging to the left kernel space of A(t — q);
(¢) any x belonging to the left kernel space of L(p,t) and satisfying f(x) = 0
must be zero.
Let us prove these assertions.
(a) We prove that n’'(z) is a vector polynomial with degn?(z) <t —q— 1. We
first show

(4.5) x] Hi_jy =0 VI>1

M-

~
Il
-

By the assumption that x = [2] 21 ... xg]T # 0 belongs to the left kernel space of
L(p,t), we have (4.5) for 1 < < np. Noting

_ A"(2)B(z)  B*(2)

o alz) 0 al?)]

where a(z) £ detA(z) = Y17 a;2", A*(z) is the adjoint matrix of A(z), and B*(z) £
A*(2)B(z) = Zgig”pﬂ B2/, we have

(4.6) H(z) = A~'(2)B(2)

(I1+arz+-+anpz")(Hy + Hiz+ -+ Hiz" + )

(4.7) = Bi+ Biz 4+ Bl 1)y 42"

Identifying coefficients for the same degrees of z on both sides of (4.7), we obtain
np

(48) Hj:—ZaiHj,i Vj>q+(n—1)p.

i=1
In the case that [ = np + 1, we have

p p np
T T
E z; Hi—jinpt1 = — E T E a;iHi_jinpr1—i
=1 =1

j=1

np P
(49) = — Z a; Z x?HtfjJrTLpﬁ*l*i =0.
i=1 j=1
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Thus (4.5) holds for I = np+1. As a result, we can show inductively that (4.5) holds.
From (4.5) it follows that

dT(z)H(z):Z zl 2 Zsz—l— Z H;z

=1 Jj=t—i+1
x; HZH” Ly g <§ +TH, 1+k> t+k—1

P
(4.10) = Z ol H =1 2 (T (),

and the orders of d(z) and ¢(z) are strictly less than p and ¢, respectively. Conse-
quently, we have

(4.11) dT(2)A71(2)B(2) = ' (2).

Since A(z) and B(z) have no common left factor and ¢”'(z) is a vector polynomial, the
zeros of A(z) must be canceled with d”'(z). Therefore, n’'(z) is a vector polynomial
denoted by 7 (2) 2 8 + 7Tz + -+ nla".

By (4.4) and (4.11) we have

(4.12) " (2)A(z) = d"(2),
(4.13) 7

Comparing the coefficients of the highest order on both sides of (4.12) and (4.13),
respectively, We have nl' A, = 0 and n! B, = 0. Since [A, B, has full row rank, it
derives that 1 = 0. NOtlIlg degd(z) < p and dege(z) < t, it follows that nl =
0Vt —q <14 <r — 1 inductively, and hence we conclude that degn® (z) <t —q — 1.

(b) We show that 7 belongs to the left kernel space of A(t — q). Since degd” (2) <
p, from (4.12) we see the coefficients of 2* in 57 (2)A(z) equal zero for i > p. Conse-
quently we have

n?—q—lAP = 07

(414) n?—q—lApfll—’— n?—q—QAp =0,

M g1 Ap—trgi1 + Mg aAp—trqr2 + -+ 15 Ap =0,
which can be rewritten in the following matrix form:
(4.15) nTA(t —q) =0.

This means that n” belongs to the left kernel space of A(t — q).

(c) Using n = f(x) = 0 we obtain d7(2)A71(z) = nT(z) = 0 by (4.4). This
implies that d”(z) = 0, and hence # = 0. Therefore, the mapping f from the left
kernel space of L(p,t) to the left kernel space of A(t — ¢) is an injection.

We show that there exists an injection from the left kernel space of A(t — ¢) to
that of L(p,t). Let ™ £ [pf |, nF , 5 ... 13] belong to the left kernel space of
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A(t — ¢). Define the vector polynomials

(4.16) WT(2) 23 T 2
i=1
(4.17) d(z) £ nT(2)A(2).

It is clear that the row vector T satisfies the matrix equation (4.15), which implies

that the coefficients of 2* in dT (2) are zero for i > p. Write d (2) = P L xlz 1 and
form the vector z = [z 21 ... xz;]T € R™ from the coefficients of d'(z). We are

ready to show that 27 L(p,t) = 0, and the linear mapping f : 7 — z is an injection.
From (4.17) it follows that

(4.18) dT(2)H(z) = dT(2) A" (2)B(2) = nT (2)B(2).

The left side of (4.18) can be expressed as

(4.19) Zi el Hjz i1 = Z <Zx Hj_ z+1>
i=1 =0 Jj=0

It is clear that degd” (2)H(z) = degn® (2)B(z) < t, which implies the coefficients of
2" in d¥(2)H(z) equal zero for i > t. In other words, we have

p
(4.20) S alHi iy =0v1>1,
i=1

which means that 27 L(p,t) = 0, or 27 belongs to the left kernel space of L(p,t).

To prove that the linear mapping f is an injection, it suffices to show that 7 = 0 for
any 7 belonglng to the left kernel space of A(t — ¢) and f f(n) = 0. Since z = f(n) =0,
we see that n7 (2)A(z) = d¥'(z) = 0. This means that 7 (z) = 0, and hence n = 0.

Thus, we have shown that the left kernel space of L(p,t) and the left kernel space
of A(t — q) are in one-to-one correspondence, and hence rank L(p,t) = n(p— (t—¢q)) +
rank A(t — q) for ¢t > g+ 1. The proof of (ii) is completed.

(iii) We show rank L(s,t) = n(s—t+q)+rank A(t — s — (¢ — p)) when s—t < p—gq,
while the special case s = p has been proved in (ii). Since the matrix L(p,t— (s—p)) is
the first nmp columns of the last np rows of L(s,t), rank L(s,t) > rank L(p,t— (s—p))

by (ii).
On the other hand, let the rows of the [np — rank L(p,t — (s — p))] X np matrix
G =1[G1 ... Gp] be linearly independent and compose a basis of the left kernel space

of the matrix L(p,t — (s —p)). Noticing that L(p,t — (s —p)) is the first nmp columns
of the last np rows of L(s,t), it is seen that all rows of G belong to the left kernel
space of the last np rows of the matrix L(s,t) in terms of (4.8).

Consequently, by (2.5) all rows of the [n(s—p)+ (np—rank L(p,t — (s —p)))] x ns
matrix

I A ... A 0 ... 0
0 I A ... A, ... 0
0 0 I A A,

o
o
o
K
S
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TABLE 1
The ranks of the Toeplitz matrices.

rank L(s, DN '
s q qg+1 q+2 q+3
D np n(p — 1) + rank Ap |n(p — 2) + rank A(2) [n(p — 3) +rank A(3)|...
p+1 np +rank B; |np n(p—1) + rank A, |n(p —2) + rank A(2) ’
p+2 np + rank ©(2) |np 4 rank By np n(p — 1) + rank A,
p+3 np + rank ©(3) [np + rank ©(2) np + rank By np

belong to the left kernel space of L(s,t), and they are linearly independent. Therefore,
rank L(s,t) < ns — (n(s — p) +np — rank L(p,t — (s — p))) = rank L(p,t — (s — p)).

Thus, we have shown that rank L(s,t) = rank L(p,t — (s — p)) = n(s —t + q) +
rank A(t — s — (¢ —p)) when s —t < p —g.

(iv) The assertion of the theorem for the case s —t > p— g can be proved similarly
to the case s —t <p—gq. d

Remark 4.1. The results of Theorem 4.1 are summarized in Table 1 when
{A(z) B(2)} of orders (p, q) belongs to M.

THEOREM 4.2. Assume that {A(z) B(z)} of orders (p,q) belongs to M. Then, a
matriz pair { X (2) Y (2)} of orders (s,t) belongs to M if and only if rank L(s+i,t+i) =
ns fori=0,1, (or, equivalently, the dimension of the left kernel space of L(s+1,t+1)
equals ni for i=0,1).

Proof. Necessity: Assume the matrix pair {X(z) Y (2)} of orders (s,t) belongs to
M. By Proposition 2.1, {X(z) Y(z)} is unique in M(s,t) and rank L(s,t) = ns, and
by Theorem 4.1 rank L(s 4+ i,t + i) = ns Vi > 0.

Sufficiency: By assumption {A(z) B(z)} of orders (p, ¢) belongs to M, it is seen
that M is nonempty, and hence we denote the impulse response of {A(z) B(z)} by
{H;,i > 0}. Without loss of generality, we may assume that p is the smallest order
of X (z) for all matrix pairs {X(z) Y (2)} belonging to M. In other words, p < s for
any matrix pair {X (z) Y (2)} of orders (s,t) belonging to M. Under the assumption
rank L(s +4,t 4+ i) = ns for i = 0,1, we want to construct a matrix pair {X(z) Y (2)}
of orders (s,t) based on the impulse responses {H;} so that {X(z) Y (2)} € M. Since
rank L(s+ 1,t 4+ 1) =ns and L(s+ 1,t + 1) is an n(s + 1) x mn(s + 1) matrix, there
exists an n x n(s + 1) partitioned matrix X = [Xo X; ... X,] with rank n such that
XL(s+1,t+1)=0.

We show that Xy € R™*" is nonsingular. If Xy were singular, then there would
a nonsingular matrix S such that the last row of SX(y would be zero. Denote the last
row of the matrix SX = S[Xy X1 ... X by 2 = [0 21 ...25]. Thus we would have
that [z1...25]L(s,t) = 0 with [x1 ...2,] # 0 since rank(X) = n. This contradicts the
assumption of full row rankness: rank L(s,t) = ns. Therefore, Xy is nonsingular.

Without loss of generality, we use X = [I X; ... X,] to denote the matrix X 'X.

From X L(s+1,t+ 1) =0 it follows that

(4.21) > XjHpy j=0Y1<I<n(s+1).
j=0

We show that (4.21) holds for [ > 1.
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Let us first show for the case [ =n(s+ 1) + 1. By (3.11) and (4.8), we have

S S np
Z Xth+n(s+1)+1—j = - Z Xj Z ath+n(s+1)+1—j—i
=0 j=0 i=1

np s
(4.22) =— Zai ZXjHHn(Sﬂ)H,j,i =0,
i=1 j=0
where the last equation is obtained by (4.21). Thus, inductively we are convinced
that (4.21) is true for [ > 1. Therefore,
rank L(s +i,t+i) =ns Vi>0.

Using the impulse responses {H;,i > 0} and {X;, 1 <i < s} define the matrices
{Y;, 0 <i <t} as follows:
(4.23) Y;=> X;H;; VO<ic<t,
=0

where X = I. Then, form the matrix pair {X(z) Y (2)}, where

(4.24) X(2) 2T+ X124+ + X2
(4.25) Y(2) 2 Yo+ Viz 4 + Vit

Noting that (4.23) is similar to (2.4), we find that the impulse responses {H;,i > 0}
of {X(2) Y(z)} are equal to

(4.26) Hy=Y;-Y X;H; ; VO<i<t,
j=1
(4.27) Hy=-Y X;H ;Vi>t+1.
j=1

We proceed to show that {H;,i > 0} coincides with the impulse responses {H;,i > 0}
of {A(z) B(z)}. We first prove that H; = H; for 0 < i < ¢ by induction. By (4.23)
and (4.26) for i = 0, we have Hy =Y, = H,. Inductively, assume that H; = H; for
0<i<r(<t). By (4.23) and (4.26), we have

ﬁrJrl = Yr+1—z Xj-g[rJrl*j - r+1_z XjHry1—j = Yo —Yra—Hrg1) = Hegr
j=1 j=1

Therefore, I;Q = H; for 0 < i < t. It remains to show I;Q = H; fori > t+ 1. We
complete this by induction.
In the case that ¢ = ¢t + 1, we have

ﬁItJrl = _ZXjﬁtJrlfj =- ZXthJrlfj = Hiya,
j=1 j=1
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TABLE 2
Search way.

s 0 1 2 3 4
1 T4l ar | 91| 161 | 257
2 20 24| 81 | 151 | 241
3 S, 5 | Dy | 141 | 231
4 L0 AL ) 2 ] By | 22t
5 17 18 E) 20 i}T

where the first equality is by (4.27), the second equality is because we have proved
that H; = H; for 0 < ¢ < ¢, while the last equality is because (4.21) is valid for all
[ > 1. Inductively, assume that H; = H; for t + 1 < i < r. We have

S S
Hoyy =~ E XjHp 15 =~ g XjH, 15 =H, 1,
Jj=1 j=1

where the first equality is by (4.27), the second equality is by the inductive assumption,
while the last equality is because (4.21) is valid for all [ > 1. Thus, we have shown
that the impulse responses of {X(z) Y (z)} are the same as those of {A(z) B(z)}.
Since L(s,t) is full row rank, by Proposition 2.1, {X(z) Y (z)} is unique in M(s,t),
and hence {X (2) Y (2)} € M. The proof is completed. O

Remark 4.2. If M is nonempty, Theorem 3.3 characterizes the possible orders
of the pairs contained in M. All the pairs in M can be obtained by the available
parameters {Ay,---, Ay, By, -+, Bg} of {A(z) B(z)} by Theorem 3.2. In the proof
of Theorem 4.2 a concrete method of finding a pair in M is described. Therefore,
all the pairs in M can be found by using the impulse responses {H;}. According
to Theorem 4.2, to determine if a pair of orders (s,t) with s > 1,¢ > 0 is con-
tained in M or not, we need only to check the rank conditions rank L(s,t) = ns and
rank L(s + 1, + 1) = ns. If the conditions are satisfied, then the pair of orders (s,t)
belongs to M. Since the upper bound for orders of the pairs in M is unknown, we
may try to first find a pair with orders (s, t), by searching along the lower and right
edges of expanding squares as shown in Table 2: (1,0); (2,0), (2,1) (1,1); (3,0), (3,1),
(3,2), (2,2), (1,2); (4,0), (4,1), (4,2), (4,3), (3,3), (2,3), (1,3); and so on. The searching
process continues until the rank conditions are satisfied by a pair, which will serve as
the first pair in M. Then, the range of possible orders of other distinct pairs in M is
obtained by Theorem 3.3 and Corollary 3.4. Thus, other distinct pairs can be found
by checking the rank conditions given by Theorem 4.2 within the finite range.

In the following, pairs in M are numbered in the order of the above searching
sequence; and the number of distinct pairs in M will be denoted by n,, and the ith
distinct pair in M by {X(2),Y"(2)} of orders (p’, ¢*).

Ezxample 4.1. Consider the model in Example 2.1. The ranks of the Toeplitz
matrices consisting of the impulse responses are illustrated in Table 3, and orders of
the pairs in M are circled in Table 3. The pairs of orders (3,1 + j) for any 7 > 1
are in M, and so are the pairs of orders (3,1) and (4,0). This is consistent with our
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TABLE 3
The ranks of the Toeplitz matrices.

rank L(s,t)
5 ol 1|23 |4 |5 |67
1 2 |2 | 2 2] 2|2/|2]:2
2 4 |4 | a | a ] 4| 4] 4]
3 6 | ®®IO 66|66
4 716 | 6| 6| 6| 6|6
5 9 | 8 | 7|6 ] 6|6 ]| 6|6
6 0| 9| 8| 7|6 |6 ] 6|6
7 11w | 9| 8| 76|66
8 12 1110|987 ] 6|6

analysis. By the searching process given above, the orders of the first found pair are
(3,1), followed by (4, 0).

5. Determining MFD from correlation functions. Let us impose the fol-
lowing conditions on system (1.1):

B1: {uy} is a sequence of independent and identically distributed (i.i.d.) random

vectors with Euy = 0, Eljug|/?**? < oo for some § > 0, and Fugul = I;
B2: A(z) and B(z)BT(271)z? have no common left factor, [4, B,] is full row
rank, By is full column rank, and det A(z) # 0 V|z| < 1.

Under these conditions, without loss of generality, we may assume the output {yx}
is a sequence of zero mean stationary random vectors with the correlation functions
R; £ Eygyl .. Multiplying yI ,,t > ¢+ 1 on both sides of (1.1) from the right and
taking the expectation, we obtain

E(yi + Avyr—1+ -+ Apyi—p)Yi_s
= E(Bouy, + Biug—1 +--- + Bquk—q)y%lt =0 Vt>q+1,

which yields

p
(5.1) > ARy i =0V1>1.
1=0

Choosing the indices 1 € {1 <1 < np} in (5.1), we have the following linear algebraic
equation called the Yule-Walker equation:

(5.2) (A1 Ay ... AJT(,q) = —[Rys1 Rars - Rysnp),
where

R, Rey1 .. Rgpnp—
(5.3) L(p,q) £ fo ot

Rypt1 Rgpra - Roym-1)p



3712 B.-Q. MU, H.-F. CHEN, L. Y. WANG, AND G. YIN

Similarly to (2.8) we can rewrite (5.2) as

(5.4) 04 = T(p, )T (p,q)") 'T(p, q)W

whenever T'(p, ¢) is full row rank, where

05 2 Ay Ay ... Ay and WT 2 —[Ryiy Rysa .. Rypnp).
From (2.2) it follows that

oo oo T
R;=Eywyl ,=F <Z HiUki) (Z HlUkjl)
=0

i=0
(5.5) = <Z > HiEukiu;‘:_j_lHlT> => HjuH.
i=0 1=0 1=0
Set & £ B(2)ug. Then the spectral density of &, is
@¢(z) = B(z)B" (= 7),

while the spectral density of {yx} given by (1.1)—(1.3) is

(5.6) O(z) & > Rj = AT (2)B(z)BT(z7HATT (27,
j=—00
which implies
(5.7) ®¢(2) = B(2)BT(271) = A(2)®(2)AT (27 1).
Since the right-hand side of (5.7) is equal to

P o

P
AR)O()AT (2 ) =D Az’ Y Rp > AT
i=0 k=—o0 j=0
P 0 P

(5.8) :Z Z ZAiRkA?Zi+k7j

i=0 k=—00 j=0

00 P P

Z ZZAiRk+j—iA? 2F,

k=—oo \i=0 j=0

we have

q

(5.9) B(z)BT (=) = > [ DD AiRiy; AT | 2~

k=—gq \ i=0 j=0

Therefore, to derive the coefficients of B(z) it is a matter of factorizing the right-
hand-side of (5.9). Similarly to Proposition 2.1, we have the following result.

PROPOSITION 5.1 (see [18]). Assume that {A(z) B(z)} € M(p,q) and By is full
column rank. Then, the following H5 and H6 are equivalent.

H5: The matriz I'(p, q) defined by (5.3) is full row rank.

H6: The matriz polynomials A(z) and B(z)BT (271)2% have no common left factor

and the matriz [A, By is full row rank.

This proposition gives the necessary and sufficient condition for recovering the

parameters of the AR-part of the system (1.1) by use of the correlation functions if
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the orders (p, q) are available. The condition that By is of full column rank implies
that the dimension n of the output yj is greater than or equal to the dimension m
of the input wug, i.e., (m < n), but this is not a restriction. Let us explain this. In
the case m > n, the spectral density B(z)BT(271) of & is nonnegative definite on
the unit circle |z| = 1. Let us denote the rank of B(z)BT(z7!) by m. It is clear
that m < n. By the innovation representation[4],[18, Lemmas 4 and 5], there exists
an n X m matrix polynomial B(z) and the m dimensional innovation process {iy}
with Euul = I such that B(z)BT(2~') = B(z)BT(z~!) and the constant term
By of B (z) is of full column rank. As a result, the spectral densities of these two
systems {A(2)yx = B(2)ux} and {A(z)yr = B(2)ux} are the same, and hence their
correlation functions are also identical. This means that these two systems cannot
be distinguished by the correlation functions of the output. Therefore, we can think
of these two systems as equivalent from the point of correlation functions. Denote
the highest nonzero coefficient of B(z) by By with ¢ < ¢. Noticing m < n and that
the constant term By of B(z) is of full column rank, by referring to [18, Theorem 2],
we see that the AR-part A(z) of {A(z)yr = B(2)ux} or {A(z)yx = B(2)ux} can be
uniquely determined if [4, Eg] is of full rank and the matrix polynomials A(z) and
B(2)BT(271)2% have no common left factor. However, in general, one has no method
to derive the original B(z) only by using correlation functions without additional
information about B(z).

Likewise, there may also exist other matrix pairs which shares the same correlation
functions with {A(z) B(z)}. Let us by N denote the totality of the matrix pairs
{X(2) Y(2)} of orders (s,t) which satisfy the following conditions:

(1) The correlation functions of { X (2) Y (z)} and those of {A(z) B(z)} are iden-

tical;

(2) X(2)and Y (2)YT(271)2! have no common left factor, [ X Y;] is full row rank,

and Yy is full column rank, where

X)) =T+X1z2+4 -+ X2°,
Y(2) =Yy +Yiz+ -+ Yz

Remark 5.1. In section 3 we have shown that if {X(z) Y (2)} of orders (s,t)
belongs to M, then there is no other pair of orders (s, t) in M other than {X () Y (2)}.
However, this is not the case for A/. To see this, let us take the following example.
Assume A(z) is an arbitrary one-dimensional stable polynomial. Let us take B(z) =
Bi(z) 21422 and B(z) = Bs(z) e 2(1 + 0.5z). Then, it is straightforward to
verify B1(z)B1(27!) = Ba(2)Ba(271). This means that the matrix pairs {A(z) B1(z)}
and {A(z) Bz(z)} share the same spectral function, and hence the same correlation
functions. Therefore, if {X(z) Y (z)} of orders (s,t) belonging to A, there may exist
a distinct pair {X(z) Y1(z)} of orders (s,t) belonging to N. However, their X (z) is
unique.

Theorem 3.3 and Corollary 3.4 are concerned with M; for A/, we have similar
results formulated as follows.

THEOREM 5.1. Assume that both the matriz pairs {A(z) B(z)} of orders (p,q)
and {X(z) Y(2)} of orders (s,t) belong to N and X (z) # A(z). Then the orders (p,q)
and (s,t) satisfy the following inequalities:

(5.10) (n—1)s+t>nm—-1p+gq,
(5.11) s<p+(n—1)q
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ifs>pandt<gq;

(5.12) (n—Dt+s>(n—1)q+p,
(5.13) t<g+(n—1)p

if s < pandt > q. Moreover, 1 < s < pandqg <t <gqg+ (n—1Lpif A, is
nonsingular, and p < s <p-+ (n —1)q and 0 <t < ¢ if rank B, = n. Finally, if both
the ranks of A, and By equal n, then X (z) = A(z) and Y (2)YT(271) are identical
for all {X(z) Y(2)} € N. In particular, this is the case if n =m = 1.
The following propositions can be proved similarly to Theorems 4.1 and 4.2.
THEOREM 5.2. Assume that {A(z) B(z)} of orders (p,q) belongs to N'. Then, in
the case s > p,t > q it holds that

np if s—t=p—gq
rank'(s,t) = ¢ n(s—t+q)+rankA(t —s—(q—p)) if s—t<p-—q,
np+rank©O(s —t — (p — q)) if s—t>p-—aq,

where A(t) and B(t) are given by (4.1) and (4.2), respectively.

THEOREM 5.3. Assume that {A(z) B(z)} of orders (p,q) belongs to N'. Then
{X(2) Y(2)} of orders (s,t) belongs to N if and only if rank (s +4,t + i) = ns for
1=0,1.

In case N is nonempty, similarly to the previous section, all pairs in A/ can be
found by using the correlation function {R;} on the basis of Theorems 5.1-5.3.

Remark 5.2. Tt is clear that the order estimation problem considered in this
section contains as a special case the order estimation of the multivariate ARMA
model in time series analysis, where n = m, By = I, and B(z) is stable.

6. Estimating MFD. In sections 4 and 5 we have seen that all MFD in M
and in A can be found by using the impulse responses {H;} of the system and the
correlation functions of the system output, respectively. We now discuss how to
estimate MFD by using the input-output data or by the output data only.

6.1. Estimation by use of impulse responses. In order to derive all pairs
in M from the input-output data we face two problems: (1) how to estimate {H;}
on the basis of input-output data; (2) how to estimate rank L(s,t) on the basis of
estimated H; j. The first problem can be solved by using the existing results [17]. We
formulate them as propositions.
PROPOSITION 6.1. Assume the following conditions hold:
Al: {uy} is a sequence of i.i.d. zero mean random vectors with E|uy|?>?+%) < oo
for some § > 0 and Eukuf =1.
A2: The matriz polynomials A(z) and B(z) have no common left factor, [A, By
is full row rank, and det A(z) # 0 V|z| < 1.
Then,

(6.1) Eyyui_; =y H;E(uy—jui_;) = H;.
j=0

Motivated by (6.1), the stochastic approzimation algorithm with expanding truncations
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[6] is used to recursively estimate {H;,i > 0}:

1
(6.2) Hip= |:Hi7k—1 - E(Hi’k_l — Yrug_;) 'I[

HHi,kfl—%(Hi,k71—yku;‘:,i))||SMJI»’,J ’

k—1
. 51' - I )
(6.3) k ; [HH,-,M—%(Hi,jfl—yjuf_i))||>Mai,j]

where { My} is an arbitrarily chosen sequence of positive real numbers increasingly
diverging to infinity, H; o is an arbitrary initial value, and 14 denotes the indicator
function of a set A.

Then by [17], the estimates for the impulse responses { H;,i > 0} have the follow-
ing convergence rate:

(6.4) |Hix — Hil| =o(k™") as. i>0 YVve(0,1/2).

Having obtained the convergence rate (6.4), we then can apply the method pro-
posed in [10] to estimate the rank L(s,t) = rank L(s,t)LT (s, t) = r(s,t). Let us for-
mulate the rank estimation method used in [10] as a lemma.

LEMMA 6.1 (see [10]). Let P be an I xI-symmetric and nonnegative definite matriz
with rank equal to p < 1 and with characteristic polynomial h(z) = det(zl — P) =
b hpt 4o 4 hy. Let hj i be the estimates for h;y ¥j =0,1,...,1 (ho £ 1) with
convergence rate |h;, — hj| = o(k™") for some v > 0 Vj = 0,1,---,1. Then the
estimate py for p defined by

pe = max{j|Qjk > €,j =0,1,....1}

is strongly consistent: [i —>k W a.s., where the decision numbers Q)1 are given as
— 00
|hjk) + o
Js Tog k .
Qjn & ———2k>1,j=0,1,...,1,
hjr] + g%

R,k £ 0 and any number greater than 1 may serve as the threshold e.

For estimating the orders and the parameters of the pairs in M based on the
approximate impulse responses {H; 1} given by (6.2)—(6.3) at time k, it suffices to
carry out the same process given in Remark 4.2 but with the following changes: the
rank r(s,t) of L(s,t) is replaced by its estimate r4(s,t) and the search range for
finding the first pair is restricted to 1 < s <log(k) + 1,0 <t < log(k). For any given
orders (s,t), the matrix L(s,t)LT (s,t) serves as P in Lemma 6.1, and the coefficients
of det(zI — L(s,t)LT(s,t)) are estimated by replacing H; in L(s,t) with H; given
by (6.2)-(6.3). The obtained estimate r(s,t) converges to r(s,t) by Lemma 6.1 and
(6.4). As a result, the pairs in M can always be found by Theorem 4.2 when k is
sufficiently large. Denote the estimates for the orders and the parameters of the ith

pair in M by (pi,q}) and {X}(z) Y}i(2)}, respectively. Thus, we have (pi,q:) =
—00

(p',q"), and {X}(2) Y{(2)} converges to {X*(2) Y(z)} with the convergence rate
o(k™"), v €(0,1/2).

6.2. Estimation by use of correlation functions. Under the condition Bl
and B2, the correlation functions R; £ Eyryl . can recursively be estimated by the
output {yg}:

1
(6.5) Rik=Rip—1— 7

. (Rik—1— Yryi_,),
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where R; i denote the estimates for R; for any ¢ > 0 at time k, and the following rate
of convergence takes place [7, 11]

B (18
N A G CE)

The steps of estimating the pairs in N by correlation functions is the same as by
impulse responses given above. The only difference is that the estimated impulse re-
sponse (6.2)—(6.3) is replaced by the estimated correlation function (6.5). Denote the
estimates for the orders of the ith pair in N by (pi,qi). The estimate X (z) for X*(z)
is given by (5.2) in which the correlation function R; and the orders (p’, ¢*) are replaced
by their estimates R; , and (pi, ¢..), respectively. Thus, we have (p%, ¢t) — (p, ¢,

and X} (z) converges to X(z) with the convergence rate o(k™"), v € (0, min($, 535)).
It is clear that the rate given by (6.6) plays the same role as (6.4) in the case where
estimation is based on impulse responses. The parameter estimation of B(z) is de-
scribed in the next section.

7. Extension to ARMAX systems. Consider the following multivariable AR~
MAX model:

(7.1) A(2)yr = B(2)ux + C(2)wy,
which, in comparison with (1.1), has an additional term C(z)wy, with wy, € R™, where
(7.2) Clz)=1+Ciz+---+Cr2" with C, #0.

7.1. Estimation of ARMAX by impulse responses. We now list conditions
to be used.
C1: {uy} is a sequence of i.i.d. random vectors with Fuy, = 0, E|ju/>?t?) < oo
for some 6 > 0, and Eugu] = I, and is independent of {wy}.
C2: {wy} is a sequence of i.i.d. zero mean random vectors with E|ws||?>T° < oo
for some § > 0 and Fwyw} = R, > 0, where R, is unknown.
C3: A(z) and B(z) have no common left factor, and [A, By] is full row rank.
C4: det A(z) #0V|z] <1, and det C(2) # 0 V|z| < 1.
C5: An upper bound r* for r is available.
Set yi! = A7Y(2)B(2)ux and y¥ = A~Y(2)C(2)wy. Thus, by the stability of A(z),
we have

Yk = A_l(z)B(z)uk + A‘l(z)C(z)wk =Yy + Y -

Similarly to system (1.1), the triple {A(z) B(z) C(z)} in (7.1) may not be unique.
By W denote the totality of the matrix triples {X(2) Y (z) Z(2)} of orders (s,t,5)
satisfying the following conditions:

(1) {X(2) Y(2)} shares the same impulse responses with {A(z) B(z)};

(2) X(z) and Y (z) have no common left factor, and [X; Y;] is full row rank;

(3) Z(2) = X (2)A~1(2)C(z), where

X2)=T+X1z2+ -+ Xs2°,
Y(2) =Yy +Yiz+ -+ Y2,
Z(z)=1+Z1z+ -+ Z.2".

It is clear that {A(z) B(z) C(z)} in (7.1) belongs to W if the conditions
(C3-C4 hold.
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Remark 7.1. The different triples if they exist in W produce the identical output
{yr} under the same input {u;} and innovation process {wy}. Assume that triples
{A(z) B(z) C(2)} of orders (p, q,r) and {X (2) Y(z) Z(z)} of orders (s,t,¢) belong to
W, and {A(z) B(z) C(2)} # {X(2) Y(2) Z(z)}. Then the orders (p,q,r) and (s,t,5)
satisfy the following inequalities:

(7.3) p<s<p4+n—-1)q, t<q, s<r+s—p<r+s
or
(7.4) s<p,g<t<qg+n—1p, ¢<r+t—qg<r+t.

Assume that the number of distinct elements in W is equal to n,. Then the ith
distinct element of orders (p*, ¢*, r*) in W is represented as

(7.5) X2y = Yi(2)up + Z'(2)wy,
where

(7.6) Xi(2) =T+ Xiz+ -+ X02¥
(7.7) Yi(z) =Yg+ Viz+ -+ Y27,
(7.8) Ziz) =T+ Ziz+--+ Ziz".

For simplicity let us call X%(2)yr, Y(2)ug, and Z*(2)wy, the AR-part, X-part,
and MA-part, respectively. First, the AR-part and X-part are estimated by use of the
impulse responses of {A(z) B(z)} on the basis of the input-output data {ug, yx}, and
then the MA-part is estimated by the input-output data {uy,y;} and the estimated
AR-part and X-part.

7.1.1. Estimation of AR-part and X-part. Under C1-C4, we have

(7.9) Bypui_; = Byjui_; = ZHJ‘E(W*J'U;}F%) = H;.
j=0

Similarly to the estimation steps using impulse response in section 6, the impulse
response {H;,i > 0} of {A(z) B(z)} is still estimated by (6.2) and (6.3) based on
(7.9), and under C1-C4 the convergence rate is again given by (6.4). As a result,
the estimated orders (pi,q.) converge to the true order (p’,q"). By the estimated
impulse response {H; ;. }, we derive the strongly consistent estimates X (z) and Y;'(2)
for X%(z) and Y(2) via (2.8) and (2.4).

7.1.2. Estimation of MA-part. Set xi £ Z¢(z)wg, 1 <i < n,. Thus we have
Xi = X"(2)yr — Y(2)ug, which can be estimated as follows:

(7.10) Xie = Xi(2)y — Y3 (2)us,
where
X{(2) = T+ Xy oo+ Xy 7
Vi(2) =Yg +Yipz 4+ }/qii7kzqi.
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Thus, the correlation functions SZ EXka ;»J = 0 of the sequence {xi} are esti-
mated by the following algorithm

7 7 1 7 =TS0
(7.11) Sik =S5 k-1— % (S r1 — XiXiey) s

where Sl i is the estimate for S} at time k. Further, define

N k||+10gk

(7.12) = , 0<j <"+ max(py, )-

B

Choose a fixed € > 1. The estimate for 7% at time k is given by
(7.13) r 2 max{j|Q§),~C >e, 0< 7 <r* +max(pl,q.)}

if there exists some j : 0 < j < r* 4+ max(p}, q}) such that Q;k > e. Otherwise, set

i Ak i
ry, = r* 4+ max(p}, q;,)-
Assume that C1-C5 hold. Then

(7.14) 7'11:: —— 7t 1<i<n,.
k— o0

After the consistent order estimation of the MA-part is obtained, by the method
proposed in [8] we can obtain the strongly consistent estimate for the parameters of
the MA-part and the covariance of the innovation process.

7.2. Estimation of ARMAX by correlation functions. In this subsection,
we use the correlation function method to estimate the ARMAX system (7.1). In this
case, instead of C1-C5 we need the following set of conditions:

D1: {ug} is a sequence of i.i.d. random vectors with Euy = 0, E||lug||**° < oo for

some ¢ > 0, and Bugul = I, and is independent of {wy}.

D2: {wy} is a sequence of i.i.d. zero mean random vectors with E|wy||?>T? < oo
for some § > 0 and Fwyw} = R,, > 0, where R, is unknown.

D3: A(z) and B(2)BT(271) + C(2)R,,CT(271) have no common left factor, and
the matrix [A, B,BI + C,R,] is full row rank, where v 2 max(q,r), Bj 20
if j > q, andCléOifl>r.

D4: det A(z) #0V|z| <1 and det C(z) # 0 V|z| < 1.

By the innovation representation [4, 18], under D1-D4 the system (7.1) can be

represented as

(7.15) A2)yr = D), D(z)=1+Diz+---+ D,z2"

with v 2 max(q, ), where we have the following:
(i) ¢y is an n-dimensional random process, Ev, = 0, Ewkwf = Ry6k,; with
Oryj =1if k= jand 0p; = 0if k # j, and Ry > 0.

(ii) D(z) is a m x n matrix polynomial with det D(z) # 0 V|z| < 1.

(ili) A(z) and D(z) have no common left factor, and [A, D,] is full row rank.

(iv) A(z) and D(z) are uniquely defined.

As pointed out before, there may exisit other triples { X (2) Y (2) Z(z)} of orders
(s,t,¢) which can also model the sytem (7.1) other than {A(z) B(z) C(z)}, and
{X( ) Y(z) Z(2)} also has the innovation representation {X(z)yr = ( Yor + of
orders (s, g) having the corresponding property, where G(z) = I + G1z+ - + G429

and g 2 max(t,¢). Similarly to W, denote by V the totality of the matrix triples
{X(2) Y(2) Z(2)} satisfying the following conditions:
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(1) {A(2)yr = D(2)¢r} and {X (2)yr = G(2)¢r} have the same correlation func-
tion;
(2) X(2) and G(2)RsGT(27') have no common left factor, and [X; G| is full
row rank, where Ry 2 E¢rol;
(3) Z(2) = X(2)A71(2)C(2).
It is clear that {A(z) B(z) C(2)} in (7.1) belongs to V if the conditions D1-D4
hold.
Remark 7.2. Assume {A(z) B(z) C(z)} of orders (p,¢,r) and {X(z) Y(2) Z(2)}
of orders (s,t,s) belong to V, and {A(z) B(z) C(2)} # {X(2) Y(2) Z(z)}. Then the
orders (p,q,r) and (s,t,¢) satisfy the following inequalities:

(7.16) (n—1s4+g<n—1p+v, p<s<p+n-—1v, g<u,
or
(7.17) m—1)g+s<n—-1v+p, v<g<v+(n—1)p, s<p.

Denote the number of distinct pairs in V' by ny. For simplicity of notation,
the ith distinct pair of orders (p, ¢%,7%) in V is still represented as (7.5)—(7.8), and

vi 2 max(g’,r"). Under D1-D4, the estimate {R;;} for the correlation function

{R;,i > 0} of the output y in (7.1) has the convergence rate (6.6). Similarly to
the estimation steps using the correlation function in section 6, the estimated orders
(pi,vi) converge to the true orders (p’,v"). By the estimated correlation function
{R; 1}, we derive the strongly consistent estimates X} (z) for X*(z) in terms of (5.4).

Set ¢t 2 x “(2)yk, 1 <i < ny. Then the estimate @ for ¢} is given as follows:
(7.18) 0 = Xi(2)yk,
where Xi(2) =1+ X}, 2+ + X;i kzpi‘. By D1, we have
: P

(7.19) Egp};u;{fj = E(Y'(2)ux + Zi(z)wk)u;ij = EYi(z)uku;;Ffj = in, 0<j <o

The estimates for the parameters of the X-part can be given by the following algo-
rithm:

(7.20) Yfk = ji,k—l —1/k (}/ji,k—l — Ghug, i), 0<5< vj..

Define

L 1
N N vy o
(7.21) },k=W, 0<j<ul.
J+1k Tog k

Choose a fixed € > 1. Then the estimate for ¢’ at time k is given by

(7.22) af 2 max{j|Q}, > e, 0<j < vf}

if there exists some j : 0 < j < vj, such that Q) , > e. Otherwise, set gj, 2 0. |
For the estimation of the MA-part, the consistent estimate for the order r* is

obtained by (7.10)-(7.13) in which only the upper bound r* + max(pi,q.) on the
index j in (7.12) and (7.13) is replaced by v, while the strongly consistent estimates
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for the parameters of the MA-part and the covariance of the innovation process can
also be produced by the method given in [8].

Remark 7.3. The set VYW may be different from V. The conditions on the system
structure, input signal, and innovation process for the two kinds of estimation methods
have some distinctions. The main different points are C3 and D3 on the system
structure, and there is no requirement on a prior upper bound on the order of the
MA-part for the correlation function method, while this is needed for the impulse
response method.

8. Concluding remarks. We have shown how to determine all possible MFDs
for a linear multivariable linear system. It is worth noting the following points:

1. There is no restriction on the dimensions of input and output of the system.

2. Determining MFDs of a given system includes finding both the orders and
coefficients. No upper bound for orders is required.

3. MFDs may be determined by the impulse responses of the system or by the
correlation functions of the system output.

4. MFDs can consistently be estimated by using either the input-output data
or the output data only.
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