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a b s t r a c t

This paper considers the recursive identification of errors-in-variables Wiener–Hammerstein system,
which is composed of a static nonlinearity sandwiched by two linear dynamic subsystems. Both the
system input and output are observed with additive noises being ARMA processes with unknown
coefficients. By the stochastic approximation algorithms incorporated with the deconvolution kernel
functions, the coefficients of the linear subsystems and the values of the nonlinear function are
recursively estimated. All the estimates are proved to converge to the true values with probability one.
A simulation example is given to verify the theoretical analysis.

& 2013 European Control Association. Published by Elsevier Ltd. All rights reserved.

1. Introduction

The block-oriented systems [14] are widely applied to model
the practical nonlinear systems owing to their simple structure
and excellent modeling ability. The Wiener–Hammerstein system
composed of two dynamic linear subsystems with a static non-
linear function in between has a great flexibility for modeling
practical systems, for example, sensor systems, electromechanical
systems in robotics, mechatronics, biological and chemical sys-
tems, and others. The well-studied Hammerstein and Wiener
systems can be thought of the special cases of the Wiener–
Hammerstein system. Thus, the identification issue of Wiener–
Hammerstein systems has received a considerable attention from
both theoretical researchers and engineers.

In the early literature [5,3,16] on identification of the Wiener–
Hammerstein system, the impulse responses of the two linear sub-
systems are connected with the correlation functions between the
system input and output under the Gaussian input. Based on the
maximum likelihood method, a time domain identification algorithm
is proposed in [6], and a simple recursive identification technique for
multi-input single-output Wiener–Hammerstein system is presented
in [4] with the help of a weighted extended least squares method.
Some recent work can be found in [25,29,12,18], and among others.

To identify the nonlinear function in a Wiener–Hammerstein
system there are parametric [2–4,6,25] and nonparametric
approaches [18,15], according to the different descriptions of the

nonlinear function. The parametric approach is applied when the
nonlinear function is expressed as a linear combination of basis
functions such as polynomials, cubic splines functions, piecewise
linear functions, neural networks with unknown coefficients, etc.
In this case identification turns out to be a parameter estimation
problem that can be solved by the standard optimization method
such as the gradient method, Newton-Raphson method, and
others. The nonparametric approach is used to estimate the values
of the nonlinear function at any given point with the help of the
kernel functions, requiring no structural information about the
nonlinearity. For this there have been some literature [23,22]
dealing with nonparametric regression by stochastic approxima-
tion involving the kernel functions. Likewise, we adopt the
nonparametric method in the paper. To be specific, the stochastic
approximation and the deconvolution kernel functions are
together used to achieve this. Here we consider the case where
the input and output of the system are not accurately available, but
they are observed with additive noises, i.e., we intend to identify
the errors-in-variables (EIV) Wiener–Hammerstein systems.

There exist some papers on identifiability [1] and identification
[24] of the linear EIV systems. Various estimation methods for
identifying linear EIV systems, for example, the instrumental
variables based methods, the bias-compensation approaches, the
Frisch scheme, the frequency domain methods, the prediction
error and the ML methods, are well summarized in the survey
paper [24], but the methods mentioned there are nonrecursive.
The recursive identification for the linear EIV systems is consid-
ered under different assumptions on the system input and on the
observation noise in [26,8,30,18]. There are also a few papers
[28,17,19] on the identification of nonlinear EIV systems.
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In the paper we consider the SISO EIV Wiener–Hammerstein
system (see Fig. 1) described as follows:

PðzÞvkþ1 ¼ Q ðzÞu0
k ; ð1Þ

φk ¼ f ðvkÞþηk; ð2Þ

CðzÞy0kþ1 ¼DðzÞφkþξkþ1; ð3Þ

where z denotes the backward-shift operator zy0kþ1 ¼ y0k , while f ð%Þ
is the unknown nonlinear function, and

PðzÞ ¼ 1þp1zþp2z
2þ⋯þpnp

znp ; ð4Þ

Q ðzÞ ¼ 1þq1zþq2z
2þ⋯þqnq z

nq ; ð5Þ

CðzÞ ¼ 1þc1zþc2z2þ⋯þcnc z
nc ; ð6Þ

DðzÞ ¼ 1þd1zþd2z2þ⋯þdndz
nd ð7Þ

are polynomials with unknown coefficients but with known
orders np; nq; nc; nd. The noise-free input uk0 and output yk0 are
observed with additive noises ɛð1Þk and ɛð2Þk :

uk ¼ u0
kþɛð1Þk ; yk ¼ y0kþɛð2Þk : ð8Þ

Identification of the EIV Wiener–Hammerstein system is more
difficult in comparison with that for the EIV Wiener system
discussed in [19]:

(1) The output of the EIV Wiener system is an α-mixing with
mixing coefficients decaying exponentially to zero but this is no
longer true for the EIV Wiener–Hammerstein system. In [19] it is
seen that the mixing property plays an important role in conver-
gence analysis.

(2) Because of the linear subsystem at the output end, more
complicated relationships relating the impulse responses and the
correlation functions should be taken into account (see Lemma 1).

The goal of this paper is to recursively estimate the unknown
parameters of the two linear subsystems fp1;…; pnp

; q1;…; qnq ;
c1;…; cnc ; d1;…;dnd g and the value of f(x) at any given x at the real
axis on the basis of the observed data fuk; ykg.

The rest of the paper is arranged as follows. The system
assumptions and the recursive algorithms are given in Section 2.
The strong consistency of the estimates for the linear and non-
linear parts is proved in Sections 3 and 4, respectively. A numerical
example is presented in Section 5, and a brief conclusion is given
in Section 6.

2. Assumptions and recursive identification algorithms

2.1. Assumptions

We first give the conditions for identifying the two linear
subsystems.

H1: The noise-free input fu0
kg is a sequence of mutually

independent, identically distributed (i.i.d.) Gaussian random vari-
ables: u0

kA N ð0;ϑ2Þ with unknown ϑ40, and is independent of
the internal noises fηkg and fξkg and the observation noises fɛð1Þk g
and fɛð2Þk g.

H2: P(z) and Q(z) are coprime and P(z) is stable: PðzÞa0;
8jzjr1.

H3: C(z) and D(z) are coprime and both are stable: CðzÞa0 and
DðzÞa0; 8jzjr1.

By the stability of P(z) and C(z), we have

LðzÞ9
Q ðzÞ
PðzÞ

¼ ∑
1

i ¼ 0
lizi; ð9Þ

HðzÞ9
DðzÞ
CðzÞ

¼ ∑
1

i ¼ 0
hizi; ð10Þ

where jlij¼Oðe& r1 iÞ; r140; iZ1 and jhij¼Oðe& r2iÞ; r240; iZ1;
and l0 ¼ 1 and h0 ¼ 1 since all polynomials (4)–(7) are monic. The
numbers fli; iZ0g and fhi; iZ0g are called the impulse responses
of the two linear subsystems, respectively.

H4: Both the measurement noises fɛð1Þk g and fɛð2Þk g belong to the
ARMA process:

F1ðzÞɛ
ð1Þ
k ¼ G1ðzÞςð1Þk ; F2ðzÞɛ

ð2Þ
k ¼ G2ðzÞςð2Þk ; ð11Þ

where

F1ðzÞ ¼ 1þ f 1;1zþ f 1;2z
2þ⋯þ f 1;nf1 z

nf1 ; ð12Þ

G1ðzÞ ¼ 1þg1;1zþg1;2z
2þ⋯þg1;ng1

zng1 ; ð13Þ

F2ðzÞ ¼ 1þ f 2;1zþ f 2;2z
2þ⋯þ f 2;nf2 z

nf2 ; ð14Þ

G2ðzÞ ¼ 1þg2;1zþg2;2z
2þ⋯þg2;ng2

zng2 : ð15Þ

The polynomial F1ðzÞ has no common factor with G1ðzÞG1ðz&1Þzng1 ,
and F1ðzÞ and F2ðzÞ are both stable. The driven noises fςð1Þk g

and fςð2Þk g and the internal noises fηkg and fξkg are mutually
independent, and each of them is a sequence of i.i.d. zero mean
random variables with probability density. Moreover, Eðjηkj

ΔÞo1,
EðjξkjΔÞ o1; Eðjςð1Þk jΔþ3Þo1; and Eðjςð2Þk jΔÞo1 for some Δ43.

H5: The nonlinear function f ð%Þ is measurable and has both the
left limit f ðx& Þ and the right limit f ðxþ Þ at any point x. The growth
rate of f(x) as jxj-1 is not faster than a polynomial. Further, at
least one of the parameters ρ and κ is nonzero, where

ρ9
1ffiffiffiffiffiffi

2π
p

s5ϑ

Z

R
ðx2&s2ϑ2Þf ðxÞe&x2=2s2ϑ2

dx; ð16Þ

κ9
1ffiffiffiffiffiffi

2π
p

s7ϑ

Z

R
ðx3&3s2ϑ2xÞf ðxÞe&x2=2s2ϑ2

dx; ð17Þ

where s2 ¼∑1
i ¼ 0l

2
i :

Remark 1. The growth rate restriction in H5 implies that there are
constants α40 and βZ1 such that

jf ðxÞjrαð1þ jxjβÞ 8xAR: ð18Þ

Therefore, the integrals (16) and (17) are finite.

Let us explain conditions imposed here. Conditions H1 and H4
and also H6 and H7 to be introduced later concern the signals in the
system, while Conditions H2, H3, and H5 are on the structure of the
system. The purpose of applying the Gaussian input in H1 is to derive
the explicit relationships (25)–(28) connecting the impulse responses
of the two linear subsystems and the correlation functions between
the observed input and output. These relationships are the basis
of the proposed algorithms for estimating the impulse responses
by using the observed input and output. It is clear that H2 and H3 are
the standard condition on the linear subsystems. Condition H4
concerns the measurement errors, which are not negligible in
consideration of the present paper. Here we allow them to be
correlated. In Condition H5, the function f ð%Þ is allowed to be
discontinuous: it is discontinuous at x if f ðx& Þa f ðxþ Þ. Further,
the assumption that at least one of the constants ρ and κ is non-
zero holds for many practical nonlinearities including polynomials,

Fig. 1. EIV Wiener–Hammerstein system.
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preloads, saturations, deadlines, quantized functions, and many
others as discussed in [18]. It is seen that the two constants
characterize some kind of correlation between the input signal vk
of the nonlinearity and its output f ðvkÞ. An intuitive explanation
for this assumption is that the persistently exciting property of
the signal fvkg remains in a certain sense after passing through
the nonlinearity f ð%Þ. At last, additional Conditions H6 and H7 are
employed to obtain the nonparametric estimation of f ð%Þ by the
deconvolution kernel functions.

Assuming u0
k ¼ 0; 8ko0, we have

vk ¼ ∑
k&1

i ¼ 0
liu0

k& i&1; ð19Þ

and hence vkAN ð0; s2k Þ where s2k9∑k&1
i ¼ 0l

2
i ⟶k-1

s2.
From (2) and (3) it follows that

y0kþ1 ¼ C&1ðzÞDðzÞf ðvkÞþC&1ðzÞDðzÞηkþC&1ðzÞξkþ1

¼ ∑
k

j ¼ 0
hjf ðvk& jÞþ ∑

k

j ¼ 0
hjηk& jþC&1ðzÞξkþ1: ð20Þ

2.2. Estimation of fp1;…; pnp
; q1;…; qnq

g and fc1;…; cnc ; d1;…; dnd g

We first estimate the impulse responses of the two linear
subsystems, and then recover their coefficients by the convolution
relationship between the impulse responses and the coefficients of
the linear subsystems.

According to Lemma 3.1 in [18], under H1–H5 we have the
following limits:

E½ykþ1ððu
0
k& i&1Þ

2&ϑ2Þ(⟶
k-1

ρ ∑
i

j ¼ 0
hjl

2
i& j 8 iZ0; ð21Þ

E½ykþ1u
0
k&1u

0
k& i&1(⟶k-1

ρli 8 iZ1; ð22Þ

E½ykþ1ððu
0
k& i&1Þ

3&3ϑ2u0
k& i&1Þ(⟶k-1

κ ∑
i

j ¼ 0
hjl

3
i& j 8 iZ0; ð23Þ

E½ykþ1ððu
0
k&1Þ

2&ϑ2Þu0
k& i&1(⟶k-1

κli 8 iZ1; ð24Þ

which are the basis of identifying the two linear subsystems.
However, in the EIV case, the true input fu0

kg and its variance ϑ2 are
unknown, so (21)–(24) cannot be directly applied. We have to
establish similar limits but without involving fu0

kg and ϑ2.

Lemma 1. Assume that H1–H5 hold. Then the following limits take
place:

E½ðykþ1&Eykþ1Þu
2
k& i&1(⟶k-1

ρ ∑
i

j ¼ 0
hjl

2
i& j 8 iZ0; ð25Þ

E½ðykþ1&Eykþ1Þuk&1uk& i&1(⟶
k-1

ρli 8 iZ1; ð26Þ

E½ðykþ1&Eykþ1Þðu
2
k& i&1&3Eu2

k& i&1Þuk& i&1(⟶
k-1

κ ∑
i

j ¼ 0
hjl

3
i& j 8 iZ0;

ð27Þ

E½ðykþ1&Eykþ1Þðu
2
k&1&Eu2

k&1Þuk& i&1(

&2E½ykþ1uk&1(E½uk&1uk& i&1(⟶
k-1

κli 8 iZ1: ð28Þ

Proof. By (21) and the mutual independence of fu0
kg, fɛ

ð1Þ
k g, and

fɛð2Þk g, we see that

Eððykþ1&Eykþ1Þu
2
k& i&1Þ

¼ Eðykþ1&Eykþ1Þððu
0
k& i&1Þ

2þðɛð1Þk& i&1Þ
2þ2u0

k& i&1ɛ
ð1Þ
k& i&1Þ

¼ Eððykþ1&Eykþ1Þðu
0
k& i&1Þ

2Þ ¼ Eðykþ1ððu
0
k& i&1Þ

2&ϑ2ÞÞ

⟶
k-1

ρ ∑
i

j ¼ 0
hjl

2
i& j 8 iZ0: ð29Þ

Similarly, by (22) and the independence of signals involved, we
see that

Eððykþ1&Eykþ1Þuk&1uk& i&1Þ

¼ Eððykþ1&Eykþ1Þðu
0
k&1u

0
k& i&1þu0

k&1ɛ
ð1Þ
k& i&1þɛð1Þk&1u

0
k& i&1

þɛð1Þk&1ɛ
ð1Þ
k& i&1ÞÞ ¼ Eððykþ1&Eykþ1Þu

0
k&1u

0
k& i&1Þ

¼ Eðykþ1u
0
k&1u

0
k& iÞ⟶k-1

ρhi iZ1: ð30Þ

By (23), it follows that

E½ðykþ1&Eykþ1Þuk& i&1ðu2
k& i&1&3Eu2

k& i&1Þ(

¼ E½ðykþ1&Eykþ1Þððu
0
k& i&1Þ

3þu0
k& i&1ðɛ

ð1Þ
k& i&1Þ

2

&3ϑ2u0
k& i&1&3u0

k& i&1Eðɛ
ð1Þ
k& i&1Þ

2þ2u0
k& i&1ðɛ

ð1Þ
k& i&1Þ

2Þ(

¼ E½ðykþ1&Eykþ1Þððu
0
k& i&1Þ

3&3ϑ2u0
k& i&1Þ(

¼ E½ykþ1ððu
0
k& i&1Þ

3&3ϑ2u0
k& i&1Þ(⟶k-1

κ ∑
i

j ¼ 0
hjl

3
i& j iZ0: ð31Þ

By (24), we then have

E½ðykþ1&Eykþ1Þuk& i&1ðu2
k&1&Eu2

k&1Þ(

¼ E½ðykþ1&Eykþ1Þðu
0
k& i&1ðu

0
k&1Þ

2þu0
k& i&1ðɛ

ð1Þ
k&1Þ

2&ϑ2u0
k& i&1

&u0
k& i&1Eðɛ

ð1Þ
k&1Þ

2þ2u0
k&1ɛ

ð1Þ
k&1ɛ

ð1Þ
k& i&1Þ(

¼ E½ðykþ1&Eykþ1Þðu
0
k& i&1ðu

0
k&1Þ

2&ϑ2u0
k& i&1

þ2u0
k&1ɛ

ð1Þ
k&1ɛ

ð1Þ
k& i&1Þ(

¼ E½ykþ1ðu
0
k& i&1ðu

0
k&1Þ

2&ϑ2u0
k& i&1Þ(þ2E½ykþ1u

0
k&1ɛ

ð1Þ
k&1ɛ

ð1Þ
k& i&1(;

ð32Þ

which, by noticing that E½uk&1uk& i&1( ¼ E½ɛð1Þk&1ɛ
ð1Þ
k& i&1(8 iZ1,

implies that

E½ðykþ1&Eykþ1Þuk& i&1ðu2
k&1&Eu2

k&1Þ(
&2E½ykþ1uk&1(E½uk&1uk& i&1(⟶

k-1
κli; iZ1: ð33Þ

The proof of the lemma is completed. □

In order to estimate the impulse responses fli; iZ1g and
fhi; iZ1g, it is necessary to obtain the estimates for Eykþ1,
Eðykþ1uk&1Þ, and Eðukuk& iÞ; iZ0 in (25)–(28). For this, we use the
stochastic approximation algorithms with expanding truncations
(SAAWETs) [7] to recursively estimate Eykþ1, Eðykþ1uk&1Þ, and
Eðukuk& iÞ; iZ0, respectively:

λðyÞkþ1 ¼ ½λðyÞk &ð1=kÞðλðyÞk &ykþ1Þ( % I½jλðyÞk &ð1=kÞðλðyÞk &ykþ 1ÞjrM
δðyÞ
k

(; ð34Þ

δðyÞk ¼ ∑
k&1

j ¼ 1
I½jλðyÞj &ð1=jÞðλðyÞj &yjþ 1Þj4M

δðyÞ
j

(; ð35Þ

λðτÞkþ1 ¼ ½λðτÞk &ð1=kÞðλðτÞk &ykþ1uk&1Þ( % I½jλðτÞk &ð1=kÞðλðτÞk &ykþ 1uk& 1ÞjrM
δðτÞ
k

(;

ð36Þ

δðτÞk ¼ ∑
k&1

j ¼ 1
I½jλðτÞj &ð1=jÞðλðτÞj &yjþ 1uj& 1Þj4M

δðτÞ
j

(; ð37Þ

λði;uÞkþ1 ¼ ½λði;uÞk &ð1=kÞðλði;uÞk &ukþ1uk& iþ1Þ( % I½jλði;uÞk &ð1=kÞðλði;uÞk &ukþ 1uk& iþ 1ÞjrM
δði;uÞ
k

(;

ð38Þ

B.-Q. Mu, H.-F. Chen / European Journal of Control 20 (2014) 14–2316



δði;uÞk ¼ ∑
k&1

j ¼ 1
I½jλði;uÞj &ð1=jÞðλði;uÞj &ujþ 1uj& iþ 1Þj4M

δði;uÞ
j

(; iZ0; ð39Þ

where fMkg is an arbitrarily chosen sequence of positive real
numbers increasingly diverging to infinity, λðyÞ0 , λðτÞ0 , and λði;uÞ0 are
the arbitrary initial values, respectively, and I½A( denotes the
indicator function of a set A.

Noticing that the right-hand sides of (25) and (27) are equal to
ρ and κ, respectively, when i¼0, so we can derive the estimates for
fli; iZ1g and fhj; jZ1g by (25) and (26) if the constant ρa0; or by
(27) and (28) if κa0. However, we only know that at least one of ρ
and κ is nonzero by H5, so we design a switching mechanism
between the two ways. This is realized by comparing the absolute
values of the estimates for ρ and κ at each step.

We first give the estimates for ρ and κ based on (25) and (27),
respectively, as follows:

θð0;ρÞ
kþ1 ¼ ½θð0;ρÞ

k &ð1=kÞðθð0;ρÞ
k &ðykþ1&λðyÞkþ1Þu

2
k&1Þ(

%I½jθð0;ρÞk &ð1=kÞðθð0;ρÞ
k &ðykþ 1 &λðyÞkþ 1Þu

2
k& 1ÞjrM

δð0;ρÞ
k

(; ð40Þ

δð0;ρÞk ¼ ∑
k&1

j ¼ 1
I½jθð0;ρÞ

j &ð1=jÞðθð0;ρÞ
j &ðyjþ 1 &λðyÞjþ 1Þu

2
j& 1Þj4M

δð0;ρÞ
j

(; ð41Þ

θð0;κÞ
kþ1 ¼ ½θð0;κÞ

k &ð1=kÞðθð0;κÞ
k &ðykþ1&λðyÞkþ1Þðu

2
k&1&3λð0;uÞk&1Þuk&1Þ(

%I½jθð0;κÞk &ð1=kÞðθð0;κÞk &ðykþ 1 &λðyÞkþ 1Þðu
2
k& 1 &3λð0;uÞk& 1Þuk& 1ÞjrM

δð0;κÞ
k

(; ð42Þ

δð0;κÞk ¼ ∑
k&1

j ¼ 1
I½jθð0;κÞ

j &ð1=jÞðθð0;κÞj &ðyjþ 1 &λðyÞjþ 1Þðu
2
j& 1 &3λð0;uÞj& 1 Þuj& 1Þj4M

δð0;κÞ
j

(: ð43Þ

If jθð0;ρÞ
kþ1jZ jθð0;κÞ

kþ1j, then the following algorithm motivated by (26)
is used to estimate ρli; iZ1:

θði;ρÞ
kþ1 ¼ ½θði;ρÞ

k &ð1=kÞðθði;ρÞ
k &ðykþ1&λðyÞkþ1Þuk&1uk& i&1Þ(

%I½jθði;ρÞk &ð1=kÞðθði;ρÞ
k &ðykþ 1 &λðyÞkþ 1Þuk& 1uk& i& 1ÞjrM

δði;ρÞ
k

(; ð44Þ

δði;ρÞk ¼ ∑
k&1

j ¼ 1
I½jθði;ρÞ

j &ð1=jÞðθði;ρÞj &ðyjþ 1 &λðyÞjþ 1Þuj& 1uj& i& 1Þj4M
δði;ρÞ
j

(; iZ1; ð45Þ

here θði;ρÞ
k is obtained from the previous step of the recursion if

jθð0;ρÞ
k jZ jθð0;κÞ

k j. Otherwise, i.e., if jθð0;ρÞ
k jo jθð0;κÞ

k j, then θði;ρÞ
k has not

been computed in accordance with (44) and (45). In this case θði;ρÞ
k

in (44) is set to equal θð0;ρÞ
k li;k. After having the estimates for ρ and

ρli, the estimates for the impulse responses fli; iZ1g at time kþ1
are given by

li;kþ19

θði;ρÞ
kþ1

θð0;ρÞ
kþ1

if θð0;ρÞ
kþ1a0;

0 if θð0;ρÞ
kþ1 ¼ 0:

8
>>><

>>>:
ð46Þ

Based on (25) the following algorithms are employed to estimate
ρ∑i

j ¼ 0hjl
2
i& j:

λði;ρÞkþ1 ¼ ½λði;ρÞk &ð1=kÞðλði;ρÞk &ðykþ1&λðyÞkþ1Þu
2
k& i&1Þ(

%I½jλði;ρÞk &ð1=kÞðλði;ρÞk &ðykþ 1 &λðyÞkþ 1Þu
2
k& i& 1ÞjrM

γði;ρÞ
k

(; ð47Þ

γði;ρÞk ¼ ∑
k&1

j ¼ 1
I½jλði;ρÞj &ð1=jÞðλði;ρÞj &ðyjþ 1 &λðyÞjþ 1Þu

2
j& i& 1Þj4M

γði;ρÞ
j

(; iZ1; ð48Þ

where λði;ρÞk is obtained from the previous step of the recursion if

jθð0;ρÞ
k jZ jθð0;κÞ

k j. Otherwise, they are set to equal θð0;ρÞ
k ∑i

j ¼ 0hj;kl
2
i& j;k.

In this case the estimates for fhi; iZ1g are given by

hi;k9

λði;ρÞkþ1

θð0;ρÞ
kþ1

& ∑
i&1

j ¼ 0
hj;kþ1l

2
i& j;kþ1 if θð0;ρÞ

k a0;

0 if θð0;ρÞ
k ¼ 0:

8
>>><

>>>:
ð49Þ

Conversely, if jθð0;ρÞ
kþ1jo jθð0;κÞ

kþ1j, then based on (28) the following
algorithms are employed to estimate E½ðykþ1&Eykþ1Þðu2

k&1&
Eu2

k&1Þuk& i&1(; iZ1:

θði;κÞ
kþ1 ¼ ½θði;κÞ

k &ð1=kÞðθði;κÞ
k &ðykþ1&λðyÞkþ1Þðu

2
k&1&λð0;uÞk&1Þuk& i&1Þ(

%I½jθði;κÞk &ð1=kÞðθði;κÞ
k &ðykþ 1 &λðyÞkþ 1Þðu

2
k& 1 &λð0;uÞk& 1Þuk& i& 1ÞjrM

δði;κÞ
k

(; ð50Þ

δði;κÞk ¼ ∑
k&1

j ¼ 1
I½jθði;κÞ

j &ð1=jÞðθði;κÞ
j &ðyjþ 1 &λðyÞjþ 1Þðu

2
j& 1 &λð0;uÞj& 1Þuj& i& 1Þj4M

δði;κÞ
j

(; iZ1:

ð51Þ

Similar to the previous case, θði;κÞ
k is derived from the previous step

of the recursion if jθð0;ρÞ
k jo jθð0;κÞ

k j. Otherwise, i.e., if jθð0;ρÞ
k jZ jθð0;κÞ

k j;

then θði;κÞ
k has not been computed in accordance with (50) and (51).

In this case, θði;κÞ
k in (50) is set to equal θð0;κÞ

k li;kþ2λðτÞk λði;uÞk . As
results, the estimates for fli; iZ1g at time kþ1 are given by

li;kþ19

θði;κÞ
kþ1&2λðτÞkþ1λ

ði;uÞ
kþ1

θð0;κÞ
kþ1

if θð0;κÞ
kþ1a0;

0 if θð0;κÞ
kþ1 ¼ 0:

8
>>><

>>>:
ð52Þ

Based on (27) we introduce the following algorithms to estimate
κ∑i

j ¼ 0hjl
3
i& j:

λði;κÞkþ1 ¼ ½λði;κÞk &ð1=kÞðλði;κÞk &ðykþ1&λðyÞkþ1Þðu
2
k& i&1&3λði;uÞk& i&1Þuk& i&1Þ(

%I½jλði;κÞk &ð1=kÞðλði;κÞk &ðykþ 1 &λðyÞkþ 1Þðu
2
k& i& 1 &3λði;uÞk& i& 1Þuk& i& 1ÞjrM

γði;κÞ
k

(; ð53Þ

γði;κÞk ¼ ∑
k&1

j ¼ 1
I½jλði;κÞj &ð1=jÞðλði;κÞj &ðyjþ 1 &λðyÞjþ 1Þðu

2
j& i& 1 &3λði;uÞj& i& 1Þuj& i& 1Þj4M

γði;κÞ
j

(; iZ1;

ð54Þ

where λði;κÞk is obtained from the previous step of the recursion if

jθð0;κÞ
k jZ jθð0;ρÞ

k j. Otherwise, they are set to equal θð0;κÞ
k ∑i

j ¼ 0hj;kl
3
i& j;k.

In this case the estimates for fhi; iZ1g are given by

hi;k9

λði;κÞkþ1

θð0;κÞ
kþ1

& ∑
i&1

j ¼ 0
hj;kþ1l

3
i& j;kþ1 if θð0;κÞ

k a0;

0 if θð0;κÞ
k ¼ 0:

8
>>><

>>>:
ð55Þ

It is important to note that after establishing strong consistency

of θð0;ρÞ
k and θð0;κÞ

k in Section 3, switching between the algorithms
(44)–(49) and (50)–(55) ceases in a finite number of steps, because
by H5 at least one of ρ and κ is nonzero and hence either

jθð0;ρÞ
k jZ jθð0;κÞ

k j or jθð0;ρÞ
k jo jθð0;κÞ

k j takes place for all sufficiently
large k.

Remark 2. If the constant

τ9
1ffiffiffiffiffiffi

2π
p

s3ϑ

Z

R
xf ðxÞe& x2=2s2ϑ2

dx

is nonzero, then the impulse responses of the linear subsystem at
the output end can be more efficiently estimated based on the
limit

E½ykþ1uk& i&1(⟶
k-1

τ ∑
i

j ¼ 0
hjli& j; iZ0:
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Similar to [20,21], once the estimates fli;k; iZ0g for the impulse
response fli; iZ0g are obtained, then the estimates for the parameters
fp1;…; pnp ; q1;…; qnq

g of the linear subsystem at the input end can be
derived by using the convolution relationship between the impulse
responses fli; iZ0g and the parameters fp1;…;pnp

; q1;…; qnq
g.

Define the matrix:

L9

lnq lnq &1 ⋯ lnq &np þ1

lnq þ1 lnq ⋯ lnq &np þ2

⋮ ⋮ ⋱ ⋮
lnq þnp &1 lnq þnp &2 ⋯ lnq

0

BBBB@

1

CCCCA
:

Then the matrix L is nonsingular under H2 (see [20,21]), and hence the
matrix Lk obtained from L with fli; iZ0g replaced by their estimates
fli;k; iZ0g and with li;k ¼ 0 for io0 is also nonsingular for sufficiently
large k, since li;k⟶

k-1
li a.s. as to be shown by Theorem 1.

The estimates for fp1;…; pnp ; q1;…; qnq
g are naturally defined as

follows:

½p1;k; p2;k;…; pnp ;k(
T 9&L&1

k ½lnq þ1;k; lnq þ2;k;…; lnq þnp ;k(
T ; ð56Þ

qi;k9 li;kþ ∑
i4np

j ¼ 1
pj;kli& j;k; i¼ 1;2;…;nq: ð57Þ

Similarly, the estimates for fc1;…; cnc ; d1;…; dnd g are obtained in
the same way as that used for estimating coefficients of the linear
subsystem at the input end.

For this define

H9

hnd hnd &1 ⋯ hnd &nc þ1

hnd þ1 hnd ⋯ hnd &nc þ2

⋮ ⋮ ⋱ ⋮
hnd þnc &1 hnd þnc &2 ⋯ hnd

0

BBBB@

1

CCCCA

with hi ¼ 0 for io0:
The matrix H is nonsingular under H3 (see [20,21]), and hence

the corresponding estimate Hk for H with fhi; iZ0g replaced
by fhi;k; iZ0g is also nonsingular for sufficiently large k since
hi;k⟶

k-1
hi a.s. as to be shown by Theorem 1.

Similar to (56) and (57), the estimates for fc1;…; cnc ; d1;…; dnd g
are given as follows:

½c1;k; c2;k;…; cnc ;k(
T 9&H&1

k ½hnd þ1;k;hnd þ2;k;…;hnd þnc ;k(
T ; ð58Þ

di;k9hi;kþ ∑
i4nc

j ¼ 1
cj;khi& j;k; i¼ 1;2;…;nd: ð59Þ

2.3. Nonparametric estimation of f ð%Þ

For estimating f(x) with x being an arbitrary point at the real axis,
the useful sequences fvkg and ff ðvkÞg are not directly observed.
Instead, we estimate their noisy values fψ kg (see (62)) and fζkg
(see (68)), and then apply SAAWET incorporated with the deconvo-
lution kernel functions [13,27,11] to remove the noise influence.

Let us start with estimating fψ kg.
Define

ψ k9P&1ðzÞQ ðzÞuk&1; ð60Þ

ek9P&1ðzÞQ ðzÞɛð1Þk&1 ¼ ðPðzÞF1ðzÞÞ&1ðQ ðzÞG1ðzÞÞςð1Þk&1: ð61Þ

According to (1), (8), and (11), we have

ψ k ¼ P&1ðzÞQ ðzÞu0
k&1þ½PðzÞF1ðzÞ(&1Q ðzÞG1ðzÞςð1Þk&1 ¼ vkþek: ð62Þ

Define

P9

&p1 1
⋮ ⋱
⋮ 1

&ps 0 ⋯ 0

0

BBBB@

1

CCCCA
; Q9

1
q1
⋮

qs&1

0

BBBB@

1

CCCCA
; G9

1
0
⋮
0

0

BBB@

1

CCCA;

and s9maxðnp;nqþ1Þ, where pi90 for i4np and qj90 for j4nq.
Then, Eq. (60) connecting ψk and uk can be expressed in the state
space form:

xkþ1 ¼ PxkþQuk; ψ kþ1 ¼ GTxkþ1: ð63Þ

Replacing pi; i¼ 1;…; s and qj; j¼ 1;…; s in P and Q with pi;k and
qj;k given by (56) and (57), respectively, we obtain the estimates Pk
and Qk for P and Q at time k, and hence the estimate bψ k for ψk is
given as follows:

bxkþ1 ¼ Pkþ1bxkþQkþ1uk; bψ kþ1 ¼ GTbxkþ1 ð64Þ

with an arbitrary initial value bx0.
Similarly, from (3) and (8), we have

CðzÞykþ1 ¼DðzÞðf ðvkÞþηkÞþCðzÞɛð2Þkþ1þξkþ1: ð65Þ

By defining

ζk9D&1ðzÞCðzÞykþ1; ϕk9D&1ðzÞξkþ1; and χk9D&1ðzÞCðzÞɛð2Þkþ1;

ð66Þ

then f ðvkÞ in (65) can be expressed as

f ðvkÞ ¼D&1ðzÞCðzÞykþ1&D&1ðzÞCðzÞɛð2Þkþ1&D&1ðzÞξkþ1&ηk; ð67Þ

or

ζk ¼ f ðvkÞþχkþϕkþηk: ð68Þ

The first equation in (66) can be expressed in the state space form:

tkþ1 ¼DtkþCykþ1; ζk ¼ G
T
tkþ1; ð69Þ

where

D9

&d1 1
⋮ ⋱
⋮ 1

&ds 0 ⋯ 0

0

BBBB@

1

CCCCA
; C9

1
c1
⋮

cs&1

0

BBBB@

1

CCCCA
; G9

1
0
⋮
0

0

BBB@

1

CCCA;

and s9maxðnd;ncþ1Þ.
Let Ck and Dk be the estimates obtained from C and D with

entries replaced by their estimates given by (58) and (59). Then
the estimate bζk for ζk is recursively given by the following
algorithm with an arbitrary initial value bt0:

btkþ1 ¼Dkþ1btkþCkþ1ykþ1;
bζk ¼ G

Tbtkþ1: ð70Þ

In order to eliminate the influence of ek involved in ψk, we
apply the deconvolution kernel functions, but for this the addi-
tional assumptions are needed.

H6: The variance ϑ2 of the noise-free input u0
k is known.

H7: The driven noise fςð1Þk g in (11) is a sequence of i.i.d. zero
mean Gaussian random variables.

Let us introduce the Sinc kernel function [27,11]:

KðxÞ ¼
sin ðxÞ
πx

: ð71Þ

Then we have its Fourier transformation

ΦK ðtÞ9
Z

R
eιtxKðxÞ dx¼ I½jtjr1(; ð72Þ

where ι denotes the imaginary unit ι2 ¼ &1.
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Under H7, fekg is still a sequence of zero mean Gaussian random
variables, and its characteristic function is

Φek ðtÞ9
Z

R
eιtx

1ffiffiffiffiffiffi
2π

p
skðeÞ

e& x2=2s2k ðeÞ dx¼ e&s2k ðeÞt
2=2;

where s2k ðeÞ9Ee2k is the variance of ek. Denote by s2ðeÞ the limit of
s2k ðeÞ. It is clear that js2ðeÞ&s2k ðeÞj¼ Oðe& rekÞ for some re40.

We now introduce the deconvolution kernel wk(x), but for this
we first define

KkðxÞ9
1
2π

Z

R
e& ιtx ΦK ðtÞ

Φek ðt=bkÞ
dt ¼

1
2π

Z 1

&1
e& ιtxes

2
k ðeÞt

2=2b2k dt; ð73Þ

where bk ¼ ðbs2k ðeÞ=log kÞ1=2 is the bandwidth with b43 being a
constant chosen in advance.

Thus the function wk(x) is defined by

wkðxÞ9
1
bk
Kk

ψ k&x
bk

" #
¼

1
2πbk

Z 1

&1
e½& ιtðψ k & xÞ=bk (es

2
k ðeÞt

2=2b2k dt

¼
1

2πbk

Z 1

&1
cos ½ðψ k&xÞt=bk(es

2
k ðeÞt

2=2b2k dt ¼
1
π

Z 1=bk

0

cos ½ðψ k&xÞt(es
2
k ðeÞt

2=2 dt: ð74Þ

Notice that s2k ðeÞ in (73) and (74) is unknown. To obtain its
estimate bs2

k ðeÞ we first estimate the spectral density of ɛð1Þk , and
then derive the estimate for the spectral density of ek by means of
the estimates for the linear subsystem at the input end. Finally, the
estimate bs2

k ðeÞ for s2k ðeÞ can be obtained by the inverse Fourier
transformation of the spectral density estimate for ek.

For simplicity, we assume that the orders nf 1 and ng1 in (12) and
(13) are known in the procedure of estimating the spectral density of
ɛð1Þk . When the orders nf 1 and ng1 are unknown, their strongly
consistent estimates can be derived by the method provided in [9].

The autocovariances aiðɛ
ð1Þ
k Þ9Eðɛð1Þk ɛð1Þk& iÞ; iZ0 of ɛð1Þk is recur-

sively estimated by SAAWET:

a0;kþ1ðɛ
ð1Þ
k Þ ¼ ½a0;kðɛ

ð1Þ
k Þ&ð1=kÞða0;kðɛ

ð1Þ
k Þþϑ2&u2

kþ1Þ(
%I½ja0;kðɛð1Þk Þ& ð1=kÞða0;kðɛ

ð1Þ
k Þþϑ2 &u2kþ 1ÞjrM

δ
ð0;ɛð1Þ

k
Þ

k

(; ð75Þ

δð0;ɛ
ð1Þ
k Þ

k ¼ ∑
k&1

j ¼ 1
I½ja0;jðɛð1Þj Þ& ð1=jÞða0;jðɛ

ð1Þ
j Þþϑ2 &u2

jþ 1Þj4M
δ
ð0;ɛð1Þ

k
Þ

j

(; ð76Þ

ai;kþ1ðɛ
ð1Þ
k Þ ¼ ½ai;kðɛ

ð1Þ
k Þ&ð1=kÞðai;kðɛ

ð1Þ
k Þ&ukþ1uk& iþ1Þ(

%I½jai;kðɛð1Þk Þ& ð1=kÞðai;kðɛ
ð1Þ
k Þ&ukþ 1uk& iþ 1ÞjrM

δ
ði;ɛð1Þ

k
Þ

k

(; ð77Þ

δði;ɛ
ð1Þ
k Þ

k ¼ ∑
k&1

j ¼ 1
I½jai;jðɛð1Þk Þ& ð1=jÞðai;jðɛ

ð1Þ
k Þ&ujþ 1uj& iþ 1Þj4M

δ
ði;ɛð1Þ

k
Þ

j

(; iZ1: ð78Þ

It is noticed that the algorithms (77) and (78) coincide with (38)
and (39) for iZ1, where λði;uÞkþ1 is rewritten as ai;kþ1ðɛ

ð1Þ
k Þ just for

consistency with notations used here.
Define the Hankel matrix

Γkðɛ
ð1Þ
k Þ9

ang1 ;k
ðɛð1Þk Þ ang1 &1;kðɛ

ð1Þ
k Þ ⋯ ang1 &nf1

þ1;kðɛ
ð1Þ
k Þ

ang1 þ1;kðɛ
ð1Þ
k Þ ang1 ;k

ðɛð1Þk Þ ⋯ ang1 &nf1
þ2;kðɛ

ð1Þ
k Þ

⋮ ⋮ ⋱ ⋮
ang1 þnf1

&1;kðɛ
ð1Þ
k Þ ang1 þnf1

&2;kðɛ
ð1Þ
k Þ ⋯ ang1 ;kðɛ

ð1Þ
k Þ

0

BBBBB@

1

CCCCCA

ð79Þ

where ai;kðɛ
ð1Þ
k Þ9a& i;kðɛ

ð1Þ
k Þ for io0. Since ai;kðɛ

ð1Þ
k Þ⟶

k-1
aiðɛ

ð1Þ
k Þ; iZ0

as to be shown in Lemma 4 and the limit of Γkðɛ
ð1Þ
k Þ is nonsingular

under H4 [21], the matrix Γkðɛ
ð1Þ
k Þ is nonsingular for sufficiently

large k. Therefore, at time k, the parameters ff 1;1; f 1;2;…; f 1;nf1
g of

F1ðzÞ in (12) can be estimated by the Yule–Walker equation:

½f 1;1;k; f 1;2;k;…; f 1;nf1
;k(

T

¼ &Γ&1
k ðɛð1Þk Þ½ang1 þ1;kðɛ

ð1Þ
k Þ; ang1 þ2;kðɛ

ð1Þ
k Þ;…; ang1 þnf1

;kðɛ
ð1Þ
k Þ(T :

ð80Þ

The spectral density Sɛð1Þk
ðzÞ of ɛð1Þk equals

Sɛð1Þk
ðzÞ9 ∑

1

l ¼ &1
alðɛ

ð1Þ
k Þzl ¼

G1ðzÞG1ðz&1Þs2ðςð1Þk Þ
F1ðzÞF1ðz&1Þ

; ð81Þ

or

F1ðzÞF1ðz&1Þ ∑
1

l ¼ &1
alðɛ

ð1Þ
k Þzl ¼ G1ðzÞG1ðz&1Þs2ðςð1Þk Þ; ð82Þ

where s2ðςð1Þk Þ denotes the variance of ςð1Þk .
By comparing the coefficients of the same order of z at both

sides of (82), we derive

G1ðzÞG1ðz&1Þs2ðςð1Þk Þ ¼ ∑
ng1

l ¼ &ng1

∑
nf1

i ¼ 0
∑
nf1

j ¼ 0
alþ j& iðɛ

ð1Þ
k Þf 1;if 1;j

 !

zl; ð83Þ

where only a finite number of autocovariances alðɛ
ð1Þ
k Þ; &ng1

&nf 1 r lrnf 1 þng1 are involved.
As a consequence, the estimate for Sɛð1Þk

ðzÞ is obtained as follows:

bSɛð1Þk
ðzÞ ¼

∑ng1
l ¼ &ng1

ð∑
nf1
i ¼ 0∑

nf1
j ¼ 0alþ j& i;kðɛ

ð1Þ
k Þf 1;i;kf 1;j;kÞzl

ð∑
nf1
i ¼ 0f 1;i;kz

iÞð∑
nf1
j ¼ 0f 1;j;kz

& jÞ
; ð84Þ

and by (61) the spectral density Sek ðzÞ of ek is estimated by

bSek ðzÞ ¼
ð∑nq

i ¼ 0qi;kz
iÞð∑nq

j ¼ 0qj;kz
& jÞ

ð∑np

i ¼ 0pi;kz
iÞð∑np

j ¼ 0pj;kz
& jÞ
bSɛð1Þk

ðzÞ: ð85Þ

Finally, the variance s2k ðeÞ of ek is approximated by the inverse
Fourier transformation:

bs2
k ðeÞ ¼

1
2π

Z π

&π

bSek ðe
ιωÞ dω: ð86Þ

Therefore, the estimate for wk(x) at time k is given by

bwkðxÞ9
1
π

Z 1=bbk

0
cos ½ðbψ k&xÞt(ebs

2
k ðeÞt

2=2 dt; ð87Þ

where bbk ¼ ðbbs2
k ðeÞ=log kÞ1=2.

We now give the algorithms to estimate f(x):

μkþ1ðxÞ ¼ ½μkðxÞ&ð1=kÞðμkðxÞ& bwkðxÞÞ(

%I
½jμkðxÞ& ð1=kÞðμkðxÞ&bwkðxÞÞjrM

δðμÞ
k

ðxÞ
(
; ð88Þ

δðμÞk ðxÞ ¼ ∑
k&1

j ¼ 1
I
½jμj& 1ðxÞ& ð1=jÞðμj& 1ðxÞ&bwjðxÞÞj4M

δðμÞ
j

ðxÞ
(
; ð89Þ

βkþ1ðxÞ ¼ ½βkðxÞ&ð1=kÞðβkðxÞ& bwkðxÞbζkÞ(

%I
½jβkðxÞ& ð1=kÞðβkðxÞ&bwkðxÞbζ kÞjrM

δðβÞ
k

ðxÞ

; ð90Þ

δðβÞk ðxÞ ¼ ∑
k&1

j ¼ 1
I
½jβj& 1ðxÞ& ð1=jÞðβj& 1ðxÞ&bwjðxÞbζ jÞÞj4M

δðβÞ
j

ðxÞ
(
: ð91Þ

As a matter of fact, μkðxÞ defined by (88) and (89) and βkðxÞ defined
by (90) and (91) are applied to estimate p(x) and pðxÞ~f ðxÞ (the
definition of ~f ðxÞ is given in (112)), respectively, where

pðxÞ ¼ ð1=
ffiffiffiffiffiffi
2π

p
sϑÞe& x2=2s2ϑ2

is the limit of the density function of
vk. The estimate for f(x) is naturally defined as
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f kþ1ðxÞ9

βkþ1ðxÞ
μkþ1ðxÞ

if μkþ1ðxÞa0

0 if μkþ1ðxÞ ¼ 0:

8
><

>:
ð92Þ

3. Strong consistency of estimates for linear subsystems

The methods and the mathematical tools of proving the strong
consistency of the estimates proposed in Section 2 are essentially
the same as those given in [19]. We will not repeat similar
derivatives, but give the new ones.

Lemma 2. Assume that H1–H5 hold. Then, λðyÞk , λðτÞk , and λði;uÞk ; iZ0
defined by (34) and (35), (36) and (37), and (38) and (39),
respectively, have the following convergence rate:

λðyÞk &Eyk
$$$

$$$¼ o
1

k1=2& c

" #
8c40; ð93Þ

λðτÞk &Eðykuk&2Þ
$$$

$$$¼ o
1

k1=2& c

" #
8c40; ð94Þ

λði;uÞk &Eðukuk& iÞ
$$$

$$$¼ o
1

k1=2& c

" #
8c40; iZ0: ð95Þ

The proof is similar to that for Lemma 6 in [19].

Theorem 1. Assume that H1–H5 hold. Then, fli;k; iZ1g and
fhj;k; jZ1g generated by (40)–(55) converge to fli; iZ1g and
fhj; jZ1g, respectively, with the rate of convergence

jli;k& lij¼ oðk&νÞ a:s: 8νAð0;1=2Þ; iZ1; ð96Þ

jhj;k&hjj¼ oðk&νÞ a:s: 8νAð0;1=2Þ; jZ1: ð97Þ

As consequences, from (56)–(59) the following convergence rates also
take place:

jpi;k&pij¼ oðk&νÞ a:s: 8νAð0;1=2Þ; i¼ 1;…;np; ð98Þ

jqj;k&qjj¼ oðk&νÞ a:s: 8νAð0;1=2Þ; j¼ 1;…;nq; ð99Þ

jcl;k&clj¼ oðk&νÞ a:s: 8νAð0;1=2Þ; l¼ 1;…;nc; ð100Þ

jdm;k&dmj¼ oðk&νÞ a:s: 8νA ð0;1=2Þ; m¼ 1;…;nd: ð101Þ

Proof. We first prove that θð0;ρÞ
k and θð0;κÞ

k , respectively, defined by
(40) and (41) and by (42) and (43) converge a.s. with the following
convergence rate:

jθð0;ρÞ
k &ρj¼ oðk&νÞ a:s: 8νAð0;1=2Þ; ð102Þ

jθð0;κÞ
k &κj¼ oðk&νÞ a:s: 8νAð0;1=2Þ: ð103Þ

We rewrite (40) as

θð0;ρÞ
kþ1 ¼ ½θð0;ρÞ

k &ð1=kÞðθð0;ρÞ
k &ρÞ&ð1=kÞεð0;ρÞkþ1(

% I½jθð0;ρÞ
k &ð1=kÞðθð0;ρÞ

k &ρliÞ& ð1=kÞεð0;ρÞkþ 1jrMð0;ρÞ
δk

(;

where

εð0;ρÞkþ1 ¼ ρ&ðykþ1&λðyÞkþ1Þu
2
k&1 ¼ ðρ&Eððykþ1&Eykþ1Þu

2
k&1ÞÞ

þðEððykþ1&Eykþ1Þu
2
k&1Þ&ðykþ1&Eykþ1Þu

2
k&1ÞÞ

þðλðyÞkþ1&Eykþ1Þu
2
k&1 ð104Þ

Since ρ is the single root of the linear function &ðy&ρÞ, by
Theorem 3.1.1 in [7], for proving (102), it suffices to show

∑
1

k ¼ 1

1
k1&νε

ð0;ρÞ
kþ1o1 a:s: 8νAð0;1=2Þ: ð105Þ

Noticing (29) and carrying out the treatment similar to that used in
Lemma 4.3 of [18], we have jρ&Eððykþ1&Eykþ1Þ u2

k&1Þj¼ Oðe& r1kÞ

for some r140 since s2&s2k ¼∑1
i ¼ kl

2
i ¼Oðe& r1kÞ for some r140.

This assures that (105) holds with εð0;ρÞkþ1 replaced by the first term at
the right-hands of (104).
From (20) and (29) it follows that

∑
1

k ¼ 1

1
k1&νðEððykþ1&Eykþ1Þu

2
k&1Þ&ðykþ1&Eykþ1Þu

2
k&1Þ

¼ ∑
1

k ¼ 1

1
k1&νðEðykþ1ððu

0
k&1Þ

2&ϑ2ÞÞ&ykþ1ððu
0
k&1Þ

2&ϑ2ÞÞ

þ ∑
1

k ¼ 1

1
k1&νðEykþ1Þððu

0
k&1Þ

2&ϑ2Þþ ∑
1

k ¼ 1

ϑ2

k1&νðEykþ1&ykþ1Þ

þ ∑
1

k ¼ 1

1
k1&νðEykþ1&ykþ1Þðɛ

ð1Þ
k&1Þ

2

þ ∑
1

k ¼ 1

2
k1&νðEykþ1&ykþ1Þu

0
k&1ɛ

ð1Þ
k&1: ð106Þ

By (4.16) and (4.20) of Lemma 4.5 in [18], we see that the first term
at the right-hand side of (106) converges a.s. Since fðu0

k&1Þ
2&ϑ2g is

a sequence of zero mean i.i.d. random variables and Eðykþ1Þo1,
by the Khintchine–Kolmogorov convergence theorem (see Theo-
rem 1 of Section 5.1 in [10]), we find that the second term at the
right-hand side of (106) converges a.s. due to

∑
1

k ¼ 1

ðEykþ1Þ
2

k2ð1&νÞ Eððu
0
k&1Þ

2&ϑ2Þ2o1:

For the fourth term at the right-hand side of (106), by (8) and
(20) we have

∑
1

k ¼ 1

1
k1&νðEykþ1&ykþ1Þðɛ

ð1Þ
k&1Þ

2

¼ ∑
1

j ¼ 0
hj ∑

1

k ¼ j

1
k1&νðEf ðvk& jÞ& f ðvk& jÞÞðɛ

ð1Þ
k&1Þ

2

& ∑
1

k ¼ 1

1
k1&νðC

&1ðzÞDðzÞηkÞðɛ
ð1Þ
k&1Þ

2

& ∑
1

k ¼ 1

1
k1&νðC

&1ðzÞξkþ1Þðɛ
ð1Þ
k&1Þ

2

& ∑
1

k ¼ 1

1
k1&νɛ

ð2Þ
kþ1ðɛ

ð1Þ
k&1Þ

2: ð107Þ

Define zðjÞk 9ð1=k1&νÞðEf ðvk& jÞ& f ðvk& jÞÞðɛ
ð1Þ
k&1Þ

2. Then by Remark 2 in
[19] and by the hereditary property of mixing processes, ff ðvkÞg and
fðɛð1Þk Þ2g are α-mixing sequences with the mixing coefficients decay-
ing exponentially to zero. Since fvkg and fɛð1Þk g are mutually inde-
pendent, zðjÞk is a zero mean α-mixing sequence with the mixing
coefficients decaying exponentially to zero. By H5 and Lemma 3 in
[19], we find that Ejf ðvk& jÞj2þεo1 and Ejðɛð1Þk&1Þj

2ð2þεÞo1 for
some ε40. By applying the Cr inequalities, we have

∑
1

k ¼ j
ðEjzðjÞk j2þεÞ2=ð2þεÞr ∑

1

k ¼ j

4
k2ð1&νÞðEjf ðvk& jÞj2þεÞ2=ð2þεÞ

%ðEjðɛð1Þk&1Þj
2ð2þεÞÞ2=ð2þεÞrO ∑

1

k ¼ j

1
k2ð1&νÞ

 !

o1:

Therefore, by Lemma 4 in [19] we obtain

∑
1

k ¼ j
zðjÞk ¼ ∑

1

k ¼ j

1
k1&νðEf ðvk& jÞ& f ðvk& jÞÞðɛ

ð1Þ
k&1Þ

2o1 a:s:;

which implies that

∑
1

k ¼ 2j

1
k1&νðEf ðvk& jÞ& f ðvk& jÞÞðɛ

ð1Þ
k&1Þ

2⟶
j-1

0 a:s:;
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and

∑
2j&1

k ¼ j

1
k1&vðEf ðvk& jÞ& f ðvk& jÞÞðε

ð1Þ
k&1Þ

2

$$$$$

$$$$$

≤ ∑
2j&1

k ¼ j

1
j1&voðj

cÞoðj1=3Þ ¼ oðj1=3þcþvÞ a:s:

Since jf ðvk−jÞj=j
c-
j→∞

0 a:s: for any c40 and ðεð1Þk−1Þ
2=j1=3-

j-∞
0 a:s:

by the Borel-Cantelli lemma [10], H5 and H4, when jrko2j. Thus
we have

∑
∞

k ¼ j

1
k1&vðEf ðvk−jÞ& f ðvk& jÞÞðε

ð1Þ
k&1Þ

2

$$$$$ ¼ oð j1=3þcþvÞ a:s:

$$$$$

By noticing that jhjj¼ Oðe& r2 jÞ; r240; jZ1, we have

∑
1

j ¼ 0
hj ∑

1

k ¼ j

1
k1&νðEf ðvk& jÞ& f ðvk& jÞÞðɛ

ð1Þ
k&1Þ

2o1 a:s:

The convergence of the remaining terms at the right-hand side of
(107) can be proved in a similar way, and hence the fourth term at
the right-hand side of (106) converges a.s. Likewise, the rest at the
right-hand side of (106) can be shown to be convergent a.s., and
hence the second term at the right-hands of (104) also satisfies
(105) with εð0;ρÞkþ1 replaced by it.
Noticing (93) and applying the method similar to that used to

verify (73) in Lemma 7 of [19], we see that the last term at the
right-hands of (104) satisfies (105) with εð0;ρÞkþ1 replaced by it.
Therefore, we have proved (102), while (103) can be similarly

proved.
As pointed out before, by H5 at least one of ρ and κ is nonzero,

so switching between (44)–(49) and (50)–(55) may happen only a
finite number of times. Therefore, noticing (94) and (95), for
proving (96) and (97) it suffices to show 8νA ð0;1=2Þ,

jθði;ρÞ
k &ρlij¼ oðk&νÞ a:s: iZ1; ð108Þ

λði;ρÞk &ρ ∑
i

j ¼ 0
hjl

2
i& j

$$$$$

$$$$$¼ oðk&νÞ a:s: iZ1; ð109Þ

jθði;κÞ
k &E½ðykþ1&Eykþ1Þðu

2
k&1&Eu2

k&1Þuk& i&1(j¼ oðk&νÞ a:s: iZ1;
ð110Þ

λði;κÞk &κ ∑
i

j ¼ 0
hjl

3
i& j

$$$$$

$$$$$¼ oðk&νÞ a:s: iZ1: ð111Þ

Similar to proving (102), we can show (108)–(111), while the
assertions (98)–(101) straightforwardly follow from (96) and (97). □

4. Strong consistency of estimates for f ð%Þ

Lemma 3. Under Conditions H1–H7, the following assertions for
wk(x) defined by (74) take place:

E½wkðxÞ(⟶
k-1

pðxÞ; E½wkðxÞf ðvkÞ(⟶
k-1

pðxÞ~f ðxÞ; ð112Þ

where pðxÞ ¼ ð1=
ffiffiffiffiffiffi
2π

p
sϑÞe&x2=2s2ϑ2

, s2 ¼∑1
i ¼ 0l

2
i , and

~f ðxÞ ¼ f ðx& Þ
Z x

&1
KðtÞ dtþ f ðxþ Þ

Z 1

x
KðtÞ dt;

which equals f(x) for any x where f ð%Þ is continuous.

For the proof, we refer to Lemma 9 in [19].

Lemma 4. Assume that H1, H4, H6, and H7 hold. Then both a0;kðɛ
ð1Þ
k Þ

defined by (75) and (76) and ai;kðɛ
ð1Þ
k Þ; iZ1 defined by (77) and (78)

have the convergence rate

ai;kðɛ
ð1Þ
k Þ&aiðɛ

ð1Þ
k Þ

$$$
$$$¼ o

1
k1=2& c

" #
8c40; iZ0: ð113Þ

The proof is similar to that for Lemma 10 in [19].

Corollary 1. Assume that H1–H7 hold. Then bs2
k ðeÞ defined by (86)

converges to s2k ðeÞ a.s. with the following convergence rate:

bs2
k ðeÞ&s2k ðeÞ

$$$
$$$¼ o

1
k1=2& c

" #
8c40: ð114Þ

Lemma 5. Assume H1–H7 hold. Then there is a constant c40 with
1=6&1=2b&2c40 such that

ζk&bζk

$$$
$$$¼ o

1
k1=6& c

" #
; ð115Þ

ψ k& bψ k

$$ $$¼ o
1

k1=2&2c

" #
; ð116Þ

wkðxÞ& bwkðxÞ
$$ $$¼ o

ðlog kÞ3=2

k1=2&1=2b&2c

 !

: ð117Þ

For (115), we refer to Lemma 4.10 in [18], while for (116) and
(117), we refer to Lemma 11 in [19].

Theorem 2. Assume that H1–H7 hold. Then μkðxÞ defined by (88)
and (89) and βkðxÞ defined by (90) and (91) are convergent:

μkðxÞ⟶
k-1

pðxÞ a:s:; ð118Þ

βkðxÞ⟶
k-1

pðxÞ~f ðxÞ a:s: ð119Þ

As a consequence, fk(x) defined by (92) is strongly consistent

f kðxÞ⟶
k-1

~f ðxÞ a:s: ð120Þ

Proof. The algorithm (88) can be rewritten as

μkþ1ðxÞ ¼ ½μkðxÞ&ð1=kÞðμkðxÞ&pðxÞÞ&ð1=kÞekþ1ðxÞ(

%I½jμkðxÞ& ð1=kÞðμkðxÞ&pðxÞÞ& ð1=kÞekþ 1ðxÞjrM
δðμÞ
k

ðxÞ
(;

where

ekþ1ðxÞ ¼ pðxÞ& bwkðxÞ ¼ ½pðxÞ&EwkðxÞ(þ½EwkðxÞ&wkðxÞ(

þ½wkðxÞ& bwkðxÞ(: ð121Þ

Since p(x) is the single root of the linear function &ðy&pðxÞÞ, by
Theorem 2.1.1 in [7], for convergence of μkðxÞ it suffices to show

lim
T-0

lim sup
k-1

1
T

∑
mðnk ;TkÞ

j ¼ nk

ð1=jÞejþ1ðxÞ

$$$$$

$$$$$¼ 0 8TkA ½0; T ( ð122Þ

for any convergent subsequence μnk ðxÞ, where mðk; TÞ9maxfm :
∑m

j ¼ kð1=jÞrTg. By the first limit in (112) and (117), it follows that
(122) holds for the first and last terms at the right-hand side of (121),
respectively. By the method similar to that used to verify (102) in [19],
it is shown that the second term at the right-hand side of (121)
satisfies (122). The proof of (119) can be similarly carried out. There-
fore, the estimate (92) is strongly consistent. □
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5. Example

Let the linear subsystem at the input end be

vkþp1vk&1þp2vk&2 ¼ u0
k&1þq1u

0
k&2þq2u

0
k&3;

where p1¼0.2, p2¼0.6, q1 ¼ &0:3 and q2¼1.2, and let the linear
subsystem at the output end be given by

y0kþ1þc1y0kþc2y0k&1 ¼φkþd1φk&1þd2φk&2þξkþ1;

where c1 ¼ &0:15, c2 ¼ 0:5; d1 ¼ 0:2 and d2 ¼ &0:4. Let the non-
linear function be

f ðxÞ ¼ x2&0:5x&1:

The input signal fu0
kg is a sequence of Gaussian random

variables: u0
kAN ð0;1:22Þ. The driven noises fςð1Þk g and fςð2Þk g

and the internal noises fηkg and fξkg all are sequences of mut-
ually independent Gaussian random variables: N ð0;0:32Þ. The
measurement noises fɛð1Þk g and fɛð2Þk g are the following ARMA
processes, respectively:

ɛð1Þk &0:7ɛð1Þk&1 ¼ ςð1Þk þ0:5ςð1Þk&1;

ɛð2Þk þ0:4ɛð2Þk&1 ¼ ςð2Þk &0:6ςð2Þk&1:

In the figures listed below, the solid lines represent the true
values of the system, while the dashed lines denote the corre-
sponding estimates. Figs. 2 and 3 demonstrate the recursive
estimates for the coefficients of the two linear subsystems,
respectively, while the estimate for the nonlinear function at time
k¼10 000 is given in Fig. 4. The behavior of the estimates for the
nonlinearity at points f&2:6; &2; &1:6;0:9g versus time is demon-
strated in Fig. 5.

6. Conclusion

The recursive algorithms for identifying the EIV Wiener–Hammer-
stein systems are proposed in the paper. The estimation is carried out
by the stochastic approximation algorithms incorporated with the
deconvolution kernel. The estimates for the two linear subsystems as
well as for the nonlinearity are shown to be convergent to the true
values with probability one.

For further research it is of interest to consider identification of
other EIV nonlinear systems, for example, the MIMO EIV Wiener–
Hammerstein systems.
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