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1. Introduction There are two core issues for KRM: kernel design and hyperpa-
rameter estimation. The former is regarding how to parameterize
the kernel matrix with a parameter vector, called hyperparameter,
to embed the prior knowledge of the system to be identified, and
the latter is regarding how to estimate the hyperparameter based
on the data such that the resulting model estimator achieves a
good bias-variance trade-off or equivalently, suitably balances the
adherence to the data and the model complexity.

The kernel design plays a similar role as the model structure
design for ML/PEM and determines the underlying model structure
for KRM. In the past few years, many efforts have been spent
on this issue and several kernels have been invented to embed
various types of prior knowledge, e.g., Carli, Chen, and Ljung
(2017), Chen (2018a), Chen et al. (2014), Chen et al. (2016), Chen
et al. (2012), Chen and Pillonetto (2018), Dinuzzo (2015), Mar-
conato, Schoukens, and Schoukens (2016), Pillonetto, Chen, Chiuso,

The kernel-based regularization methods (KRM) from machine
learning and statistics were first introduced to the system identi-
fication community in Pillonetto and De Nicolao (2010) and then
further developed in Chen, Andersen, Ljung, Chiuso, and Pillonetto
(2014), Chen, Ohlsson, and Ljung (2012) and Pillonetto, Chiuso, and
De Nicolao (2011). These methods attract increasing attention in
the community and have become a complement to the classical
maximum likelihood/prediction error methods (ML/PEM) (Chen
etal., 2012; Ljung, Singh, & Chen, 2015; Pillonetto & Chiuso, 2015).
In particular, KRM may have better average accuracy and robust-
ness than ML/PEM when the data is short and/or has low signal-to-
noise ratio (SNR).

™ The material in this paper was partially presented at the 20th World Congress
of the International Federation of Automatic Control, July 9-14, 2017, Toulouse,

France. This paper was recommended for publication in revised form by Associate
Editor Thomas Bo Schon under the direction of Editor Torsten Soderstrom.

* Corresponding author: Tianshi Chen, School of Science and Engineering and
Shenzhen Research Institute of Big Data, The Chinese University of Hong Kong,
Shenzhen, China.

E-mail addresses: biqiang.mu@liu.se (B. Mu), tschen@cuhk.edu.cn (T. Chen),
ljung@isy.liu.se (L. Ljung).

https://doi.org/10.1016/j.automatica.2018.04.035
0005-1098/© 2018 Elsevier Ltd. All rights reserved.

Nicolao, and Ljung (2016), Pillonetto et al. (2011), Pillonetto and
De Nicolao (2010) and Zorzi and Chiuso (2017). In particular, two
systematic kernel design methods (one is from a machine learning
perspective and the other one is from a system theory perspective)
were developed in Chen (2018b) by embedding the corresponding
type of prior knowledge.
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The hyperparameter estimation plays a similar role as the
model order selection in ML/PEM and its essence is to determine
a suitable model complexity based on the data. As mentioned in
the survey of KRM (Pillonetto, Dinuzzo, Chen, De Nicolao, & Ljung,
2014), many methods can be used for hyperparameter estimation,
such as the cross-validation (CV), empirical Bayes (EB), G, statistics
and Stein’s unbiased risk estimator (SURE) and etc. In contrast
with the numerous results on kernel design, there are however
few results on hyperparameter estimation except Aravkin, Burke,
Chiuso, & Pillonetto (2012a, b, 2014), Chen et al. (2014) and Pil-
lonetto & Chiuso (2015). In Aravkin et al. (2012a, b, 2014), two
types of diagonal kernel matrices are considered. When &' ® /N
is an identity matrix, where @ is the regression matrix and N is the
number of data, the optimal hyperparameter estimate of the EB
estimator has explicit form and is shown to be consistent in terms
of the mean square error (MSE). When &7 ® /N is not an identity
matrix, the EB estimator is shown to asymptotically minimize a
weighted MSE. In Chen et al. (2014), the EB with linear multiple
kernel is shown to be a difference of convex programming problem
and moreover, the optimal hyperparameter estimate is sparse. In
Pillonetto and Chiuso (2015), the robustness of the EB estimator is
analysed.

In this paper, we study the properties of the EB estimator and
two SUREs in Pillonetto and Chiuso (2015) with an emphasis on
the asymptotic properties of these hyperparameter estimators. In
particular, we are interested in the following questions: When the
number of data goes to infinity,

(1) what will be the best kernel matrix, or equivalently, the best
value of the hyperparameter?

(2) which estimator (method) shall be chosen such that the
hyperparameter estimate tends to this best value in the
given sense?

(3) what will be the convergence rate of that the hyperparame-
ter estimate tends to this best value? and what factors does
this rate depend on?

In order to answer these questions, we employ the regularized
least squares method for FIR model estimation in Chen et al. (2012).
As a motivation, we first show that the regularized least squares
estimate can have smaller MSE than the least squares estimate for
any data length if the kernel matrix is chosen carefully. We then de-
rive the first order optimality conditions of these hyperparameter
estimators and their corresponding Oracle counterparts (relying
on the true impulse response, see Section 3.2 for details). These
first order optimality conditions are then rewritten in a way to
better expose their relations, leading to several insights on these
hyperparameter estimators. For instance, one insight is that for
the Oracle estimators, for any data length, and without structure
constraints on the kernel matrix, the optimal kernel matrices are
same as the one in Chen et al. (2012) and equal to the outer product
of the vector of the true impulse response and its transpose. More-
over, explicit solutions of the optimal hyperparameter estimate
for two special cases are derived accordingly. Then we turn to the
asymptotic analysis of these hyperparameter estimators. Regard-
less of the parameterization of the kernel matrix, we first show
that the two SUREs actually converge to the best hyperparameter
minimizing the corresponding MSE, respectively, as the number
of data goes to infinity, while the more widely used EB estimator
converges to the best hyperparameter minimizing the expectation
of the EB estimation criterion. In general, these best hyperparam-
eters are different from each other except for some special cases.
This means that the two SUREs are asymptotically optimal in the
corresponding MSE senses but the EB estimator is not. We then
show that the convergence rate of two SUREs is slower than that
of the EB estimator, and moreover, unlike the two SUREs, the EB

estimator is independent of the convergence rate of " ® /N to its
limit.

The remaining parts of the paper is organized as follows. In
Section 2, we recap the regularized least squares method for FIR
model estimation and introduce two types of MSE. In Section 3,
we introduce six hyperparameter estimators, including the EB es-
timator, two SUREs, and their corresponding Oracle counterparts.
In Section 4, we derive the first order optimality conditions of these
hyperparameter estimators and put them in a form that clearly
shows their relation, leading to several insights. In Section 5, we
give the asymptotic analysis of these hyperparameter estimators,
including the asymptotic convergence and the corresponding con-
vergence rate. In Section 6, we illustrate our theoretical results
with Monte Carlo simulations. Finally, we conclude this paper in
Section 7. All proofs of the theoretical results are postponed to
Appendix A.

2. Regularized least squares approach for FIR model estimation
2.1. Regularized least squares and two types of MSEs

Consider a single-input single-output linear discrete-time in-
variant, stable and causal system

y(t) = Go(qu(t)+v(t), t=1,...,N (1)

where t is the time index, y(t), u(t), v(t) are the output, input
and disturbance of the system at time t, respectively, Go(q) is the
rational transfer function of the system and q is the forward shift
operator: qu(t) = u(t 4+ 1). Assume that the input u(t) is known
(deterministic) and the input-output data are collected at time
instantst = 1, ..., N, and moreover, the disturbance v(t) is a zero
mean white noise with finite variance 62 > 0. The problem is to
estimate a model for Go(q) as well as possible based on the available
data {u(t — 1), y(t)}_,.
The transfer function Go(q) can be written as

(o]

Gola) =) _ga* (2)
k=1

where g,?, k=1,..., oo form the impulse response of the system.

Since the impulse response coefficients {g} of the stable ratio-
nal transfer function Go(q) decay exponentially, it is possible to
truncate the infinite impulse response at a sufficiently high order,
leading to the finite impulse response (FIR) model:

n
Ga)=> g™ 0=lg.....g" €R". (3)
k=1

With the FIR model (3), system (1) is now written as
y(£)="()0 +v(t), t=1,...,N

where ¢(t) = [u(t —1), ..., u(t —n)]” € R" and its matrix-vector
form is
Y = @6 +V, where (4)

Y =[(1)y2)-- yN)I"
D =[p(1)¢(2) --- p(N)]'
V=[v(1)v?) - v(N).

The well-known least squares (LS) estimator

8" = argmin ||Y — ¢0|? (5a)
OeR"

=(oTo) loTY (5b)

where || - || is the Euclidean norm, is unbiased with respect to the

FIR model (4) but may have large variance and mean square error
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(MSE) (e.g., when the input is low-pass filtered white noise). The
large variance can be mitigated if some bias is allowed and traded
for smaller variance and smaller MSE.

One possible way to achieve this goal is to add a regularization
term o20TP~'0 in the LS criterion (5a), leading to the regularized
least squares (RLS) estimator:

R = argmin ||Y — @0 + o20"P 0 (6a)
HeRN
=PoT(@PdT 4+ o%ly)" Y (6b)

where P is symmetric and positive semidefinite and is called the
kernel matrix (c2P~! is often called the regularization matrix), and
Iy is the N-dimensional identity matrix.

Remark 1. As is well known, the RLS estimator (6b) has a Bayesian
interpretation. Specifically, assume that 6 and v(t) are independent
and Gaussian distributed with

0 ~ . #(0,P), u(t)~ #(0,c?) (7)

where P is the prior covariance matrix. Then 6 and Y are jointly
Gaussian distributed and moreover, the posterior distribution of 6
given Y is

1Y ~ (6%, PY)
R =PoT(@PD + o%Iy)'Y
PR=P —PoT(®PD" + o2ly) '®P.
Two types of MSE could be used to evaluate the performance
of the RLS estimator (6b). The first one is the MSE related to the

impulse response reconstruction, see e.g., Chen et al. (2012) and
Pillonetto and Chiuso (2015),

MSEg(P) = E[[6® — 6|2 (8)

where 6, = [g¥,...,g°1" with g’, i = 1,...,n, defined in
(2) and E(-) is the mathematical expectation with respect to the
noise distribution. The second one is the MSE related to output
prediction, see e.g., Pillonetto and Chiuso (2015),

t=1

N
MSEy(P) = E [Z(qﬁT(t)@o + () —?(t))z} (9)

wherey(t) = qu(t)?R and v*(t)is an independent copy of the noise
v(t). Interestingly, the two MSEs (8) and (9) are related with each
other through

MSEy(P) = Tr(E(6" —60)(8" —6,)' ®" @) +No? (10)

where Tr(-) is the trace of a square matrix. Moreover, they have
explicit expressions, which are given in the following proposition.

Proposition 1. For a given kernel matrix P, the two MSEs (8) and (9)
take the following form

MSEg(P) = [P®TQ '@ — 6>

+ o?Tr(P®"Q'Q ToP") (11a)
MSEy(P) = |®P®TQ '@y — ®6,|> + No?
+ o’ Tr(@PdTQ'Q ToPToT) (11b)

where A~T means (A=1) for a non-singular matrix A and

Q = oPd" 4+ oly. (12)

2.2. RLS estimator can outperform LS estimator

It is interesting to investigate whether the RLS estimator (6b)
with a suitable choice of the kernel matrix P can have smaller MSEs
(8) and (9) than the LS estimator (5b). The answer is affirmative for
MSEg (8) and for the ridge regression case, where P~! = (8/52)I,
with 8 > 0, Hoerl and Kennard (1970) and Theobald (1974). In
what follows, we further show that this property also holds for
more general P for MSEg (8) and MSEy (9).

Proposition 2. Consider the RLS estimator (6b) and the LS estimator
(5b). Suppose that P~' = BA/c?, where B > 0 and A is symmetric
and positive semidefinite. Then for the given A, there exists 8 > 0such
that (6b) has a smaller MSEg (8) and MSEy (9) than (5b). Moreover, if
A is positive definite, then (6b) has a smaller MSEg (8) and MSEy (9)
than (5b) whenever 0 < B < 20%/(6/A6)).

Proposition 2 shows that for any data length N, the RLS es-
timator (6b) can have smaller MSEg (8) and MSEy (9) than the
LS estimator (5b) with a sufficiently small regularization “in any
direction” and this merit motivates to further explore the potential
of the RLS estimator (6b) by careful design of the kernel matrix P.
It is worth to note the paper (Zorzi, 2017) also shows the Bayesian
estimator is still optimal when a priori information is known with
some uncertainty.

3. Design of kernel matrix and hyperparameter estimation

The regularization method has two core issues: kernel matrix
design, namely parameterization of the kernel matrix by a parame-
ter vector, called hyperparameter, and hyperparameter estimation.

3.1. Parameterization of kernel matrix

For efficient regularization, the symmetric and positive
semidefinite kernel matrix P has to be chosen carefully. It is
typically done by postulating a parameterized family of matrices

P(n),

where 7 is called the hyperparameter and the feasible set 2 of 1 is
assumed to be compact. The choice of parameterization is a trade-
off of the same kind as the choice of model class in identification:
On one hand it should be a large and flexible class to allow as
much benefits from regularization as possible. On the other hand,
a large set requires larger dimensions of », and the estimation
of these comes with their own penalties (much in the spirit of
the Akaike’s criterion). Since P is the prior covariance of the true
impulse response, the prior knowledge of the underlying system
to be identified, e.g., exponential stability and smoothness, should
be embedded in the parameterized matrix P(n).

A popular way to achieve this goal is through a parameterized
positive semidefinite kernel function. So far, several kernels have
been invented, such as the stable spline (SS) kernel (Pillonetto &
De Nicolao, 2010), the diagonal correlated (DC) kernel and the
tuned-correlated (TC) kernel (Chen et al., 2012), which are defined
as follows:

newRCR (13)

o kFi+max(k.j) o3 max(k.j)
55 : ij(r;):c( — - )
n=[c,a]e 2={c>0,0<a <1} (14a)
DC: Py(n) = calkti2 pli=ki
n=I[caple2={c=200=<a=<1p| <1} (14b)
TC: Py(n) = ca™ k)
n=|[c,a]e 2={c>0,0<aoa <1} (14¢)
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Remark 2. For nonlinearly parameterized kernels, e.g., the ker-
nels in (14), the optimal hyperparameter should be located in the
interior of the set 2. To justify this, we take the DC kernel as an
example. For the case where eitherc = Oora = 0, P(n) =
0 and thus (6b) is trivially 0. For the case where « = 1, this
violates the stability of the system. For the case where |p| = 1,
the coefficients of the impulse response are perfectly positive or
negative correlated, but this is impossible for a stable system. In
fact, more formal justification regarding this issue can be found in
Pillonetto and Chiuso (2015, p. 115), which shows that the measure
of the set containing all optimal estimates lying on the boundary
of £2 is zero and thus can be neglected when making almost sure
convergence statement.

3.2. Hyperparameter estimation

Once a parameterized family of the kernel matrix P(n) has been
chosen, the task is to estimate, or “tune”, the hyperparameter n
based on the data.

Several methods are suggested in the literature, see e.g., Section
14 of Pillonetto et al. (2014), including the empirical Bayes (EB) and
SURE methods. The EB method uses the Bayesian interpretation in
Remark 1. It follows from the assumption (7) that Y is Gaussian
with mean zero and covariance matrix Q. As a result, it is possible
to estimate the hyperparameter » by maximizing the (marginal)
likelihood of Y, i.e.,

EB : 7jgg = argmin Zgg(P(n)) (15a)
nes
Fe(P) = YTQ 'Y + log det(Q) (15b)

where Q is defined in (12) and det(-) denotes the determinant
of a square matrix. The SURE method first constructs a Stein’s
unbiased risk estimator (SURE) of the MSE and then estimates the
hyperparameter by minimizing the constructed estimator. Two
variants of the SURE method were considered in Pillonetto and
Chiuso (2015), which construct the SUREs for MSEg(P) in (11a)
and MSEy(P) in (11b), and are referred to as SUREg and SUREy,
respectively:

Fsg(P) = [0 — 882 + o2Tr(2R™ T — (@7 @) ™)
_ O_4yTQ—T®(¢T¢)—2¢TQ—1Y

+ o’Tr(2R™'— (@7 ) 7") (16a)
Fsy(P)= Y= ®O8|>+20°Tr(@P2TQ ")
=o'Y"'Q Q'Y +207Tr(@P®"Q ") (16b)
where
R=o"® +o%p7 1. (17)

Then the hyperparameter 7 is estimated by minimizing the SUREg
(16a) and SUREy (16b):

SUREg : 7jsg = argmin Zsy(P(n)) (18a)
nes2

SUREYy : 7jsy = argmin Zsy(P(n)). (18b)
nes2

In the following sections, we will study the properties of the above
three estimators EB, SUREg and SUREy. To set reference for these
estimators, we introduce their corresponding Oracle counterparts
that depend on the true impulse response 6y:

MSEg : imseg = argn;in E[Zsg(P(n))]
ne

= argmin MSEg(P(n))
nes2

MSEy : Twsey = arggin E[Zsy(P())]
ne

(19a)

= argmin MSEy(P(n))
nes
EEB:  7ggg = argmin E[Fgs(P(n))]
nes
= argmin EEB(P(n))
nes2
where MSEg(P)and MSEy(P) are definedin(11a)and (11b), respec-
tively, and

(19b)

(19¢)

EEB(P) = 6] @TQ ' ®6p+0*Tr(Q ') + log det(Q). (20)

The hyperparameter estimators (19a) and (19b) give the opti-
mal hyperparameter estimates for any data length in the corre-
sponding MSE sense and thus provide reference when evaluating
the performance of hyperparameter estimators.

Remark 3. Among these hyperparameter estimators, only SUREg
(16a) depends on (®T®)~!. When (&T®)~! is ill-conditioned,
SUREg (16a) should be avoided for hyperparameter estimation.
One may also note that (®7®)~!in the second term is independent
of P and thus can actually be removed in the calculation.

Remark 4. It is interesting to note that the first terms of .Zsg(P),
Fsy(P), and Fgg(P) given in (16a), (16b), and (15b) contain the
same factors Y and Q~!. Moreover, similar to (10), Fsg(P) and
Fsy(P) are related with each other through

Fsy(P) = Te{[(* — %)™ — %)
+or — (@T0) oo
+ YT¢(¢T¢)—1¢Ty_yTy_n02. (21)

independent of the kernel matrix P

In what follows, we will investigate the properties of the hyper-
parameter estimators EB, SUREg, and SUREy and their correspond-
ing Oracle estimators EEB, MSEg and MSEy. Before proceeding to
the details, we make, without loss of generality, the following
assumption.

Assumption 1. The hyperparameter estimates 7sg, sy, Teg, /Mg
Tmsey and Tggg are interior points of £2.

4. Properties of hyperparameter estimators: finite data case

In this section, focusing on the finite data case we first give the
first order optimality conditions of the hyperparameter estimators
and then we consider two special cases for which closed-form ex-
pressions of the optimal hyperparameter estimates are available.

4.1. First order optimality conditions

The hyperparameter estimates 7s,, 7jsy, and 7gp in (18a), (18b),
and (15a) should satisfy the first order optimality conditions if they
are interior points of £2. For convenience, we let ¥ to denote one
of the following estimation criteria .#sg, sy, -#gs, MSEg, MSEy or
EEB. Then the corresponding hyperparameter estimate is a root of
the system of equations:

ae (P
Po) _ o (22)
an
By the chain rule of compound functions, we have
a¢(P) 0P T
Tr ()( ('7)) =0, 1<i<p (23)
oP an;

where, for convenience, when calculating %IEP) the symmetry of

P is ignored according to Lemma B1, that is, the elements of P are
treated independently. One merit of using %ﬁm without imposing
the structure information on P is that explicit expressions for the

estimation criteria (16a), (16b), and (15b) are available.
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Proposition 3. The first order partial derivatives of (16a), (16b), and
(15b) with respect to P are, respectively,

33785;(1’) — 20407 o (@ D) 20TQ Y QT o
+20*HTH (24a)
39853;(1’) — 264070 TQ-yY QT
+ 20%0TQ T T (24b)
8&?:;@) = —o"Q YW Q Td + 0T T (24c¢)
where
H=P®"® +c%l,, H= ®"®P + oI,. (25)

Similarly, the partial derivatives of MSEg(P), MSEy(P), and
EEB(P) with respect to P are also available.

Proposition 4. The first order partial derivatives of (11a),(11b), and
(20) with respect to P are, respectively,

aMziig(P) = —20"H"H 606, #"Q"" @
+20*HH'PoTQ "D (26a)
%?’(P) — 20*0TQTQ 060 0TQ D
+ 20*0"QTQ 'oPoTQ T (26b)
BE‘;};(P) =-0"Q "ol o"Q @
+ 0T ToPTdTQ T (26¢)

where H is defined in (25).

In order to better expose the relation among the partial deriva-
tives derived in Propositions 3 and 4, we define

S=P+coT®) L (27)

With the use of (27) and the identities (B.11)-(B.13) in the Ap-
pendix, we rewrite the partial derivatives derived in Propositions 3
and 4 as follows.

Corollary 1. The partial derivatives derived in Propositions 3 and 4
can be rewritten as follows:

%l;g(l’) =205 (@T D) 2SI (P — 606y )" (28a)
37857;(") =207 (@7 ®) 257 (S — 05(0=))s T (28b)
Wsaiiy(m = 20" T(0" @) 'S (P — 66 )5 (280)
aEl;];(P) ST — ol (28e)
8,97;;@) _ S‘T(ST _’Q*LS(’Q‘LS)T)S—T' (28f)

It follows from Corollary 1 that the difference between the par-
tial derivatives of Zsg(P), Zsy(P), Zgg(P) and that of their Oracle
counterparts is that the factor S — 9'(8'5)" is replaced by P — 606 .
Moreover, the difference between the partial derivative of Zss(P)
and that of Zsy(P) is that there is one extra factor (®#T®)~!. The
difference between the first order derivative of .%s,(P) and that of
Fep(P) is that there is one extra factor 204(®T ®@)~15~1 = 264H 1.
The above relations extend to the partial derivatives of their Oracle
counterparts.

Remark 5. It is important to note from Propositions 3 and 4
that only the first term of d'isﬁ(m depends on the possibly ill-

conditioned (@7 @)™, With the use of S in (27), all partial deriva-
tives of the hyperparameter estimators seemingly depend on the
possibly ill-conditioned term (&T®)~'. However, it should be
stressed that the partial derivatives derived in Corollary 1 are not
intended for numerical calculation but for theoretical analysis and
for better exposition of the relation among the partial derivatives
derived in Propositions 3 and 4.

Remark 6. We keep the transpose notation for symmetric matrices
in Propositions 3 and 4 and Corollary 1 because they are derived by
using Lemma B1 without imposing the symmetric assumption on
P. After we have derived % and made the symmetric assump-
tion on P, the first optimality condition (23) can be written as
a%(P) aP(n)
Tr [ ——
oP  9n;

>=0, 1<i<p

36(P)
P
for symmetric matrices, e.g. ST = S, and Q" TQ ! can be written

as Q2.

where the transpose notation appearing in

can be dropped

Setting BMSB';g(P) =0, BMSBE?(P) =0,and %ﬁ(l’) = 01in Corollary 1

leads to the next proposition.

Proposition 5. The optimal kernel matrix that minimizes MSEg(P),
MSEy(P), and EEB(P) without structure constraints on P is

P = 606, . (29)

It was found in Chen et al. (2012) that (29) minimizes the MSE
matrix E(@\R - 90)(§R — 6p)" in the matrix sense. Here we further
find that (29) is optimal for MSEg(P), MSEy(P) and EEB(P), and for
any data length N.

4.2. Two special cases

In general, there is no explicit expression of these hyperparam-
eter estimators. However, there exist some special cases, for which
it is possible to derive the explicit solution based on Corollary 1. In
the following, we consider two special cases.

4.2.1. Ridge regression with @& = NI,
Let P(n) = nl, with n > 0 and assume ®"® = NI,. Then we
have the following result.

Proposition 6. Consider P(n) = nl, withn > 0. Further assume that
®T@ = NI,. Then we have

sy = oy = i = max(0 Gl ”2) (30)
= = = X s —_ — ).

Nsg = Nsy = NEB n N

Moreover,

Tseg = Tusey = Tees = 0g Oo/N. (31)

Remark 7. It is worth noting that the optimal hyperparameter
QOT 6o/ holds for any N. Moreover, one has
no? no?
MSEg(6] 6o/nly) = ————— < —
(6 6o/nly) N+naz/(eg490) N
where no? /N is the MSEg of the LS estimator (5b). This means that
the ridge regression with P = GOTGO/nIn has a smaller MSEg than
the LS estimator (5b) when @& = NI,,. Finally, (30) is a consistent
estimate of 6] 6y /n ifO'S — fpas N — oo.
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4.2.2. Diagonal kernel matrix with ®T® = NI,
Let P(n) be a diagonal kernel matrix (in this case we have p =
n.), ie.,

P(n) = diag[ny, ..., ] withn; >0, 1 <i<n (32)

where 71, ..., n, are the main diagonal elements of the diagonal
matrix diag[#1, . .., na]. Then under the assumption ®7@® = NI,,
we have the following result.

Proposition 7. Consider P(n) in (32) and assume that ®T&® = NI,
Then we have

Tisg = sy = Nes = [max{0,8; —o?/N},
, max{0, g2 —o%/N}]' (33)

where g; is the ith element of the LS estimate (5b), i = 1,...,n.
Moreover,

7] (34)

Remark 8. In the papers Aravkin et al. (2012b, 2014), the lin-
ear model (4) but with a slightly different setting is considered,
where the parameter 6 is partitioned into m sub-vectors 6§ =
6" .. ™7 and the dimension of 8® is n; so that n =
> .ni. In addition, the prior distribution of 6 is set to be
(0, nil,;) and n; is an independent and identically distributed
exponential random variable with probability density p,(1;) =
y exp(—yni)x(n;) where y is a positive scalar and x(t) = 1 for
t > 0 and 0 otherwise. Under the setting given above, the solution
maximizing the marginal posterior of n given the data and the
optimal solution of the MSEg are derived in Aravkin et al. (2012b,
2014) when ®T® = NI,. Whenm = 1,n; = n,y = 0, their
estimates become (30) and (31), respectively. Whenn = m,n; = 1
fori =1,...,n,and y = 0, their solutions become (33) and (34),
respectively. In contrast, we study here the SUREg, SUREy, MSEy,
and EEB estimators besides the EB and MSEg estimators and find
their solutions are the same under the simplified setting. Clearly,
max{0, 8> — o?/N} is a consistent estimator of (g°)%,i=1,...,n

ﬁMSEg = ﬁMSEy = Nepp = [(g?)z, cee

5. Properties of hyperparameter estimators: when the data
length goes to infinity

In this section, we investigate the asymptotic properties of
these hyperparameter estimators. For this purpose, it is useful to
first consider the asymptotic property of the partial derivatives
derived in Corollary 1. Noting the finding of Corollary 1 and that
S — OLS(@'S)Y converges to P — 606¢ under proper conditions, we
can derive the following proposition.

Proposition 8. Consider the partial derivatives derived in Corollary 1.
Assume that P is nonsingular and ®"® /N — X almost surely as
N — oo, where X is positive definite. Then we have as N — oo

JMSEg(P
NzTg() —20*P T2 2P — 00T )P T (353)
0.Fso(P
JMSEy(P
aPY( ) N 20’4P_T2_1P_1(P _ GOQJ)P_T (35¢)
dFsy(P
% —20*PTE PP — 000 P (35d)
JEEB(P
ap( N PT(PT — 6061 )PT (35e)
d.Zgg(P
es(P) —pT(pT — 9090T)P_T (35f)
aP
almost surely.

Proposition 8 shows that the three pairs, N2 amsigu)) and

8 Fsg(P 8 Fsy(P)
N2 ;ﬁ( ), N2MBP) and N ) and JEEBF) and 3‘%5?“’ , have
respectively the same limit as N goes to oo. This observation

motivates to explore if this property also holds for the estimation
criteria of these hyperparameter estimators. The answer is affirma-
tive and we have the following result.

Proposition 9. Consider the hyperparameter estimation criteria
SUREg (16a), SUREy (16b), and EB (15b), and their corresponding
Oracle counterparts MSEg (11a), MSEy (11b), and EEB (20). Assume
that P is nonsingular and ®"® /N — X almost surely as N — oo,
where X is positive definite. Then we have as N — oo

N*(MSEg(P) — o*Tr((®" @)™ ")) — Wg(P, X, 6p) (36a)
N2(Fsg(P) — o*Tr((@T @)™ 1)) — W,(P, X, 6)) (36b)
N(MSEy(P) — (n + N)o?) — W,(P, X, 6p) (36¢)
N(Fsy(P)+ Y @(@" @) '@"Y — YTY — 2n0?)
— W,(P, ¥, 6) (36d)
EEB(P) — (N — n)
—(N— n)loga —logdet(®T®d)— Wy(P, 6,) (36e)
Fp(P)+ YT (@Td) 'DTY /62 —YTY /52
— (N—n)logo?—logdet(®Td)— W(P, 6) (36f)
almost surely, where
We(P, 2, 60) = 0’65 P71 272P7 4,
— 20*Tr(X7'P7 7Y (37a)
Wy (P, 2, 6p) = a0 P~ 271716,
— 20°Tr(Z7'P7Y) (37b)
Ws(P, 6p) = 63 P60 + log det(P). (37¢)

Remark 9. For these hyperparameter estimation criteria,
We(P, X, 6y), Wy (P, X, 6y) and Wp(P, 6) contain all information
about the asymptotic beneﬁts of regularization: how it depends
on any kernel matrix P, any true impulse response vector 6, and
any stationary properties of the input covariance matrix X.

Proposition 9 enables us to derive asymptotic properties of
these hyperparameter estimators for any parameterization P(n) of
the kernel matrix. Moreover, it also implies that the estimators 'ﬁsg,

7sy, and 7jgp possibly share the same limits with their correspond-

ing Oracle counterparts Mg, 7msky, and 7egs, respectively.

To state the result, we need an extra assumption. It is worth to
note that the limit functions W (P(n), X, 6p), Wy(P(n), X, 6p) and
Ws(P(n), 6p) may not have a unique global minimum, respectively.
In this case, the analysis of how minimizing elements of a sequence
of functions My(n) converge to the minimizing element of the limit
function lim My(n), i.e.,

“lim arg min My(n) = arg min lim My()" (38)

where My(n) denotes any function on the left hand side of “—
in (36), follows the same idea as for prediction error identification
methods, see, e.g. Lemma 8.2 and Theorem 8.2 in Ljung (1999).
Accordingly, it is useful in this context to let “arg min” denote
the set of minimizing arguments in case where W,(P(n), X, ),
Wy(P(n), X, 6p) and Wi(P(n), 6p) do not have a unique global min-
imum, respectively,:

{nln € £2,M(n) = min M(n")} (39)

arg min M(n) =
newR n'es2

where M(7) could be any one of W,(P(n), X, 6y), W),(P(n), X, 6)
and Wg(P(n), 6o).
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Now we define

ng = argggfrzl We(P(n), X, 6o) (40)

ny = argn;in Wy(P(n), X, 6o) (41)
ne

ng = argmin Wy(P(n), 6p). (42)
nes

Remark 10. The optimal hyperparameter n; has the following
interpretation: under the assumption 6, ~ .#(0, P(5)), n; maxi-
mizes the value of the probability density function of 6.

The following assumption is also needed.

Assumption 2. The sets 7;, n; and n; consist of interior points of
£2, and are discrete, i.e., made up of only isolated points, respec-
tively.

Then we have the following theorem.

Theorem 1. Assume that P(n) is any parameterization of the kernel
matrix such that P(n) is positive definite and moreover, &' ® /N —
X almost surely as N — oo, where X' is positive definite. Then we
haveas N — oo

ﬁMSEg i 77;» /77\Sg i 77; (43a)
Nmsey —> 77;7 sy —> 77; (43b)
Tees — N5 Nes — N5 (43¢)

almost surely. Moreover, ng, ny, and ng are roots of the system of

equations, respectively, i = 1,...,p:
(P 22200y () = 0] ) 2 ) =0
(P 2P (POn) ot %5 ) = 0
Tr(P(n)_1(P(;7) - Qogg)p(n)—l%;?)) —o

The Oracle estimators ﬁMSEg and ﬁMSEg are optimal for any data
length N in the average sense if we are concerned with the ability
to reproduce the true impulse response and predict the future
outputs of the system respectively, while the SUREg 75, and the
SUREy 7)sy are not optimal in general. Surprisingly, a nice property
of 7jsg and 7jsy is that they converge to the best possible hyper-
parameter ’l; and n;‘, respectively, for any chosen parameterized
kernel matrix P(n). It is so to speak that the two SURE methods are
“asymptotically consistent or asymptotically optimal”. This means
that when N is sufficiently large, 7js; and 75, perform as well as
ﬁMSEg and ﬁMSEy, respectively. It is also worth noting that even
with increasing number of data the EB estimator 7jzg has another
preference than to minimize MSEg and MSEy.

Remark 11. In contrast with W,(P, X, 6p) and Wy (P, X', ), a
unique property of Wp(P, 6y) is that it does not depend on the limit
X of ®T @ /N. This can to some extent explain why the EB estimator
is more robust than the SUREg and SUREy especially when @@ is
ill-conditioned. Interested readers can find experimental evidence
for this in Pillonetto and Chiuso (2015). However, in contrast
with the SUREg and SUREYy, the EB estimator is not asymptotically
optimal in the MSEg/MSEy sense.

Remark 12. The different expressions of the limit functions
Wg(P(n), X, 6p), W, (P(n), X, 6p), and Wg(P(n), 6p) imply that the
optimal hyperparameters 7, 1y, and nz may be different. To check
this, we consider a special case: P = 5K, where n > 0 and K is

fixed and positive definite. In this case, (40), (41) and (42) become
4 2 4
n; = argmin 0K T K Go— - Tr(£ K T )
n=0 1 n

OiK1X 2K 16,
T Te(z-K-1x1)
4 4
n; = argmin — 07K~ £ K~ gp— 29 ez 1K)
nz0 1 n

6IK~1x-1K~16,

Te(Z-1K-1)
n = argrg(rjlegK‘leo/n + log n" + log det(K)

= 00K 6p/n
which shows that ng, ny and ng can be different. Clearly, when
K = Iyand ¥ = dl, withd > 0, n; = ny = n;. For this case,

the optimal value nj has been given in Theorem 7.3 of Pillonetto
and Chiuso (2015).

Corollary 2. Assume that ®T® /N — dI, almost surely withd > 0
and P(n) is any positive definite parameterization of the kernel matrix.
Then we have

Ny = 1y = argmin Oa P(1) %60 — 2Tr(P(n) ")
nes2

ng = argmin 6] P(1) 6 + log det(P(n))
nes2
and further ng and ng are roots of the following system of equations,
respectively:
aP(n)

Tr(P(n)‘z(P(n) - GOOJ)P(n)“a—n) —0i=1,....p
_10P(n)

—)=0,i=1,...,p.
3771')

In addition, for the diagonal kernel matrix (32), we have

Tr(P(n)fl(P(n) — 9090T)P(77)

T
my =y =mn5=[E&....&)] .

In Theorem 1, we have considered the convergence of those
hyperparameter estimators. In fact, we can further derive their
corresponding convergence rate. To this end, we let &y = op(ay)
denote that the sequence {&y/ay} for nonzero sequence {ay} con-
verges in probability to zero, i.e., Ve > 0, P(|éy/an| > €) — 0 as
N — oo, while &y = Op(ay) denote that {£y/ay} is bounded in
probability, i.e.,, Ve > 0, 3L > 0 such that P(|éy/an| > L) < €, VN.
Then we have the following theorem.

Theorem 2. Assume that |®T®/N — X|| = 0y(8n), where || - ||
denotes the Frobenius norm for a square matrix, Sy — 0as N — oo
and P(n) is any positive definite parameterization of the kernel matrix.
Then we have

Tseg — 121l = Op(an), ITisg — nEll = Op(ian) (44a)
[Mmsey — 1y 1| = Op(@n), [y — ny 1l = Opian) (44b)
ITees — nill = Op(1/N). [[7ies — nyll = Op(1/+/N) (44¢)
where

@y = max(0y(8y), 0p(1/N)) (45a)
o = max(0,(8y), 0p(1/+/N)). (45b)

Theorem 2 shows that the convergence rate of 7ggg and 7gg to
n; depends only on the fact ®'¢/N — X asN — oo (@T@ =
Op(N)) but not on the rate |®T®&/N — X|| = Op(8n). Moreover, we
have
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o the convergence rate of 7Jggp to ng is faster than that of TIMsEg
to n; and that of Tsgy to 7.

o the convergence rate of 7jz to 7 is faster than that of 7js, to
ng and that of 7sy to ;.

e the convergence rate of Tvseg, Imsey and Tegp to ng» 1y and
1y, respectively, is faster than that of 7sg, 7isy and 7gs to n;,
ny and ng, respectively.

Theorem 2 has the following corollary.
Corollary 3. Assume that |®T® /N — X || = 0,(8y), where Sy — 0

as N — oo and P(n) is any positive definite parameterization of the
kernel matrix. Then

[Mmseg — Tsell = Op(an) (46a)
[Mmsey — Tsyll = Op(an) (46D)
[ 7ees — Tesll = Op(1/+/N) (46¢)

where uy is defined in (45b).

This corollary shows that the convergence rate of |[ges — ezl
to zero is faster than that of |[mseg — 7sgll and |[msey — 7yl to
zero.

6. Numerical simulation

In this section, we illustrate the theoretical results with numer-
ical simulation.

6.1. Test data-bank

The method in Chen et al. (2012) and Pillonetto and Chiuso
(2015) is used to generate 1000 30th order test systems. Then for
each test system, we consider four different test inputs:

e The first two test inputs are implemented by the MAT-
LAB command idinput choosing the bandlimited white
Gaussian noise with normalized bands [0, 0.6] and [0, 1],
respectively, and denoted by IT1 and IT2, respectively.

e The third and fourth test inputs are the white Gaussian noise
of unit variance filtered by a second order rational transfer
function 1/(1 — aq~')?> with a chosen to be 0.95 and 0.05,
respectively, and denoted by IT3 and IT4, respectively.

To generate the data set, we simulate each system with one of
the four test inputs to get the output, which is then corrupted by
an additive white Gaussian noise. The signal-to-noise ratio (SNR),
i.e., the ratio between the variance of the noise-free output and the
noise, is uniformly distributed over [1, 10], and is kept the same for
the four test inputs.

Finally, in order to test the finite sample and asymptotic be-
haviour of the hyperparameter estimators, we consider data sets
with different data lengths N = 500 and 8000, respectively.

6.2. Simulation setup

The performance of the RLS estimator (6b) is evaluated by the
measure of fit (Ljung, 2012) defined as follows :

0 — 6, S 1
Fit:lOOx(l—u), fo=-Y g
166 — 6ol ni

where n is set to 200. This fit is actually to evaluate the RLS
estimator in the MSEg sense.

Here the unknowninputsu_1, ..., u_py1 are not used (nonwin-
dowed). The TC kernel (14c) is considered and its hyperparameter
n = [c,a]" is estimated by using the estimators SUREg (18a),

Table 1
Average fits for 1000 test systems and data sets.
MSEg Sg MSEy Sy EEB EB

IT1
N =500 80.34 —2.4E9 78.07 53.83 77.98 77.26
N = 8000 90.63 —8.6E8 88.08 78.39 88.39 88.36
IT2
N =500 87.11 84.46 87.02 86.03 86.60 86.16
N = 8000 96.67 96.60 96.67 96.60 96.47 96.44
IT3
N =500 46.95 —2220 41.61 —146.4 39.47 39.03

N = 8000 57.67 —176.8 53.63 38.86 51.05 50.86
IT4

N =500 86.78 83.89 86.69 85.66 86.24 85.84
N = 8000 96.57 96.49 96.56 96.49 96.38 96.35

SUREy (18b), and EB (15a), respectively. For reference, we also
consider their corresponding Oracle counterparts, i.e., the esti-
mators MSEg (19a), MSEy (19b), and EEB (19c), respectively. The
notations Sg, Sy, EB, MSEg, MSEy, and EEB are used to denote the
corresponding simulation results, respectively.

6.3. Simulation results

The average fits are given in Table 1. The boxplots of the 1000
fits for IT1 and IT2 are displayed in Figs. 1-2, respectively. The
boxplots for IT3 and IT4 are skipped because of their similarity with
IT1 and IT2.

6.4. Findings

Firstly, for all tested cases and in terms of average accuracy
and robustness, the Oracle estimators MSEg and MSEy (not imple-
mentable in practice) are better than Sg and Sy, respectively, while
EBis justa little bit worse than but very close to its Oracle estimator
EEB.

Secondly, we consider the cases with input IT1, where ®T® is
very ill-conditioned for both N = 500 and N = 8000. In this case
and in terms of average accuracy and robustness, Sg performs badly
because it depends on (@7 ®)~!. Moreover, Sy is better than Sg, but
worse than EB.

Thirdly, we consider the case with input IT2 and N = 500,
where @@ is much better conditioned than the cases with input
IT1. In this case and in terms of average accuracy and robustness,
Sg behaves much better in contrast with the cases with input IT1.
Moreover, EB and Sy are quite close though EB is a little bit better,
and they are all better than Sg.

Lastly, we consider the case with input IT2 and N = 8000,
where @7 is very well-conditioned and in terms of average
accuracy and robustness, Sg behaves much better in contrast with
all the other cases, and performs as well as Sy and better than EB.
Moreover, Sg and Sy are very close to the corresponding Oracle
estimators MSEg and MSEy. These observations coincide with the
results found in Theorem 1 and Corollary 2. Namely, Sg and Sy
are asymptotically optimal but EB is not in the MSEg/MSEy senses
and moreover, Sg and Sy give the same optimal hyperparameter
estimate as their Oracle counterparts MSEg and MSEy, because the
limit ¥ = I, of ®T®/N as N — oo. It can also be seen from
Figs. 1 and 2 that the boxplots of EEB and EB are closer than that of
MSEg and Sg and that of MSEy and Sy. This observation coincides
with the result found in Corollary 3, that is, the convergence rate
of |[7ees — 7esll to zero is faster than that of |[useg — 7sell and
[I7msey — 7sy | to zero.

Based on the theoretical and simulation results, we have the fol-
lowing suggestions for choosing the hyperparameter estimators:
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Fig. 1. Boxplot of the 1000 fits for the bandlimited white Gaussian noise input with the normalized band [0, 0.6] and boxplot of the condition numbers of the matrix &7 &:

data lengths N = 500 (left) and N = 8000 (right).
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Fig. 2. Boxplot of the 1000 fits for the bandlimited white Gaussian noise input with the normalized band [0, 1] and boxplot of the condition numbers of the matrix " ®:

data lengths N = 500 (left) and N = 8000 (right).

(i) When the regression matrix is well-conditioned and the
data is sufficiently long, the two SUREs should be used since
they are asymptotically optimal;

(ii) When the regression matrix is ill-conditioned or the data is
short, the EB estimator should be used.

7. Conclusions

Kernel matrix design and hyperparameter estimation are two
core issues for the kernel based regularization methods. In contrast
with the former issue, there are few results reported for the latter
issue. In this paper, we focused on the latter issue and studied
the properties of several hyperparameter estimators including the
empirical Bayes (EB) estimator, two Stein’s unbiased risk estima-
tors (SURE) and their corresponding Oracle counterparts, with an
emphasis on the asymptotic properties of these hyperparameter
estimators. Our major results are the following:

e The first order optimality conditions of these hyperparam-
eter estimators are put in similar forms that better expose
their relation and lead to several insights on these hyperpa-
rameter estimators.

e As the number of data goes to infinity, the two SUREs con-
verge to the best hyperparameter minimizing the corre-
sponding mean square error, respectively, while the more
widely used EB estimator converges to another best hyper-
parameter minimizing the expectation of the EB estimation
criterion. This indicates that the two SUREs are asymptot-
ically optimal in the corresponding MSE sense but the EB
estimator is not.

e The convergence rate of two SUREs is slower than that of the
EB estimator, and moreover, unlike the two SUREs, the EB
estimator is independent of the convergence rate of ' & /N
to its limit.

The results enhance our understanding about these hyperparam-
eter estimators and are one step forward towards the goal of
building a theory of the hyperparameter estimation for the kernel-
based regularization methods.
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Appendix A

Appendix A contains the proof of the results in the paper, for
which the technical lemmas are placed in Appendix B. The proofs of
Propositions 1,5, 7, 8 and Corollaries 1, 2, and 3 are straightforward
and thus omitted.

A.1. Proof of Proposition 2

Under the setting P~! = BA/o?, the MSEg (11a) of the RLS
estimator (6b) is a function of 8 for a given A:

MSEg(B) = Bias(B) + Var(B) where
Bias(8) = B20JA(@" @ + BA) (@@ + BA) A6,
Var(B) = o*Tr((®' @ + BA) '@ (@' ® + BA) ).

(A1)

Note that MSEg(0) = oTr((@"®)~") corresponds to the MSEg of
the LS estimator (5b). The derivatives of Bias(8) and Var(8) with
respect to 3 are as follows:

dBi
%(m — 201 A@T D + BA) (DT D + BA) 1A,
— 2B%0A(@T® + BA)TA(@T D + BA)!
x (@T® + BA) A6 (A.2)
dv
da;(ﬁ) = —202Tr((@7 D + BAY'A(@T D + BAY!

x @' o(d'd + A" (A.3)
where the formula 9 #) — 1(ﬂ)dc(’3 ~1(B)for aninvertible
matrix C(8) is used. Then we have
dBias(ﬁ)‘

dg lp—ot o
dv
ar(ﬁ)’ = —202Tr((@" @) 'A(@T®) ") < 0.
dg Ip—o+
Therefore, we have M‘ o< 0. This means that
B—>0
MSEg(B8) < MSEg(0) in some small right neighbourhood of the

origin 8 = 0.
Under the assumption that A is positive definite, denote
A
M(B) = E(8" — 60)(6" — 60)".
We first prove M(0) — M(B) > 0for0 < B < 202/(60fA6p). A
straightforward calculation gives
M(0) — M(B)
=oX(@TP) ' — o2 (@TD + BA) 'dTPH(PTD + BA)!
— BADTD + BA) AGHA(PT @ + BA)!
=B(P" D + BA) ' (0?[2A+ BA(P D) 'A] —
x (Td + pA)!

BAOO, A)

As a result, to prove M(0) — M(B) > 0, it suffices to show

o’[2A+ BA(PT @) A] — BAGOLA > 0
which is true if 202, — BAY26,65 A/? > 0 due to
o [2A + BA(@T D) 1A —
> 20°A — BAGOLA
= A"2(20°1, — BAV20,6] AV*)A? > 0

BAGEL A

where A'/? is the symmetric and positive definite square root
of A when A is positive definite. In addition, the eigenvalues of
A2000]AV? are 9]Af, and zero (with multiplicity n — 1). This
shows 202I, — BA2050] A2 > 0 for 0 < B < 202 /(63A).

Note that MSEg(8) = Tr(M(B)). One has proved that M(0) —
M(pB) is positive definite if 0 < B < 202/(6]A6), so we have
MSEg(0) — MSEg(8) = Tr(M(0) — M(8)) > O.

The proof for the MSEy (11b) is similar to that for the MSEg (11a)
by using the connection (10).

Remark A1l. When 8 — oo, from the MSEg (A.1) we have

(1) Bias(8) — 616 and ‘1‘3;7;5/31 -0,
(2) Var(g) — 0and 2218 _, 0,

dp
(3) MSEg(B) — 616, and C‘M%ﬁﬂ) - 0.

A.2. Proof of Proposition 3

To prove (24a), let us set
Fsg,(P)=aY'Q T@(dT®)2pTQ Y
Fsg,(P) = o’Tr(2R'— (@7 ) 7).

By (B.1) and (B.4), the derivative of ysg](P) is

8'gSg](P)
aP

QN

:a4Z(Z¢(¢T¢)_2¢'TQ_lYYT)ij o

ij
—2042 (@"o) 2T YY) 0T QT Q

= —2a4cp Q To(@Te) 2T lyyTQ T (A5)
and using (B.16) implies the derivative ofgisgz(P)
&/ng(P 2
Z -
- 2a4P—TR—TR—TP—T —20*HTH ' (AG)

Combining (A.5) with (A.6) derives (24a).
The proof of (24b) and (24c) is similar by using Lemma B1 and
so it is omitted.

A.3. Proof of Proposition 4

Recall that R = ®Td + o2P~! and V is the noise vector. It

follows from (6b) that
-0y =R"'®TY — 6,
=—0’R P76 +R 'OV
=—c’H 9y +R '@V
which derives
MSEg(P) = o*00H "TH™ "6y + o*Tr(R'@ @R ™T)
= MSEg1(P) + MSEg2(P).



B. Mu et al. / Automatica 94 (2018) 381-395 391

For the term MSEg1(P), using the formulae (B.1) and (B.4) gives

(H i

42 (2H 16067 ). —p

:(742 2H‘19090)U(—H‘ JH T D)
ij

= —20"HTH 60 H "0 @

= —20*H TH 98] @"Q " ®.

BMSEgl(P

(A7)

By using the formulae (B.6) and (B.16), one derives

AR,

22212 cbq> o

= 022 (2R'® @)U(GZP*TR* TR7TP~T)
i

=20*P TR TR 1@ @R TPT

=20*HTH 'Po"Q Top.

MSEg2

(A.8)

Combining (A.7) with (A.8) implies the conclusion (26a).
The proof of (26b) and (26¢) is similar by using Lemma B1 and
so it is omitted.

A.4. Proof of Proposition 6

Let us first consider the EB estimator. Under the assumptions
that P() = nl, and ®7® = NI, we have S~! = 1/( + o2/N)I,.
Further, by using (28f) and (23), we obtain
dZw(P(n))  nN? ( N o2 (@S)T’e“)

a7 Nto22\"TN n /)
By using the Lagrange multiplier, the resulting Lagrangian is

Zp(n, A) = Fa(P(n)) — An

where A is the Lagrange multiplier. Thus the corresponding
Karush-Kuhn-Tucker (KKT) conditions (Boyd & Vandenberghe,
2004) are

nN? ( n o? (@S)T@'s) A0
N+o22\"T N n -
Aan=0, >0, n>0
and its solution is
~ (’Qis)r’aﬁs o2 ~ ) (’Gﬁ.s)r’gis o2
nN=—————,2=0 if ——— > —
n N n N
Go07="™ (‘Lz - (@S)T@m) i OV _ o
o4 \N n n N

Therefore, we obtain the hyperparameter n estimated by the EB
estimator is
DLS\THLS 2
O=)y6" _ “). (A9)
n N
Under the same setting ®'@® = NI, the KKT conditions corre-
sponding to the SUREg and SUREy estimators derive that the ar-
guments minimizing %s¢(P(n)) and .Zsy(P(n)) under the constraint
n > 0 are also (A.9), respectively.
Likewise, by using (28a), (28c¢), and (28e) we have all the hyper-
parameters minimizing the MSEg(P(n)), MSEy(P(n)),and EEB(P(n))
satisfy the equation

Tr (nl, — 6065 ) =

max (0,

and its solution is 6, 6o /n.

A.5. Proof of Proposition 9

Under the assumptions that ®" & /N — X > 0 and the white
noise v(t), we have (¢7®)"! = 0,(1/N) — 0,57 — P,
NR! - X1 R '®T® — I, and 05 — 6, almost surely as
N — oo.

Let us first prove (36a). Using (27), we rewrite MSEg(P) in
as follows:

(11a)

MSEg(P) = o6 S~ (@" @) 2576,
+o?Tr(R '@TdR™).
The limit
N*(R7'¢T@R — (@T@)7T)
=—o’N’R7'(2P""+0?P ' (®" @) P")R™!

— — 202y p7 iyt (A.10)
yields that
N?(MSEg(P) — o°Tr((@" &)™ 1))
=o*9lSTIN*(@T @) 2)5 10,
+o’N°Tr(R™'@"oR™' — (0" 0)7")
—0%, P~ X 7?P 70y — 20 Tr(X P XY
= W,(P, X, 6p). (A.11)

To prove (36b) note that the first term of .%s,(P) can be rewritten
as o4(015)'s~1(@T @) ~25~19'S. Thus one derives
N?(Fsy(P) — o *Tr((@" @) 71))

*OS)YSTIN} (@ TP) 251

+ 20°N°Tr(R'= (@7 @)7")

—W,(P, X, 6) (A.12)

where we use the limit
N2R "= (@T®) )= —62NR™'P7'N(@T@)!
— —g?xlp7lxl,
Similarly, we can rewrite MSEy(P) as
MSEy(P) = 0*0] S~ (@' @) 'S7'9y + No?
+Tr(R'@"oR 0" d) (A13)
and hence the assertion (36¢) is proved by
N(MSEy(P)—(n+N)o?)
=o*9lSTIN(@ @) 'S0,
+ o’NTr(R™'®¢"oR'd @ — 1)
— Wy (P, X, 6)

(A.14)

where we use the formulae
N(R'@oToR 'oTd — 1)
=—0’NR'[2P""+0’P (@' ®) PR DT @
— —20%x7p7L

To prove (36d), we need some identities. A straightforward calcu-
lation shows that

QUy — d(@Td) 0" = oty — d(@Td) 1oT).

This means that

ocQ Uy —@(@Te) o™ '=Iy— d(dT D) DT
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and hence we derive
oY1y +YTo(o o) 'oTY —YTY
=otYTQ o) '@TQ Y.
It follows from (B.11) and (B.14) that
N[Z5(P)+ Y ®(@"®) ' @'Y — Y'Y — 2n0?]
=N[o*Y"Q'o(®¢" @) '®TQ T Y+20’TH(R P D — 1))
=N[o*(@%) s (@ ®)'s 719"+ 20Tr(R '@ & — I)]
— W, (P, X, 6)) (A.15)
where we use the limit
NR'@¢Tp —1,) = —?NR"'P7! - —g2x~1p~1.
Similarly, we need two identities to prove (36e). Using the
Sylvester’'s determinant identity det(I,+AB) = det(Iy +BA) derives
det(Q) = MM det(@" @) det(P + o2(®TP)")
which implies
logdet(Q) — (N — n)logo? — log det(®T @)
=logdet(S) — log det(P). (A.16)
Starting with the identity Iy =02Q ! + ®P®TQ ! gives
o’T(Q ") =N — Tr(®PPTQ )
=N-Tr(R'¢"®) > N —n.
Therefore, the limit (36e) is proved by
EEB(P)—(N —n)—(N —n)log o>~ log det(®T @)
=055 00+ (0*Tr(Q™") — (N — n))
+ logdet(Q) — (N — n)logo? — log det(®” @)
— O3 P~ '0p + log det(P) = Wp(P, 6p).
At last, we finish the proof by checking (36f). The identity

QUy — o(@Td) '@ /ol =1y — d(dT D) 1T

(A.17)

implies that
YIQ 'Y +YTo(@To) 1Ty /02
=YQ lo@ o) 'oTy.
It follows from (A.16), (A.18), and (B.11) that
FP)+ YT o(@Td) '@’y /0?2 —YTY /02
— (N—n)logo?—logdet(®T®)
=YQ 'y +YTo(@Td) 'oTY/6? —YTY /o2
+ logdet(Q) — (N — n)logo? — logdet(®T @)
=Y'Q 'o(@"®) 1dTY + logdet(S)
— Wg(P, 69).

Y'Y /02
(A.18)

(A.19)

A.6. Proof of Theorem 1
Firstly, we prove 7usgg — n; as N — oo. Define

MSEg(P) = N?(MSEg(P) — o Tr((@" ®)™ ). (A.20)
Clearly, we have 7ysgg also minimizes MSEg(P(n)), i.e

Tmseg = argmin MSEg(P(1)).
nes2
Under Assumption 2, there exists a compact set

2ce (A21)

containing r;; such that 0 < d; < ||P(n)]| < d, < oo forally € 2.
Then by Lemma B3 in Appendix B, to prove fjysgg — r;;k asN — oo,
it suffices to show that MSEg(P()) converges to Wg(P(n), X, 6,)
almost surely and uniformly in £2,as N — oo.

It follows from (A.11) and (A.10) that

MSEg(P(n)) — Wg(P, X, th)
=0"Z1 + 20*T1(2;) — 0°Tr(25) (A22)

Z1 =0STHN* (@ @) ?)S 10y — 6] P 2P 16,
Z, =37 'p 'y 1 _N2RIpIR! (A23)
Z3 =—N?R'p (@ Tp) Ip7IR1.
For the term Z;, we have
Zi=05(ST =P H(N} (@ d) %) 16,

+ P (N* (@ @) 2 — 375710,

+ 6P ' Z ST =Py (A24)
where
S =P =—o?s (@) P (A25)
Note that ®T®¢/N — X implies that [N(@T®)71|| = 0,(1).

Then further noting that d; < [P(n)| < d; and IS~ <
I(P(m)~ 1 < 1/d, for n € £2,we have Z; converges to zero almost
surely and uniformly in £2.

For the term Z,, we have
»-1p-15-1 _ N2gp-1p-1p-1
=(Z '=NR P 'Z14NR'P(ZT=NR7).

The assertions NR=! — ¥~ and |[NR™! — 71| = 0,(1) yield
that Z, converges to zero almost surely and uniformly in £2. Finally,
by noting (¢T®)"! — 0as N — oo it is easy to see that Z; also
converges to zero almost surely and uniformly. Making use of these
facts shows that MSEg(P()) converges to W,(P(n), X, 6) almost
surely and uniformly in £2 and hence, by Lemma B3, Jjysgg — ng
as N — oo almost surely.

Secondly, we prove that 7js; — ng as N — oo and the proof is
similar to that of sgg — 1y asN — oo. Define

Fsg(P(n)) = N*(Fsg(P(1)) — o>Tr((@" ) 1)).

Then, we have

Nsg = ar§£in Fsg(P(n)). (A26)
It follows from (A.12) that
Fsg(P(n)) — We(P, X, 00) = 0Z} + 20°Tr(2;)
Z; = (@5)STIN (@ @) 25718 — glp 1z 2P g,
Z,=2"'"P 'y ' —NR'PTIN(@TD)
For the terms Z; and Z;, we have

(\LS ]N ® (D) 25 lALS

+ 6! (s ‘— PTYNX (@ @) 257 10"

+ 6P (N} (@T @)% — Z72)s7 g

+ 6P Z (57— PR

+ 65P 1 Z 2P~ (9 — 6y) (A27)
Zy=(x'"=NR P 'x!

+ NRT'PH (=T =N o) ). (A.28)
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Then, noting that 8 — 6p, S™! — P~1, N(@T®) ! — ¥,
NR™! — X1 almost surely as N — oo, and [NR™!|| = 0,(1),
951 = 0,(1), and d; < |[P(n)ll < d, ISt~ < I(P() M <
1/dy, for n € $£2, one can show that each term of (A.27) and
(A.28), and thus both Z] and Z; converge to zero almost surely and
uniformly in §2. Therefore, Fsg(P(n)) converges to Wg(P, X, 6p)
almost surely and uniformly in £2. It then follows from Lemma B3
that s, — 1 almost surely as N — oo.

The proof of (43b) and (43c) can be done similarly and thus is
omitted. The first order optimality conditions of n;, 1y, and n; can
be derived in a similar way as Proposition 4 and thus is omitted.
This completes the proof.

A.7. Proof of Theorem 2

We first prove that | wseg — 751l = Op(@n).

Noting (A.11), the ith elements of the gradient vectors of
MSEg(P(n))and Wg(P(n), X, 6p) with respect to n are, respectively,
for1<i<p,

, 0571

dMSEg(P
IMSEg(P(n)) _ 20°N%0, S (@T D)2 ——6
an; an;
9R!
+ 202N2Tr(a—

cpTch*l)
Ni
AW, (P(n), X, 6 ap~!
g( (77) 0) =20_468'P,]2,2
8T)i 87]1
ap~1
— 2 4Tr<2 1 2*1).
an;

o

(A29)

ZR 1dP

=_R1Rp-1 - _ leesee

Using the identity 35‘” i

their difference is
dMSEg(P(n))  dWg(P(n), X, 6o)
an;i ani

=20*(1+TH(12))

3s~!
where 17 = Q(JTS_](NZ(CDTq))_Z)T@o
i
op-!

—6gp1y?
ani

6o,

ap~! ap—!
h=X"1—31T_NR'"Z—R '"®TONR .

ani an;
NOtirlg IIN(il5 @)1 — T = 0y(n), IST" — P71l = Op(1/N),
I "Sn, - LH = 0p(1/N), [R71@T® — 1| = 0,(1/N),

57| = 0psw) and di < [P < db and [S()N <

IPH) < l/dl for n € £2 yields

1711 = Op(@n), |Tr(T2)| = Op(wn) (A.30)

uniformly in £2, where 2 is defined in (A.21). Therefore,

an an

| = o)

uniformly for any n € £2. Since Tmseg and ng minimize MSEg(P)
and W, (P, X, 6y), respectively, we have

w =0and w =0
an N=TMsEg an n=ng

It follows that

OMSEg(P(n))

SR = op(a).
an n=ng

In addition, by using (A.29), the (i, j)-element of the Hessian matrix
of Wg(P(n), X, 6p) is

aZWg(P(U)’ X, 90)

on;dn;
a2p~! op~' __,9P7!
=200 P ' E 2 ——06p + 200 6o
anion; an; ani
aZP 1
- 204Tr<2472”). (A31)
9n;0m;
92 MSEg

The Hessian matrix ) of MSEg(P(n)) is omitted here for
simplicity. Then, it can be shown that

32W,(P(n), X, 6p)
anan’

H 9*MSEg(P(n))

=0p(1
ananT H (1)

uniformly for any n € £2. Applying the Taylor expansion to

BMSEg P(n)) yleldS
_ OMSEPU)| _ oMSERP(n)
an N=iIMsEg an n=ng
Gz LR
anonT i e

where 7 lies between 7jysgg and Ng-
Clearly,

azwg(P(nL X, 00)

anonT = (D)

n=ng

2Wg(P(n). 2 .00)

Then under Assumption 2, we have T
[¢

is positive

definite. For sufficiently large N, 7 would be close to n; “In this case,

we also have 2 Ws(P(n).Z.f)

ot is positive definite. Then it follows
non =i
that
/ﬁMSEg - '7;
_ (82M5Eg(P(n))’ )*1 9IMSEg(P(n))
B anonT n= an n=ng
= Op(])op(wN) = Op(wN)~

Now, we prove |[7js; — 77; Il = Op(un) and the proofis similar to that
of |[mseg — rfg"|| = Op(w). By (A.12), the ith element of gradient
vector of Zs4(P(n)) is

3 F sg(P(n)) _ 20,4(’§LS)TS—1N2(¢T¢)—2 3571’915
an; an;

AR~
+ 20 21\12Tr( )

(A.32)
an;

Using the identity 2% — gR —o2R1 ap R‘ we see

I Fsg(P(n))  dWg(P(n), X, 6o)
an; an;

=207, + 20°Tr(773)

where 77 =

0o (A.33)
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Since #T® /N — X and v(t)is a white noise, we have [|85 — 6| =

0,(1/+/N).Then notingthat IN(@TP) 1 — =71 = 0p(Sn), IST! —
1

P71 = 0,(1/N), S a"—|| = 0,(1/N), -2 =

Op(8n),and [NR™'[| = 0,(1), [[0"|l = 0,(1),and dy < [P(n)]| < da

and [IS(n)~"| < ((P(n))~"| < 1/d; for n € 2, yields

171 =max(0,(1/+/N), 0,(1/N), 0,(8x)) =

|Tr(7;)] =0,(8n)

uniformly in £2. It follows that

dFsg(P(n))  dW,(P(n), X, 60)
| - | = o
an an

Op(MN)

IAN)

uniformly for any 5 € £2. This implies
3?Sg(l’(n))’
an
Similarly, one can obtain the Hessian matrix of .Zs
show that
H P Fsg(P(m)  9*We(P(n), X, 6o) ”
anan’ anan’
umformly for any n € $£2. Applying the Taylor expansion of

9 F sg(P(n)
on

9.7 s¢(P(n)) _ 0Fsg(P(n))
on =i 01
9*MSEg(P(n))| .~ .
W‘ :ﬁ(nMSEg - ﬂg)

where 7 lies between 75 and ng.- For sufficiently large N, we have

= 0p(un). (A34)

'lz'lg

2(P(n)) and can

= 0,(1) (A.35)

shows

0=

n=ng

Tsg — 77;
_ (82§Sg(P(r/))
ononT
= 0p(1)0p(1n) = Op(in).

The proof of (44b) and (44c) can be done in a similar way and thus
is omitted. This completes the proof.

)*1 37 s¢(P(n))
n=n an n=rng

Appendix B

This appendix contains the technical lemmas used in the proof
in Appendix A.
B.1. Matrix differentials and related identities

This section introduces the differentiation of a function f(X)
where X is a matrix. It is assumed that X has no special structure,
i.e., that the elements of X are independent. For convenience and
readability, the formulae used in the paper are stated in the follow-
ing lemmas.

Lemma B1 (Petersen & Pedersen, 2012). Assume that b is a column
vector, and A, B and X are matrices with compatible dimensions. Then
we have

abTXTAXb

= (A + AT)Xbb" B.1
3% (A+AY) (B.1)
abTX~1p
= = XTppTXT (B.2)
aX
3 log|det(X
og|det(X)| —xT (B3)
aX
a(x~!
e (B4)

X

dTr(AX~'B

ITAXTE) _ _(x-1pax—y" (B.5)
aX

ATr(AXBXTAT

ITHAXBXTAT) _ arax(s + B7) (B6)
9X

where (-);; denotes the (i, j)th element of a matrix.
Lemma B2. We have the following identities:

D (A=A (B7)

;
Y — ®0 =02Q Y (B.8)
S R =g2(@"p) '@TQ Y (B.9)
Ally +BA) ' = (I, +AB)"'A (B.10)
o"Q "o =5" @"Q Yy =518 (B.11)
dTQ T T =5 T(@T@p) 15T (B.12)
@"QTQ 'y =5 (@ p) 15719 (B.13)
Iv—02Q '=0Pp'Q ' =0 'oPpT= pR '@ (B.14)
Q") oA

oD ! = —oTQ Q7T (B.15)

RNy

(E)P i _ o?P TR RTPT (B.16)

where J; is the matrix whose (i, j)-element is one and zero for all other
elements.

Proof. The identities (B.7)-(B.14) can be verified by a straightfor-
ward calculation. Using (B.4) gives

QM) (Q ) 9Qab
9Py _g 9Qay 9P

- Z (0]
= Z - )ai
Z—((D Q N(Q )

which implies (B.15). While (B.16) can be proved in a similar
way. O

B bjd)as(@ )

b Poe

B.2. Convergence result for extremum estimators

Lemma B3 (Ljung, 1999, Theorem 8.2). Assume that

(1) M(n) is a deterministic function that is continuous inn € £
and minimized at the set

9 = argminM(n) = {nln € 2. M(n) = min M(7)}
ne

e

where §2 is a compact subset of RP.
(2) A sequence of functions {My(n)} converges to M(n) almost
surely and uniformly in £2 as N goes to oo.

Then 7y = arg min,cMy(n) converges to 2 almost surely, namely,

inf |y —n*] = 0, asN — oo.
n*ez
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