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ABSTRACT

This paper considers identification of nonlinear rational systems defined as the ratio of two nonlinear
functions of past inputs and outputs. Despite its long history, a globally consistent identification algorithm
remains illusive. This paper proposes a globally convergent identification algorithm for such nonlinear
rational systems. To the best of our knowledge, this is the first globally convergent algorithm for the
nonlinear rational systems. The technique employed is a two-step estimator. Though two-step estimators
are known to produce consistent nonlinear least squares estimates if a VN consistent estimate can be
determined in the first step, how to find such a «/N consistent estimate in the first step for nonlinear
rational systems is nontrivial and is not answered by any two-step estimators. The technical contribution
of the paper is to develop a globally consistent estimator for nonlinear rational systems in the first step.
This is achieved by involving model transformation, bias analysis, noise variance estimation, and bias
compensation in the paper. Two simulation examples and a practical example are provided to verify the
good performance of the proposed two-step estimator.

© 2016 Elsevier Ltd. All rights reserved.

1. Introduction

System identification aims to build a mathematical model for a
system from the measured data in some optimal way. If a system
is linear or is well approximated by a linear system, then linear
system models are a good choice. Thus, well-developed linear
identification methods introduced for example in Ljung (1999) and
Soderstrom and Stoica (1989) are available to identify the system.
On the other hand, if a system shows a strong nonlinear behavior,
then nonlinear system models and the corresponding nonlinear
identification algorithms become necessary.
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publication in revised form by Associate Editor Cristian R. Rojas under the direction
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A growing number of studies have demonstrated that the non-
linear autoregressive moving average with exogenous input (NAR-
MAX) model (Chen & Billings, 1989; Haber & Unbehauen, 1990;
Leontaritis & Billings, 1985) may provide a unified representation
for a wide class of nonlinear systems that include several known
nonlinear systems as special cases. However, the NARMAX repre-
sentation is too general and inefficient in a variety of applications
where a system does have some unique structures that are ignored
by the general NARMAX representation. From an engineering point
of view, the available structural information should be embedded
into system models as well as identification algorithms. The non-
linear rational system is such a case. The study of nonlinear ra-
tional models has a long history and has been driven by practical
applications and theoretical interests. On the application side, an
early reported example was the catalytic dehydration of n-hexyl
alcohol model (Box & Hunter, 1965)
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where y is the rate of reaction, u; the partial pressure of alcohol, u,
the partial pressure of olefin, 6; absorption equilibrium constant

y(k) =
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of alcohol, 6, absorption equilibrium constant of olefin and
65 effective reaction rate constant. The purpose is to estimate
6;,i = 1,2, 3 from the measurements of y, u; and u,. Interested
readers can find quite a few real-world nonlinear rational systems
in Bates and Watts (2007).

A unique feature of the nonlinear rational system is that
both the numerator and denominator are linear combinations of
known nonlinear functions of measurable variables with unknown
coefficients or parameters. Thus, the system is nonlinear in
terms of parameters in the denominator that makes identification
nontrivial. Since that early paper, nonlinear rational systems have
been widely used to model various biological phenomena in life
science, for example, gene expression, metabolic networks, and
enzyme catalyzed reactions within systems biology (Klipp, Herwig,
Kowald, Wierling, & Lehrach, 2005) and chemical kinetics of
catalytic reactions in chemical engineering (Dimitrov & Kamenski,
1991; Kamenski & Dimitrov, 1993). They have also found
applications in economic systems, physics, and engineering.

On the theoretical side, it was shown in Bartosiewicz (1987)
and Sontag (1979) that a nonlinear system possesses a realizable
and bounded polynomial response if and only if the system is
a rational model. Further, Bartosiewicz (1987) established that a
smooth system may be immersed into a rational system if the
observation field is a finitely generated extension of R, and stated
that rational systems could be simpler and more powerful than
smooth systems. In addition, the existence of rational realizations
of response maps was investigated in Némcova and van Schuppen
(2009, 2010). It was shown that if a response map is realized
by a rational system, then there also exists a minimal rational
realization of the map (Némcova & van Schuppen, 2010). These
evidences from the viewpoint of theory indicate that nonlinear
rational systems can well approximate a wide range of nonlinear
systems and actually provide a superior performance.

A number of identification algorithms have been proposed in
the literature to estimate the unknown parameters in the nonlinear
rational systems. They include prediction error estimator (Billings
& Chen, 1989), extended least-squares estimator (Billings &
Zhu, 1991), some variants of Newton-type methods (Dimitrov
& Kamenski, 1991; Heiser & Parrish, 1989), back propagation
parameter estimator (Zhu, 2003) and implicit least squares
parameter estimator (Zhu, 2005). However, none of the estimators
mentioned above are globally convergent. The main difficulties
are: (a) Nonlinear rational systems could be transformed into
a system which is linear in the parameters by multiplying the
denominator on both sides. However, the resultant regressor is
correlated with the noise and even with white noise, the resulting
least squares estimate is biased. (b) The prediction error type
objective function has many local minima since nonlinear rational
systems are nonlinear in the parameters. Hence, various developed
nonlinear optimization algorithms based on gradient descent are
only locally convergent, and these results are summarized in a
survey paper (Zhu, Wang, Zhao, Li, & Billings, 2015).

As explained before, nonlinear rational systems can be con-
verted into a system that is linear in parameters, but directly ap-
plying the ordinary least squares (OLS) estimator will lead to a
biased estimate. Realizing this problem, this paper uses a two-
step estimator to derive a convergent nonlinear least squares (NLS)
estimator. The two-step estimator is known to produce a conver-
gent NLS estimate (Gourieroux & Monfort, 1995) if the initial esti-
mate provided by the first step is +/N-consistent. This means that
to produce a convergent NLS estimator it is sufficient to develop
a +/N-consistent estimator by the available data in the first step.
In the paper, by a detailed analysis for the bias of the OLS estima-
tor, it is shown that the bias can be removed if a consistent esti-
mate for the variance of the noise is available. Consequently, the

keys are a reliable estimate of the noise variance and the subse-
quent compensation of noise effects. Thus, this paper first provides
a consistent estimate for the noise variance by seeking the mini-
mum positive root of a polynomial constructed with the available
data and demonstrates that the search is independent of the least
squares estimator. Then by substituting the consistent estimate
for the noise variance into the least squares estimator produces a
globally +/N-consistent estimator for nonlinear rational systems.
Finally, the globally convergent NLS estimate for the nonlinear ra-
tional systems defined as the ratio of two nonlinear functions (not
limited to polynomials) of past inputs and outputs is obtained by
the second step of the two-step estimator.

The contribution of the paper is a globally convergent
identification algorithm for nonlinear rational systems. To the best
our knowledge, this is the first time that a globally convergent
identification algorithm is proposed for nonlinear rational systems.
We comment that the idea of two-step estimators is known in
the literature (Gourieroux & Monfort, 1995). However, how to
find a +/N consistent estimate at the first step for nonlinear
national systems is nontrivial and is not answered by any two-
step estimators. Thus, the technical contribution of the paper is to
develop a +/N consistent estimate for nonlinear rational systems
at the first step so that it can be used as an initial estimate
in the second step. We also comment that bias compensation
approaches have been used in compensation of linear least
squares identification algorithms (Stoica & Soderstrém, 1982;
Zheng, 1998; Zheng & Feng, 1995) and in errors-in-variable linear
system identification (Soderstrom, 2007; Zheng, 2002). There
are however several distinct differences between the technique
proposed here and the bias compensation approach used in errors-
in-variables systems and linear systems (Zheng, 1998,2002; Zheng
& Feng, 1995). First, obviously the systems considered above
for the bias compensation approaches are linear systems and
rational systems studied herein are nonlinear systems. Second,
the bias compensation approaches need to construct a multi-
dimensional auxiliary vector that satisfies certain properties. This
is possible because the noise is independent of the inputs. For
nonlinear rational systems, however, the resulting noise is a
function of the inputs. It is not clear at this point if such an
auxiliary vector exists for nonlinear rational systems. In the work
reported here, instead of finding an auxiliary vector, it is shown
that selection of an auxiliary vector is actually unnecessary and
only a consistent estimate of the noise variance is required,
which is one dimensional and therefore is much more efficient.
The approach proposed in this paper may be considered as an
extension of the technique for linear least squares compensation
(Stoica & Soderstrom, 1982). However, because the technique of
Stoica and Soderstrom (1982) is for linear systems and rational
systems are nonlinear systems, both noise variance estimation and
noise compensation for nonlinear rational systems become more
involved and nontrivial. More technical details will be provided in
the relevant Section 4.1.

The rest of the paper is organized as follows. Section 2
describes nonlinear rational systems under consideration and
some assumptions on the system. Section 3 introduces briefly two-
step estimators and their properties. A corrected least squares
(CLS) estimator, which is obtained by model transformation,
bias analysis, noise variance estimation, and bias compensation,
is proposed in Section 4. The CLS is proved to converge
to the true parameters in the global sense under proper
conditions and its asymptotical normality is also established. Two
simulation examples and a practical example are provided to
verify the effectiveness of the proposed method in Section 5. Some
concluding remarks are made in Section 6. Some technical details
and the proofs are given in Appendix.
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2. Problem formulation

The nonlinear rational system under consideration is described
as follows:

S Bfik)

i=1

go(k) + 3 ag;(k)
j=1

yk) = +ek), 1T=<k=N, (1)

where fi(k), gi(k),1 < i < q,0 < j < p are a priori known
functions of the delayed outputs and inputs {y(k — 1), ..., y(k —
ny),u(k — 1), ..., u(k — n,)} with positive integers ny, n,, 6* £
[og, ..o, ap, Brs e ey ,Bq]T is the unknown parameter vector that
needs to be estimated, and ¢ (k) is the observation noise. It is worth
pointing out that the estimator for the nonlinear rational system
(1) developed in the paper is applicable to the static case, i.e.,
fik),gk),1 < i < q,0 < j < p are known functions of
some exogenous variables. It is seen that the output y(k) is linear
in the parameters {f4, ..., B4} but is nonlinear in the parameters
{aq, ..., ap}, which is also the difficulty of identifying the rational
system (1).

For ease of representation, define the denominator a(k) £
go(k) + Y7, o;g;(k), the numerator b(k) £ Y"1, Bifi(k), and the
true output v(k,8*) = b(k)/a(k). Then the system (1) can be
rewritten as
y(k) = @ + e(k) = v(k, 0%) + e(k). (2)

a(k)

Let us give some remarks on the system (1). First, one assumes
that the coefficient corresponding to the item go(k) in (1) is 1 due
to the identifiability reason of (1). This is always possible. Let the
coefficient corresponding to the term gy (k) be denoted by «y. Then,
without loss of generality, one can assume &g # 0; otherwise, one
can select any other item gj(k), 1 < j < p with ;; # 0 to play the
role of the item go(k) with «q since at least there is a parameter
aj # 0 among {o;, ..., ap}. Next, dividing the numerator and
the denominator by « leads to the representation (1). An implicit
assumption on the system (1) is that a(k) # 0.

In the following, let us give the conditions on the system, input,
and noise for estimating the unknown parameters.

Assumption 1. There is no undermodelling error for the system
(1), i.e., the structure of the system including a(k) and b(k) is
known and the noise e(k) is white. Further, E|e(k)|*® < oo for
some § > 2.Let o2 2 Var(e(k)).

Assumption 2. The sequence {x(k), k > 1} with x(k) 2 [y(k —
D,...,yk = ny),utk — 1),...,u(k — ny)] is asymptotically
stationary in the wide sense and is an «-mixing process
with mixing coefficients exponentially decaying to zero. Also,
E|lx(k)||** < oo for some § > 2.

We make a comment on the second assumption. Note the
nonlinear rational model (1) can be regarded as a special case of
nonlinear autoregressive systems with exogenous input (NARX)

yk&) =hyk—-1),...,y(k —ny),
utk—1),...,u(k —ny)) + ek, (3)

where h(-) is a(n,+n,)-dimensional nonlinear function. By Lemma
1 in Zhao, Zheng, and Bai (2013), the chain x(k) £ [y(k —
1,...,ytk = ny),uk — 1),...,u(k — n,)] constructed by the
outputs and inputs of NARX (3) is geometrically ergodic and
is an a-mixing with mixing coefficients exponentially decaying
to zero if the following conditions are satisfied: (1) both the
input and the noise are sequences of independent and identically

distributed (i.i.d.) random variables with zero mean and finite
variance; (2) the system (3) satisfies a certain stability condition.
Note that the random vector x(k) is geometrically ergodic, that is,
the distribution of x(k) tends to the invariant distribution at an
exponential rate. This means that there is no essential difference
between the stationarity assumption and asymptotical stationarity
assumption on {x(k)}. For derivation simplicity, assume that the
process {x(k)} in Assumption 2 is stationary in the subsequent
sections. These explanations indicate that Assumption 2 is not
restrictive and in fact it is a standard assumption in the nonlinear
system identification literature.

3. A standard two-step estimator

Prediction error methods are a natural idea for identifying the
unknown parameter vector 6* of the system (1) as that used
in Billings and Chen (1989) and Dimitrov and Kamenski (1991).
Define the objective function with a prediction error form as

1 N
Q) = D¢k —vik 0)*. 4)
k=1

The vector minimizing (4) on a compact subset ®@ of RPTY
containing 6* is called the nonlinear least squares (NLS) estimator
for 6* based on the observations {u(k), y(k),1 < k < N} and is
denoted by /9\,{,“'5. Clearly, the gradient vector of v(k, 6) is given by

du(k.6) 1 b(k) 1
36 _[_aZ(k) a(k)

We first give the conditions for the convergence of the NLS
estimator.

T
(1K), ... )

0], —= [0, ... 0]

Assumption 3. (i) Q) 2 E(v(k,0) — v(k, 9*))2 has a unique
minimum at § = 6* in the compact set @.

(ii) The true parameter vector 6* is an interior point of ® and the
matrix M(6*) is nonsingular, where

dv(k, 6) dv(k, 6)
YA

M(9)£E<

The NLS estimator @},“S enjoys the following consistency and
asymptotical normality, which can be derived by directly adopting
the steps as what presented in Jennrich (1969).

Theorem 1 (Jennrich, 1969, Theorem 7). Let /0\,{,“5 be the NLS

estimator of (4). Under Assumptions 1-3 (i), we have@,’jLS — 0* with
probability one as N tends to infinity. Further, if Assumption 3 (ii) also
holds, then

VN@YS — 6%) > #(0,6°M7'(6%) asN — oo. (5)

The NLS estimator involves a search for the solution of non-
convex objective function (4), which may lead to that the gradient-
based optimization algorithm converges to a local minimum if
the starting point is outside the attraction neighborhood of the
true value. Thus, the gradient-based optimization algorithm is
generally applied to improve the precision when a good initial
estimator, which is close to the true value, has obtained since Qy (6)
is approximately convex in a small neighborhood of the true value.
Additionally, it can be expected that the number of steps required
for numerical convergence of the algorithm will be smaller by
starting from an initial value close to 6*.

Thus, the finding of the NLS estimator /97\,“5 is often done in two
steps (Gourieroux & Monfort, 1995):

Step (1) Determine a consistent but not necessarily precise
estimate.
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Step (2) Use this preliminary estimate as an initial value for some
algorithm that determines the NLS estimator.

In Step (2), the Gauss-Newton (GN) or other Newton-based
algorithms are commonly used for improving the accuracy of the
consistent estimator obtained in Step (1). The GN algorithm has the
iterative form:

Onir = O + (TG 6)) 7T G (Y — v(6), (6)

where the initial value 6, is the consistent estimator obtained in
Step (1), Y = [y(1),...,y(N)]",

v(0n) = [v(1,6,), ..., v(N, 6],
T
J6n — [81}(1,9,1)’“.7 u(N, en)}

a0 a6
The standard two-step estimator given above has the following
attractive property.

Theorem 2 (Lehmann & Casella, 1998). Let 6 ON'S be the NLS estimator

of ). Suppose that QN is a +/N- conszstent estimator of 9* ie.,

Oy —6* =0 (1/f) Denote the one-step GN iteration of (-)N by
GGN,

05N =0 + (T @I On) T ON) (Y — v(h).
Thus under Assumptions 1-3 we have
O8N — 0N = 0,(1//N).

This means that OGN has the same asymptotic property that
possesses.

@NLS

It is seen that a key that the two-step estimator enjoys the desired
property is to find a ~/N-consistent estimate of 6* in Step (1). In
fact, this is also the major difficulty for solving this kind of non-
convex optimization problem.

4. A +/N-consistent estimator: Corrected least squares

According to the two-step estimator and Theorem 2 introduced
in Section 3, to obtain the NLS estimator GNLS of (4) it is sufficient
to find a ~/N-consistent estimator for 6*. This section will develop
a +/N-consistent estimator for the unknown parameters of the
nonlinear rational system (1) in the global sense that involves
model transformation, bias analysis, noise variance estimation, and
bias compensation. This is also the major goal and contribution of
the paper.

4.1. Model transformation and bias analysis

Multiplying a(k) on both sides (1) leads to

)4 q
go(ky(k) = = aigi(kyk) + Y Bifi(k) + akys (k)
i=1

j=1
=y (R)"6* + alke(k), (7)
¥ (k) £ [—g1()y(k),

fa())]". The resulting vector form is

where the regressor vector

5 _gp(k).V(k)aﬁ (k)a e
given by

Zy = WNO* + Gy, (8)

where Zy 2 [go(D)y(1),...,8MNyMN)]", Cv 2 [a(De(1),
S aN)eM]T, oy 2 [v (D), ..., w(N)]. Clearly, Eq.(7) s linear
inall the parameters 6* and all of the elements of 1 (k) are available

at time k. Thus, the ordinary least squares (OLS) estimator of (8)
assumes the form of

-1
(lwwf ) (lqﬂz ) (9)
N NN N NN

However, the estimator (9) is a biased estimate for 6* since the
regressor Y (k) involves y(k), which is correlated with the noise
term a(k)e (k).

This problem is also encountered for identification of linear
systems when the regressor vector is correlated with the noise, and
the bias-eliminated least squares method (BELS) is the commonly
adopted and effective method (Stoica & Soderstrom, 1982; Zheng,
1998; Zheng & Feng, 1995) to obtain a consistent estimate. In order
to compare with linear cases, allow a little abuse of repeated usage
of the notation. Consider the following linear case

y(k) = ¥ (k)'0* + e(k), (10)
where the regressor vector v (k) includes the delayed output and
inputs, i.e., ¥ (k) = [y() uk)]" = [y(k—1), ..., y(k—ny), u(k—
1), ..., u(k—ny,)]7, 6*is the unknown parameter that needs to be
estimated, and y(k) is correlated with the noise (k) but u(k) is
uncorrelated with (k). Under this setting, the BELS estimator of

6* can be obtained via
1| Ey(K)e(k |

where 65 = (Ew(k)w(k)T)thp(k)y(k). So the key to the BELS
method is to obtain a consistent estimate for the bias vector
Ey(K)e(k), which is done usually by selecting some appropriate
auxiliary vector ¢ (k) satisfying E¢ (k)e(k) = 0 and Evyr (k) 7" >
0 with (k) = [¥(k)T¢(k)T]". The delayed inputs are selected
to produce the consistent estimate for the bias in Zheng (1998)
and the known regulator in closed-loop systems plays a similar
role in obtaining the consistent bias in Zheng and Feng (1995). A
unified framework for the BELS estimator can be referred to Jia,
Tao, Kanae, Yang, and Wada (2011). It is seen that this kind of BELS
estimators depends on the selection of the auxiliary vector ¢ (k),
which has a direct impact on the consistency and the accuracy of
the estimator. Clearly, the regressor vector v (k) defined in (7) is
more complicated than its counterpart defined in (10) for the linear
case, in which each element of (k) depends on all the delayed
inputs and outputs and the noise term a(k)e (k) in (7) may depend
on all the past inputs due to the existence of a(k). This makes the
selection of the auxiliary vector ¢ (k) become nontrivial.

In order to avoid the indetermination for the selection of
the auxiliary vector ¢ (k) introduced above, the idea of the BELS
estimator used in Stoica and Soderstrom (1982) is adopted here. In
comparison with the BELS estimator having the form of (11), the
advantages of the BELS estimator in Stoica and Soderstrom (1982)
include: (1) there is no need to select an appropriate auxiliary
vector; (2) the only thing to be done for this BELS estimator is to
develop a consistent estimate for a scalar quantity (the variance of
the noise) instead of a multi-dimensional bias vector.

In the following, the idea for estimating the unknown
parameter 6* of the nonlinear rational model (1) is stated by
referring to Stoica and Séderstrom (1982).

It follows from (1) and (7) that

OpeLs = Ois — (Ell’(k)l// (’<)T)7

go(k)y(k) = — Z oig; (k)y (k) + Z Bifi(k) + ak)e (k)

j=1

-~ Z g (v (k, 6%) + Z Bifi(k) + go (k) (k).

j=1
= o ()'6* + go (ke (k), (12)



326 B. Mu et al. / Automatica 77 (2017) 322-335

where
P (k) 2 [—g1(v(k, 0%), ..., —g(Kv(k, 6%),
A (13)
The corresponding vector form is given by
Zy = ®NO* + Dy, (14)

where Zy £ [go(D)y(1),...,8MN)y(N)I", Dy £ [go(De(1),
L8 MNeMNT, &y 2 [p(1),...,d(N)]". Clearly, the least
squares estimator of (14) is obtained as

-1
(1¢T<p ) (1¢Tz ) (15)
N NN N NN

Itis obvious that under the persistent excitation conditions on ¢ (k)
that will be given in Assumption 4, the least squares estimator
(15) is a consistent estimate for 8* since E¢(k)go(k)e(k) = 0. The
problem is that ¢ (k) is unavailable. Let us define the persistent
excitation condition.

Assumption 4. There exists an integer Ny > 0 such that

1@l dy > 0forallN > No.

We provide aremark on the condition. Let us consider the noise-
free case, that is,

S Bk
i=1

vy = —=

oK) + D" ajgi(k)
=

An equivalent form of the above model is
p q
gyl = =Y " aigikyv(k. 0% + > Bifi(k)
j=1 i=1

= p(k)To*.

In this simple case, Assumption 4 is exactly the persistent
excitation condition for identifying nonlinear rational systems.
Note that any linear system is just a special case. Thus,
Assumption 4 can be explained as the persistent excitation
condition for the system (1).

Note that Assumption 4 is a condition guaranteeing the global
identifiability of the nonlinear rational system (1), while Assump-
tion 3(i) is the counterpart that ensures the local identifiability. We
have the following lemma describing their connection.

Lemma 1. Under Assumptions 1 and 2, Assumption 4 implies As-
sumption 3 (i).

Let us proceed again to illustrate that a consistent estimate for
6* can be obtained from (9) if the variance of the noise is a priori
known. This begins with analyzing the difference between the least
squares estimators (9) and (15). First, the matrices ¥y and &y
satisfy the relationship

¥y = &y + Hy, (16)

where Hy 2 [h(1),...,h(N)]" and h(k) 2 [—gi(k)e(k), ...,
—g,(k)e(k), 0, ..., 0]". It follows from the definition of Cy and Dy
that

Cy = Dy — Hy0". (17)
Similarly, by defining Gy 2 [g0(1),...,8MN)]", Ay 2
[a(D), ..., a(N)]", and My 2 [m(Q1),...,m(N)]" with m(k) 2
[—g1(k), ..., —g,(K),0,...,0]", we have

Ay = Gy — MyO*. (18)

Then it follows from (16) that

NWJWN
= l<1>,§<1>N + lH,EHN + l@,SHN + lH,wN
N N N N
= L oTon+ Luhy + op(i)
N N VN
_ %d){,dﬁ,\, + 02<%M,(,MN)
+ l(1-1,§1~1N - aZM,SMN) + op(i)
N IN
= Lotoy+ aZ(lM,SMN) + op(i) (19)
N N NIA
where THi &y = 0,(1/¥/N) and % (H{Hy — o*MyMy) =

Op(l/«/ﬁ) by Theorem A.1 in Appendix since each element of
h(k)¢ (k)T and h(k)h(k)T — o?m(k)m(k)T is a martingale difference
sequence and hence is an «-mixing with mixing coefficients
exponentially decaying to zero. Similarly, by (16) and ( 14), we have
1
NWJZN

1 T * 1 T 1 T 1 T *

= N¢N®N9 + NHNDN + N¢NDN + NHNCDNG

= LoToww  + LHID +o( ! )
“NN N N N N p m

1 1
= N¢§¢N9* + az(ﬁMﬁcN)

n l(HTDN - aZMTGN) +o (L)
N N N p \/N

= ldﬂcp 0* +az(lMTc )+o (i) (20)
N NTN N NN P JN :

Thus, it follows from (19) and (20) that
1 7 217
NWN lPN — O (NMNMN)

« (Lwiz, - oz(lM,EGN)
N N
(1ot 4o, 1 ) -
“\NN N p JN
X ld>Tq§ 0* +0 (i) — 5 "
NN N b \/N N— oo ’

Since Wy, My, Zy, and Gy are available by the input u(k), the
output y(k), and the known nonlinear functions g;(k), f;(k) for 0 <
i <p,1<j<q,aconsistent estimate for the parameter vector 6*
is obtained if a consistent estimate for the variance o2 is produced
in some way. This means that the key point of estimating 6* is to
independently derive a consistent estimate for o2.

A difference between the BELS estimator in Stoica and
Soderstrom (1982) and its counterpart developed in this paper
should now be pointed out. Because of nonlinearity presented in
rational systems, both the denominator and the numerator of the
least square estimator defined in (9) for the nonlinear rational
model should be compensated, while only the denominator needs
to be compensated for the linear case in Stoica and Soderstrém
(1982). Further, estimation of noise variance becomes more
involved, which will be discussed below.

-1
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4.2. Noise variance estimation

The results in Stoica and Soderstrom (1982) for linear systems
imply that a consistent estimate for the variance of the noise can
be obtained by solving some generalized eigenvalue problem. This
motivates us to consider whether the idea given in Stoica and
Soderstrom (1982) is applicable to the nonlinear rational system
(1). The answer is positive, but the related procedure is much
complicated and needs some necessary modifications. The detailed
estimation procedure for the variance o2 of the noise is stated as
follows. Define two matrices by the available data and information

1 [w! 1| W N2y
= Uy, Z , 21
In N|:ZT:|[ N N] N|:WNZ£ Z£ZN ( )
1 |M{My MG
Ay e — | TN NN (22)
N | GyMy GGy

Based on Jy and Ay, define a function By(-) over the variable
An as By(An) 2 Jv — AnAy. Clearly, the function n(Ay) defined
as n(Ay) £ det(By(Ay)) is a polynomial of power p + 1 over Ay.
As a result, n(Ay) = 0 has p + 1 roots and denote all the roots
by {An(1), ..., An(p + 1)}. Thus, it will be shown below that the
smallest root gives a consistent estimate Ay of the noise variance
o2, i.e., the estimate for o2 can be defined by

v =minfAy(),i=1,....p+ 1} (23)

Note that the definition of Ay used here is different from its
counterpart in Stoica and Soderstrom (1982) for linear systems. We
have the following convergence conclusion on the estimate (23).
Lemma 2. Under Assumptions 1, 2 and 4, the noise variance
estimate (23) has an explicit solution

N N
Iv= Y ake(k)? / > al?, (24)
k=1 k=1

which converges to the noise variance o with probability one and is
asymptotically normal:

VNG — 02) — (0, Ea(k)*Var(e (k)?) /(Ea(k)?)?).

It follows from the proof of Lemma 2 given in Appendix that all
of the roots of n(Ay) = 0 are greater than or equal to zero and
the estimate (23) for the noise variance o is the smallest positive
root of n(Ay) = 0. Thus, the solution to (23) can be conveniently
obtained by a root-seeking algorithm, for example, the function
fzero in Matlab.

4.3. Corrected least squares estimator and asymptotical normality

Based on the explanation and analysis in Section 4.1, a
consistent estimate for the unknown parameter vector 6* can be
obtained if a consistent estimate AN for the noise variance o2 is
provided. Thus, after deriving the consistent estimate (23) for the
variance o2, the corrected least squares (CLS) estimator for 6* can
be defined by

1 ~ /1 -1
e
o5 = (Nlpng - AN(NM,EMN))

x (;w Zy — AN(NMTGN)> (25)

where ')?N is given in (23). The CLS estimator defined by (25) has
the following convergence and asymptotic normality.

Theorem 3. Under Assumptions 1, 2 and 4, the CLS estimate
O5S given in (25) converges to 6* with probability one and is
asymptotically normal:

\/N(al\(;LS _
where T 2 E¢ (k)¢ (k)T and W 2 Ew(k)w (k)T with
w(k) £ ¢p(k)a(k)e(k)

+ (m(k)a(k) —a(k)?

0%) == A0, T'WTrTh),
o0

Em(k)a(k)
Ea(k)>

) (ek? = o2).

Theorem 3 indicates that the CLS estimate 5“'5 given in (25)

is a +/N-consistent estimator of 6. So, according to the two-step
estimator introduced in Section 3, the NLS estimator 6y BN of the
objective function (4) is obtained.

4.4. Recursive implementation of CLS

In this subsection, we present two recursive forms related to
the CLS estimator defined in (25), which are useful for practical
applications.

The First Form: Clearly, the CLS estimator can be rewritten as

O = (Wl wy — AwMEMy) (¥ Zw — *nMEGy).
For notational simplicity, define
Ry 2 (W1 oy — awMiMy) ™
N2 Y)Y (N + dn—1My_ My
Vy 2 Wl Zy — AvMIGy
Wy £ ¥ (N)go(N)Y(N) + Jn—1My_1Gn—1 — ANMGy.
Then we have

Ryy1 = (‘1’,3‘1’1\1

— AnMIMy

— MMy + ¢ (N + Dy (N + 1T
_’):N+1M[1+1MN+1)_1

= (Ry' +Sn41) "

=Ry — RN(I + SN+1RN)715N+1RN7

where the inverse of a sum of matrices (Henderson & Searle, 1981)
is used. Similarly, one derives

+ AvMIMy

Vet = Wy 1 Zn1 — ’):N+1M1(1+1GN+1
=Wl Zy — AWMIGy + ¥ (N + 1)go(N + 1)y(N + 1)

+ ANMYGy — Ans1My 4 Grt1

= Vy + Wy41.
It follows that
§CNL+SI = Rn+1Vn+1 = Ry (VN + WN+1)
= Ry (Rﬁlé\CNLS + WN+1)
= Ruer (Ryy = Sne) 5 + W)

gas + Ryt (W1 — 5N+19 )

Thus, we obtain the following recursive algorithm for the CLS
estimator:

@ﬁ‘fl —/Q\CLS + RN+1(WN+1 - SN+10 ) (26a)
Rnt1 =Ry — Ry(I + Sn+1Rn) " 'Sn41Ry (26b)
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Snpr =Y (N+ DY N+ 17 — (XN+1 —XN)///N

— Ivpm(N 4 m(N + 1) (26¢)

My = My—1 +mN)m(N)T (26d)
Wy = ¢ (N + Dgo(N + Dy(N + 1)

— (Ane1 = 2w — Anem(N + Dgo(N+ 1) (26e)

Iy = 9—1 +m(N)go(N), (26f)

where the initial values are gg = 0,Rp =yl > 0, .4y, = 0,and
% = 0. This algorithm is an exactly recursive implementation of
the CLS estimator defined in (25).

The Second Form: To obtain another recursive form of the CLS,
let us start with the following estimator:

Oy = (W4 — oMEMy) ™ (¥ 2y — > M Gy),

where the noise variance estimate in (25) is replaced by its true
value. To allow an abuse of notation, define

Ry 2 (¥ — o?MIMy) ™,
Sv 2Ry, + v (NP (N)T,
Vy 2 Wy Zy — 0*MiGy.
Thus, we have
Ryp1 = (W ¥y — 0*MyMy + ¢ (N + Dy (N + 1)"
— o’m(N + l)m(TN+l))_]

=Ry + YN+ DYN+ D7

— o’ m(N+ m(N + 1))~
= (Sw41 — o?m(N + Hm(N + 1)7) ™
oSy 1ym(N + Dm(N + DTSy},

=s7l —
1—o?m(N + DTSy, ;m(N + 1)

N+1

and
_ Ry (N+ DY (N + DRy
1+ %N+ DRy (N+ 1)’

where the inverse of a sum of matrices (Henderson & Searle, 1981)
is used. In a similar way, we obtain

-1 _
SN+1_ N

Vi1 = Wy 1 Znsr — 02 My, Gyt
=Wl Zy — >M{Gy + (N + Dgo(N + Dy(N + 1)
— o’m(N + 1)go(N + 1)
=V + %N+ 1Dgo(N + Dy(N + 1)
— o2m(N 4+ 1)go(N + 1).
It follows that
§N+l = Rn+1Vn+1
= Ry41(Ww + ¥ (N + Dgo(N + Dy(N + 1)
— o’m(N + 1D)g(N + 1))
= Ry+1(Ry Oy + ¥ (N + Dgo(N + Dy(N + 1)
— o’m(N + Dgo(N + 1))
=Ry [(Ryly — (N + Dy (N+ 1)
+ o?m(N + DHm(N + 1)")dy
+ Y (N + 1)go(N + Dy(N + 1)
— o’m(N + 1)go(N + 1)]
= Oy + Ryt [W (N + D) (g8o(N + Dy(N + 1)

y(k)

— (N4 1)78y) — a>m(N + 1)(go(N + 1)
— m(N + 1)7oy)].
Thus, we get another recursive algorithm:
5N+1 = + Rn+1 [W(N +1
x (go(N 4+ Dy(N + 1) — ¢(N + 1)76y)

— Jnem(N 4+ D(go(N + 1) —m(N+D7oy)],  (27a)
AneaSclm(N + DHm(N + 1)7s3!
Rusr = Syl + e MO DO D Sy (27D)
1= Avpm(N + DTSy m(N + 1)
R N+ 1 N+ 1)TR
51 = Ry V(N + DY (N + 1)TRy (270

14+ YN+ DTRyY(N+ 1)

where the initial values are 50 = 0and Ry = yI > 0.In
addition to online updating the estimate at current time based on
its immediate past estimate and the currently received data, an
attractive merit of the recursive algorithm (27a) is that it avoids
the explicit matrix inverse calculation in (26a), even though it is
not an exactly recursive implementation of the CLS (25).

Since it is difficult to derive a recursive scheme for the noise
variance estimate Ay in (23), the needed value Ay in (26a)and (27a)
is directly calculated by (23). Actually, this will not greatly increase
the computational complexity since the noise variance estimation
(23)is achieved by a root-seeking algorithm for a one-dimensional
polynomial of power p + 1.

5. Numerical examples

Example 1. This example is used to illustrate that the objective
function (4) has many local minima. Thus, the Newton-based
optimization algorithms may converge to a local minimum if the
initial value is outside the attraction region of the true value.
Consider a nonlinear rational system

_ Butk—Dy(k—1)
T 1-08ykk—1)

where u(k), y(k) are the input and output, respectively, go(k) =
1,g1(k) = yk — 1),fi(k) = u(k — 1)y(k — 1), and the true
parameter vector is 6* = [—0.8, 3]7. The input {u;} is a sequence
of i.i.d. random variables uniformly generated from the interval
[0, 0.6]. The noise {e} is a sequence of i.i.d. uniform random
variables in the interval [—1, 1]. The sample size is N = 1000.
For ease of presentation, the opposite —Qy(6) of the objective
function (4) is plotted on its two parameters in a large region
{(a, B) € [-5,5] x [-5,5]}. Fig. 1 shows that the objective
function corresponding to the system (28) has many local minima.
This phenomenon still exists even if the region of the parameters is
narrowed down to {(«, 8) € [—0.9, —0.7] x [2.9, 3.1]} including
the true value (—0.8, 3) (see Fig. 2). This means that the gradient-
based optimization algorithms for solving (4) may not work well.

+e(k), (28)

To compare the performance of the two-step estimator
proposed in the paper with other estimators for identifying the
unknown parameters in (28), we first introduce all the estimators
involved here. They are the corrected least squares estimator (CLS)
defined by (25) in Section 4, the two-step estimator proposed in
Section 3, i.e., the Gauss—-Newton algorithm with the CLS estimator
serving as its initial value (CLS+GN) defined by (6), the ordinary
least squares (OLS) estimator defined by (9), the Gauss-Newton
algorithm with the OLS estimator serving as its initial value
(OLS+GN) defined by (6), the simulated annealing algorithm (SA)
for minimizing the objective function (4) which is implemented
by the function simulannealbnd in Matlab and the initial value
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Fig. 2. The three-dimensional plot of —Qy(«, 8) in a narrower region.

is set as the OLS estimator, and the genetic algorithm (GA) for
minimizing the objective function (4) which is implemented by
the function ga in Matlab and does not require to provide an
initial value, respectively. To evaluate the performance of all the
estimators given above, the fitness measure (FM) (Ljung, 2012)

1o —e*nz)

FM = 100(1 -
6% — 6l

is used, where ?N represents the resulting estimate for 6* and
0* is the arithmetic average of the elements of 6*. The following
results are based on 100 Monte-Carlo simulations, where the mean
and the standard deviation of the signal-to-noises ratios (SNRs)
calculated by the 100 runs are 14.17 dB and 0.74 dB.

To investigate the performance of all the estimators introduced
above for this example, the distribution of the FM for these
estimators is listed, where Table 1 gives the resulting quantiles
at 10%, 25%, 50%, 75%, and 90%, respectively, and Fig. 3 shows
the box plot. One can first conclude from these distributions
that the commonly used global optimization algorithms including
the SA and GA estimators do not perform well since the true
value can hardly be found by them. On the other hand, the
consistent CLS estimator is superior to the biased OLS estimator.
More importantly, the CLS estimator is significantly improved
by the Gauss-Newton algorithm, while the OLS estimator is
greatly deteriorated by the Gauss-Newton algorithm since the
10% quantile of the FM for the CLS4GN estimator is 98.10
but the 90% quantile of the FM for the OLS+GN estimator is
—0.53. This also shows that the CLS estimator almost lies in the
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Fig. 3. The box plot of the FM for the CLS, CLS+GN, OLS, OLS+GN, SA, and GA
estimators. In order to show the complete distributions of these estimators, they
are displayed by some proper but different scales, respectively.

Table 1

The quantiles of all the estimators.
Methods 10% 25% 50% 75% 90%
CLS 79.05 85.19 89.46 94.74 97.51
CLS+GN 98.10 98.94 99.41 99.68 99.83
OLS 68.19 72.77 81.69 89.90 93.46
OLS+GN —15.89 —12.63 —10.89 —5.51 —0.53
SA —62102 —36899 —18534 —7647 —3741
GA —3899 —3097 —1799 —613.95 —13.86

attraction neighborhood of the Gauss-Newton algorithm, but the
OLS estimator does not enjoy this advantage.

Finally, a comparison of the computational complexity between
the CLS estimator and the resulting two kinds of recursive CLS
estimators given in Section 4.4 is also provided by considering the
time spent by these estimators. For convenience, let us denote
the exact recursive implementation of the CLS estimator (the
first form) by RCLS and the modified recursive implementation
of the CLS estimator (the second form) by MRCLS, respectively.
The hardware used for this comparison includes a 3.5 GHz Intel
Core i5 CPU and an 8 GB RAM while the software platform is
Matlab 2014b running under OS X 10.10 operation system. Note
that both the RCLS, MRCLS, and CLS estimators involve the same
root-seeking step (23). Thus, it is fair to exclude the time spent
by the root-seeking process for comparing the computational
complexity of the CLS estimator and its recursive forms. Fig. 4 plots
the distributions of the three kinds of estimators. It is observed
that the RCLS and MRCLS estimators can save about 37% and
45% computational time, respectively, in comparison with the CLS
estimator based on their medians. Also, the standard deviation of
the spent time of the MRCLS is smaller than that of the RCLS and
CLS estimators.

Example 2. Consider a nonlinear rational system

2y(k — Vy(k — 2) + 3u(k — 1)
1+ 0.5y(k — 1)2 + u(k — 1)?

where u(k), y(k) are the input and output, respectively, go(k) =
1,g1(k) = y(k — 1), ga(k) = utk — 1), fi(k) = y(k — Dy(k —
2),fo(k) = u(k — 1), and the true parameter vector is 6* =
[0.5, 1, 2, 3]". The input {uy} is a sequence of i.i.d. random variables
uniformly generated from the interval [—1, 1]. The noise {g} is a
sequence of i.i.d. Gaussian random variables: .4 (0, o).

In order to reflect the impact of the noise intensity to the
estimation accuracy of 8*, we conduct estimation under different

y(k) = e(k), (29)
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noise levels, where the variance o2 of the noise is selected
as 0.4% and 0.82, respectively, and the corresponding SNRs are
16.28 dB and 11.85 dB, respectively. Tables 2- 3 list the estimate
of the CLS and CLS+GN estimators for the sample sizes N =
500, 2000, 5000, 10000 under the SNRs introduced above and
averaging over 100 random runs. The values in the parentheses are
the resulting standard deviations. Figs. 5-6 plot the distribution of
the resulting fitness measures of the parameter estimation shown
by box plots for the different cases described above. It is seen from
these figures that the Gauss-Newton algorithm greatly improves
the estimation accuracy if it starts with an estimate given by the
CLS estimator.

Example 3 (A Practical Example). The book by Bates and Watts
(2007) contains quite a few real-world rational system examples.
We consider the Michaelis-Menten model because of published
experimental data. The model is for enzyme kinetics that relate
the initial “velocity” y of an enzymatic reaction to the substrate
concentration u through the equation

B

yk) =fk, u,0) = m,

Table 2
Parameter estimation at SNR = 16.28.
True values 500 2000 5000 10000
CLS
0.5000 0.5137 0.5021 0.5007 0.4975
(0.0736) (0.0414) (0.0264) (0.0189)
1.0000 1.0153 1.0071 1.0072 0.9977
(0.1745) (0.0802) (0.0494) (0.0348)
2.0000 2.0320 2.0081 2.0043 1.9948
(0.1692) (0.0946) (0.0615) (0.0441)
3.0000 3.0363 3.0147 3.0136 2.9948
(0.3757) (0.2088) (0.1153) (0.0766)
M 79.6555 89.1149 93.5884 95.6284
(12.1309) (6.7713) (3.7371) (2.5173)
CLS+GN
0.5000 0.5001 0.5005 0.4998 0.4994
(0.0178) (0.0077) (0.0050) (0.0038)
1.0000 0.9990 1.0041 1.0014 0.9998
(0.0814) (0.0321) (0.0218) (0.0150)
2.0000 1.9977 2.0023 2.0004 1.9991
(0.0440) (0.0170) (0.0108) (0.0085)
3.0000 2.9969 3.0024 3.0005 2.9993
(0.1021) (0.0474) (0.0302) (0.0211)
FM 93.9975 97.3350 98.2250 98.7448
(3.9983) (1.6554) (0.9830) (0.6804)
Table 3
Parameter estimation at SNR = 11.85.
True values 500 2000 5000 10000
CLS
0.5000 0.6365 0.5770 0.5339 0.5278
(0.2431) (0.1719) (0.1271) (0.0892)
1.0000 1.0837 1.0392 1.0115 1.0102
(0.4363) (0.2570) (0.1605) (0.1097)
2.0000 2.3607 2.2059 2.0977 2.0832
(0.5882) (0.4064) (0.2925) (0.2102)
3.0000 3.2944 3.1321 3.0925 3.0458
(1.0744) (0.6637) (0.4861) (0.3138)
FM 37.6706 62.0914 74.8470 81.6704
(38.5321) (25.1922) (20.0134) (11.3487)
CLS+GN
0.5000 0.5052 0.5007 0.5008 0.5001
(0.0283) (0.0145) (0.0091) (0.0063)
1.0000 1.0003 0.9989 1.0016 1.0022
(0.1243) (0.0626) (0.0416) (0.0274)
2.0000 2.0072 2.0004 2.0022 2.0004
(0.0706) (0.0335) (0.0218) (0.0150)
3.0000 2.9728 2.9780 2.9939 2.9945
(0.2001) (0.0895) (0.0578) (0.0429)
M 89.0443 94.6207 96.5450 97.5779
(6.8676) (2.8375) (1.8260) (1.3805)

where B is the ultimate velocity parameter and « is the half-
velocity parameter (Bates & Watts, 2007, page 33), go(k) =
1, g1(k) = 1/u(k), and f;(k) = 1. The experiment was conducted
once with enzyme treated with Puromycin and the number of the
observations was 12, {y(k), u(k)}%z. The experimental data were
obtained by Treloar (1974) and were reprinted on the page 269
of Bates and Watts (2007). It is important to note that because it
is a real-world model, there is no “true value” or nobody knows
the “true value” of («, B). Let (&, B) be an estimate of the “true

value” («, B) and y(k) = H%;u(k) be the predicted output based
on the estimates. The quality of estimates can be measured by the

averaged output errors \/ 11—2 2,12:1 (y(k) — y(k))2.The estimates for

the unknown parameters (o, §) by the OLS, CLS, and CLS+4-GN
estimators as well as the corresponding average output errors are
calculated for this example, as illustrated in Table 4 and Fig. 7. It
is easily seen that the CLS estimator performs better than the OLS
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Fig. 7. Actual output (solid) y(k) and the predicted outputs y(k)’s by OLS (dashed),
CLS (dash-dotted) and CLS+GN (dotted) estimators.

Table 4
Parameter estimation and prediction error of the relevant estimators for the
practical example.

Methods (@, B) Ave. prediction error
OLS (0.0435,193.8677) 13.59

CLS (0.0498,201.4230) 11.56

CLS+GN (0.0641,212.6837) 9.98

estimator and moreover the CLS+GN estimator further improves
the CLS. Note there are only 12 observations.

6. Conclusion

The nonlinear least squares estimator for the unknown
parameters of nonlinear rational systems has been developed via
a standard two-step estimator in the paper. The developed NLS
estimator consists of two successive steps: (1) one provides a
good initial estimator for the unknown parameter; (2) one obtains
the NLS estimator for the unknown parameters by using the
Gauss-Newton algorithm with the estimate obtained in Step 1
serving as the initial value. In Step 1, the CLS estimator has been

proposed by model transformation, bias analysis, noise variance
estimation, and bias compensation and has been proved to be
a +/N-consistent estimator of the unknown parameters in the
global sense under some conditions. To the best of our knowledge,
this is the first time that a globally consistent estimate has been
provided for nonlinear rational systems. Therefore, in theory it can
be guaranteed that the NLS estimator can be obtained by one-
step Gauss-Newton iteration with the +/N-consistent CLS estimate
serving as the initial value. There exist several directions that need
to be explored for future research, for example, colored noises,
multi-input multi-output systems and so on.
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Appendix

A.1. Auxiliary results on random sequences

For the process {Xi,k = 1,2,...}, denote the o-algebra
generated by {X;, 1 <i <s <j}by &?f Define

a(k) = sup |P(A)P(B) — P(AB)|.

nAcF} Be T,
The process {Xy} is called o-mixing if o« (k) k—> 0, and the
— 00

numbers « (k) are called the mixing coefficients of the random
process {Xi}. For analyzing the convergence of the CLS estimator
proposed in the paper, we need the results on the central limit
theorem of @-mixing process.

Theorem A.1 (Davidson, 1994). Let {X,} be a stationary sequence
with EX, = 0 and E|X¢|® < oo for some 8§ > 2. Suppose {Xy} is an
«-mixing with exponentially decaying mixing coefficients « (k). Then

N 2
E(Y Xk) o
k=1 — EX}+2) EXXe) £ x%
k=2

Further, if x> > 0, then ﬁ v Xk = (0, x?). Also, there holds
Yok X/ VN = 0,(1).

The following result is also useful for proving the asymptotic
normality of the CLS estimator.

Theorem A.2 (Siderstrom & Stoica, 1989, Lemma B.4). Let {xy} be
a sequence of random vectors that converges in distribution to a
Gaussian vector .+ (0, P). Let {Ay} be a sequence of random square
matrices that converges in probability to nonsingular matrix A. Define
zx = AXk. Then z;, converges in distribution to .+ (0, APAT).

A.2. Main proofs

Proof of Theorem 2. Since
a stationary point of (4) under Assumption 3,

is the minimum of (4) and is also

PNLS
N
ON'S satisfies the first
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order condition

1

EC G Ctd)
1 L vk, ONS)

:NZ 36

k=1

(k) — vk, ) = 0.

Applying the Taylor expansion around 51\, derives
1 7~ ~
— =] O —v(n)
N
= —B(ON" — Oy) + 0,(1/v/N) = 0,(1/V/N), (30)

where the assertion B> — By = 0,(1/+/N) is used since both O\
and Oy are +/N-consistent estimators and

1.~ ~ 1 8%k, 6y ~
B= T @I — > — oo k) — vk, 6.

k=1

Since (k) is uncorrelated with v(k, 6*) and @N is »/N-consistent, B
can be simplified as B = %]T(QN)j(QN) +0p(1). It follows from (30)
that

~ TR L IS 0
B =By = (T @) (TG0 —v@)
1 ~ —~ —1
+ (3 @I @) 01/ V).

This means that O\ — 6SN = 0,(1/+/N). ®

Proof of Lemma 1. Suppose that Assumption 3(i) does not hold.
Then there exists another parameter § # 6* and 6 € © such that
Q(0) arrives at its minimum at & = 6. Obviously, the minimum

of Q(0) is zero. This means that E(v(k, 9) — vik, 0*))2 =0
and further we have v(k,8) = v(k, 6*) almost surely (a.s.). For

simplicity of derivation, one assume that go (k) = 1. It follows from
(12) that

y(k) = ¢k, 070" + e(k),

which is a pseudo-linear regression type of (2). This implies that
ok, 6")T0* = ¢(k, 0)T0 as. based on the fact v(k, 6) = v(k, 6%).
On the other hand, the expression of ¢(k, 6) defined in (13)
shows that ¢(k, #) depends on the parameter 6 by the way of
v(k, 6), so we also have ¢(k, %) = ¢(k, 6) a.s. This derives that
ok, 09)T0* = ¢(k, *)T0 a.s. Multiplying ¢ (k, 6*) on both sides
from left and taking expectation give

E(¢ (k. 6%)p(k, 6%)7)0* = E(p(k, 6*)p(k, 6")7)F.
This yields that E(¢ (k, 6*)¢(k, 6*)") is singular since 6 # 6* and
hence Assumption 4 is violated since we have

1
Ncp[,qu — E(¢p(k, 0")p(k, 0%)") asN — oo

by applying the stationarity of ¢(k, 6*). This completes the

proof. H

Proof of Lemma 2. Now, one plans to prove (24) by two steps.
Step 1: To show that sy 2 Zle a(k)?e(k)? ijzl a(k)? is a

root of the polynomial n(Ay) = 0. Applying the identities Cy =

Zn — Yn0* and Ay = Gy — My6™ leads to

LOw) = [0°7 = 1]y ) [fl]

:l[g*T_q Uy WZy | [ 6
N wWZh  Zyzy || 1

1 MiMy  MiGy][6*
AN — *T -1 NIVIN NYN
”N[Q ] [GLMN GGy | |1
_ l[eﬂ 1] W UNO* — W Zy
N UNZNO* — ZnZn
10 0 M} My6* — MGy
—hlo 1] [GLMNe* —GlGy

1 —ylc 1 M!A
st A e 0[]

1 1
= _N(e*wg —ZY)Cn + ANN(G*TM,(, — Gy)An
= lCTCN — AN lATAN.

N NN

Clearly, L(sy) = 0 and L(Ay) > 0if Ay < sy. Since [0*T — 1]7 is
nonzero, we must have det(By(Ay)) = 0. This implies that sy is a
root of n(Ay) = 0.

Step 2: To show that sy is the smallest root of n(Ay) = 0.To this
end, note that By (Ay) is symmetric and Jy is semi-positive definite.
Let w = [w], wp]" with w; € RP™ and w, € R be any nonzero
column vector linearly independent of [9*T — 1]7. In order to reach
the desired conclusion, it remains to show that w"By(Ay)w > 0
for Ay < sy since we have shown that L(Ay) > 0if Ay < sy in Step

1. Note that
1[ ofoy olono* [ 6* —0
N [0 oloy 0Tolone* || -1

and Assumption 4, then we obtain
1[ ol & dyo*
ki— NZN NTN = .
ran({N [0”@{,% 0T d! oyo* p+a
This means that
r1[ oloy

YN [9*T¢,§¢N

Oy dyO*
67T pyor |V 7O

since w is linearly independent of [#*T — 1]7. Note that

1[ ooy Dy dNO*
=5 0Tolaoy 070! dyo*
N*¥N N*¥N
N 1 [H,;HN HT,SDN]
N |DyHy DDy
1[ oiHy +Hyon &)\ Dy + Hl dy6*
N |Dy®n + 0@ Hy 0T ®Dy + Dy dNO* |
Clearly, we have
1[ oo oI dyo*
ByOw) = — | jur Ty NN
N( N) N |:9*T¢17\;¢N Q*T@E@NQ*
4 L ([HxHn HyDN] _ 2 [MyMy  MyGy
N \|DyHy DfDy GyMy  GyGy
1 MMy MG
2 N N
o —s SN —AN))—= | F N
+ (( N) + (Sn N))N[GLMN GLGN

N

In view of Theorem A.1, we arrive at

1 [ & Hy + H &y

(DNDN —|—HN‘DN9*
+ J— "
EN d N 6 d N“N

0*" @)Dy + D}, ®nO*

1([H{,HN H,CDN]_U2 [M,CMN M,CGND _ <i)
N \|DyHy DyDy GyMy  GLGy PNUN/
1[ oiHy +Hyon oDy +Hyend* | _ (i)
N |Dy@n +0*T@fHy 6% @ Dy +Di@no* |~ P\ N/
1 [MIMy  MlGy

N[GLMN GnG = Op(D),
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sy — 0% = Op(ﬁ).

It follows that
By (i) — 1[ oyoy RN
NINT N 0Toloy 60T ol dyo*
1 [MIMy MIGy 1
+ v =A< | A Fh+o (—)
(sn N)N [GLMN Gl Gy "\ UN
and hence

‘1 T *
w' By w > w' |: Oy Dy Oy PnO :|

e*TqD oy 0T o) oy
1

+ op(\—FN) >0

if }"N < SN.
Up to now, we have proved that sy is the smallest root of
n(An) = 0.So, according to the definition of (23), we have Ay = sy,

ie, Ay = S a(k)zs(k)z/Z'kV:1 a(k)?. This means

)\.N—O’ZZ

N
¥ > ak)?(e(k)? —o?)
k=1
o .
5 > a(k)?
k=1
Define the o-algebra .%, 2 o{e,1 < i < k}. Thus, the

denominator a(k) is measurable with respect to .#,_; and then we
have

E(at0?(200? = 0) | 1) = atkPE(e (k) = 0% 5 1) =0,

This means that {a(k)?(e(k)*> — 0%), #} is a martingale difference
sequence and hence is an «-mixing with mixing coefficients
exponentially decaying to zero and

Ea()*(e(1)? — 0?)* +2 ) Ea(1)*((1)? — 0?)

k=2
x a(k)(e(k)? — o) = Ea(1)*(e(1)? — 0?)".
Under Assumption 2, {a(k)?} is an «-mixing with mixing

coefficients exponentially decaying to zero. By Theorem A.1, we
have

N
% > a?(e(k)? — 0%) — (0, Ea(k)*Var(z(k)?)),
k=1

N

% Y atky? = Ea(k)® + op(%).
k=1

Finally, applying Theorem A.2 yields
VNG — 0?) —— /. Ea(k)*Var(e(k)®)/(Ea(k)*)?),
o0

thereby completing the proof. ®
Proof of Theorem 3. Note that Zy = Wn0* + Cy. Thus, we have

1 . o~ 1,
Sy —;\N(NMNGN)
1 T * 1 T - 1 T
= SUTO" + Oy AN(NMNGN>
(1q/l1/ A( 1\/11\/1))9*+1ch
N N vy N N N

~ (17 o (1T
+ )W(NMNMN)G - AN(NMNGN).

333

Further, using the identities ¥y = &y + Hy and Ay = Gy — My6*

derives

1
VN@y - 6* )_< w, wN—xN<NM§MN)>

1 . o~
lI/NCN+AN(

(5

W

—XN<\1WM§AN)> .

Clearly, we have

1

1
N
1
N
+

—wlyy — 2,
N N *N N

(min)
N NN

1
—oldy + —(H{,HN — 02M§MN)

From Theorem A.1 it follows that

1
—(H,QHN — o?MiMy ) = 0

1
)

(0 —AN)< M MN> =op(i),

VN
1 1 1 1
—@THy = 0,( — ), —Hloy =0, —
N N N p(\/ﬁ) NN N p(m
~ohoy = Epp()" +0,( )
N N p \/N .
This implies that
1 T ~ (1 T T 1
Sy AN(NMNMN) — Ep()p(k)T + o,,<—

M,CMN)Q* -

By a straightforward calculation, we have

1 1
ooy + HTC A(—MTA>
\/ﬁ N \/N N — AN N NAN

1
fq>NCN + f(HNCN zM,CAN)
(0% =) —— i (MTAN EM,EAN)
+ (02 _’}\.\N)WEM;\}AN
Theorem A.1 derives
iy a?=0 ( ! )
N D \/N )
1 T T
ﬁ(MNAN - EMNAN) =0,(1).
This means that
(62 —XN)L(MTAN - EMTAN) -0 (i
\/N N N p \/N

).

-1

XN(jNMEGN)>

1 171
ww-x(zvﬂm)) ( ®TCy + HTC
(N N N N \/N N JN N

(2 —AN)( MNMN>+ ~olHy + HNcpN

)

)

T 1 T 1 T 1 T ~ (1 T
SOy + S HYHy + - O Hy + S H Oy - AN<NMNMN)

(31)
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It follows that

1 ~ 1
®TCy + ——HICy — M,EAN)

1
1 1 P
N VN "NUN
1
- T@,SCN + — (HiCy — o*MiAy )

+ (0% =) —

1
TN

EMTAN+0( ! )
VN ~N

dyCy + (HyCy — 0°MyAy)

1
= 7l
1
+ (EMTAy) (o2AL Ay — CTCy) /AT A )+o (—)
(EMyAN) (0°ARAy — CyCn) /ANAN /N

Note that

1 EMTA EMTA

_ ( TNN_ ;VN)(UZALAN—CI\TICN)

VN \\ AlAy EAlAn

EMTA EMTA 1
= (St = ) (— (o%ANAY — CYCy)
Al Ay EATAN 7 \ VN

L(EAT Ay — AT AN))EMTA
- <(~( A = Ayh)) EMY N) (L(GZALAN_CM)).

(wARAN)EALAN

VN

By Theorem A.1, we get
1 1

= (EARAY — ALAy) = op(ﬁ),
1, . 1
ARy = Ea(oad)” + oI,(—

W)

= 0p(1),

EMyAy TEMyA
EATAy lEALAN -

1

W(UZALAN — CyCn) = 0p(1).

This entails that

1 (EMyAy
Al Ay

VN

1 (EM}AN, 5 ¢ r 1
- AlAy — CIC +o(—).
W(EALAN(U nn = ) ) + 0

Thus, we have

L plcy + ——HIC X(1MTA)
y— N y— N — AN\ — — N
N NI N
1
- —((D{,CN + (HiCy — o”MAY)

N

EMTAN 1
+ (c2AT Ay — CTCy L) 40 (—)
(7" " )EALAN PAUN

1 N N
=— dkal)e® + Y mkak)(e(k)? — o
vﬁ(2_) Z; ( )

Em(k)a(k) 1
TEa(k)? Z (o ( 8(")2)) +O"(ﬁ)

(o> ANAN — C,ﬁcN)>

Em(k)a(k) )

<Z p(kyak)e (k) + (m(k)a(k) — a(ky? Ea(k)?

1
B ﬁ k=1
x (007 = 0?)) + op(ﬁ).

Define the random vector
w(k) £ p(kya(k)e (k)
L Em(k)a(k) 5 2
+ (matk) - ato) W) (e(k)? — o2)

r—g1(k)v(k, 0*)a(k)e (k)T
| —g vk, 6M)ate (k)
= T hmwakew | TT®
f0ale®)
=81 (k)b(k)e (k)T
— g, ()b(k)e (k)
= | fiatet | T7®
| f(0aked |
where
r Egq(k)a(k) 7
(a(k)zw -& (k)a(k)) (e —0?)
Eg,(ak)
w (k) = <a(k)2£a(7k)2 - g,,(k)a(k)) (e)* =) |
0
i 0 i

and the o-algebra .#; £ o{s;,1 < i < k}. Thus, the functions
gi(k), fi(k),0 < i < p,1 < j < qare measurable with respect to
Zr—1 and then we have

Ew(®)17i-1) = E(¢(0at0e (0
, Em(k)a(k) 2 3
+ (matk) - ato W)(s(k) —o?)|#i1)
= ¢(ka(k)E (e (k)|-Fi-1)
Em(k)a(k)
+ (a9 — ato? =2 S NE(e? — 02| 7ic)
=0.

This means that {w(k), %} is a martingale difference sequence.
Definitely, {w(k), %} is also an e-mixing with mixing coefficients
exponentially decaying to zero and

Ew(Dw(DT +2 ZEw(l)w(k)T =Ew(D)w(1)'.

k=2
Applying Theorem A.1 gives rise to
1 ~ /1
—olcy + Py (—MTA )—> (0, W).
N f AW R
Combining it with (31) and applying Theorem A.2 complete the
proof. W

—HlCy —

References

Bartosiewicz, Z. (1987). Rational systems and observation fields. Systems & Control
Letters, 9, 379-386.

Bates, D. M., & Watts, D. G. (2007). Nonlinear regression analysis and its applications.
Hoboken, NJ: John Wiley & Sons, Inc..


http://refhub.elsevier.com/S0005-1098(16)30443-5/sbref1
http://refhub.elsevier.com/S0005-1098(16)30443-5/sbref2

B. Mu et al. / Automatica 77 (2017) 322-335 335

Billings, S. A., & Chen, S. (1989). Identification of non-linear rational systems using a
prediction-error estimation algorithm. International Journal of Systems Science,
20, 467-494.

Billings, S. A., & Zhu, Q. M. (1991). Rational model identification using an extended
least-squares algorithm. International Journal of Control, 54, 529-546.

Box, G. E. P, & Hunter, W. G. (1965). The experimental study of physical
mechanisms. Technometrics, 7, 23-42.

Chen, S., & Billings, S. A. (1989). Representation of nonlinear systems: The NARMAX
model. International Journal of Control, 49, 1013-1032.

Davidson, J. (1994). Stochastic limit theory: an introduction for econometricians. New
York: Oxford University Press.

Dimitrov, S. D., & Kamenski, D.1.(1991). A parameter estimation method for rational
functions. Computers & Chemical Engineering, 15, 657-662.

Gourieroux, C., & Monfort, A. (1995). Statistics and econometric models, Vol. 1.
Cambridge, UK: Cambridge University Press.

Haber, R., & Unbehauen, H. (1990). Structure identification of nonlinear dynamic
systems-a survey on input/output approaches. Automatica, 26, 651-677.

Heiser, R. F., & Parrish, W. R. (1989). Representing physical data with rational
functions. Industrial and Engineering Chemistry Research, 28, 484-489.

Henderson, H. V., & Searle, S. R. (1981). On deriving the inverse of a sum of matrices.
SIAM Review, 23, 53-60.

Jennrich, R. I. (1969). Asymptotic properties of non-linear least squares estimators.
The Annals of Mathematical Statistics, 40, 633-643.

Jia, L], Tao, R, Kanae, S., Yang, Z.-]., & Wada, K. (2011). A unified framework for
bias compensation based methods in correlated noise case. IEEE Transactions
on Automatic Control, 56, 625-629.

Kamenski, D. I., & Dimitrov, S. D. (1993). Parameter estimation in differential equa-
tions by application of rational functions. Computers & Chemical Engineering, 17,
643-651.

Klipp, E., Herwig, R., Kowald, A., Wierling, C., & Lehrach, H. (2005). Systems biology in
practice: concepts, implementation and application. Weinheim, Germany: Wiley-

VCH.

Lehmann, E. L., & Casella, G. (1998). Theory of point estimation. New York: Springer-
Verlag.

Leontaritis, I. J., & Billings, S. A. (1985). Input-output parametric models for non-
linear systems part [: Deterministic non-linear systems. International Journal of
Control, 41, 303-328.

Ljung, L. (1999). System identification: theory for the user. Upper Saddle River, NJ:
Prentice-Hall.

Ljung, L. (2012). System identification toolbox for use with MATLAB (8th ed.). Natick,
MA: The MathWorks, Inc..

Némcova, J., & van Schuppen, J. H. (2009). Realization theory for rational systems:
The existence of rational realizations. SIAM Journal on Control and Optimization,
48, 2840-2856.

Némcova, J., & van Schuppen, J. H. (2010). Realization theory for rational systems:
Minimal rational realizations. Acta Applicandae Mathematicae, 110, 605-626.

Soéderstrom, T. (2007). Errors-in-variables methods in system identification.
Automatica, 43, 939-958.

Soderstrom, T., & Stoica, P. (1989). System identification. London: Prentice Hall
International.

Sontag, E. D. (1979). Polynomial response maps. Berlin: Springer-Verlag.

Stoica, P., & Soderstrom, T. (1982). Bias correction in least-squares identification.
International Journal of Control, 35, 449-457.

Treloar, M. A. (1974). Effects of puromycin on galactosyltransferase of golgi
membranes. (Master’s Thesis), University of Toronto.

Zhao, W., Zheng, W. X., & Bai, E.-W. (2013). A recursive local linear estimator
for identification of nonlinear ARX systems: Asymptotical convergence and
applications. IEEE Transactions on Automatic Control, 58, 3054-3069.

Zheng, W. X. (1998). On a least square based algorithm for identification of
stochastic linear systems. IEEE Transactions on Signal Processing, 46, 1631-1638.

Zheng, W. X. (2002). A bias correction method for identification of linear
dynamic errors-in-variables models. IEEE Transactions on Automatic Control, 47,
1142-1147.

Zheng, W. X, & Feng, C.-B. (1995). A bias-correction method for indirect
identification of closed-loop systems. Automatica, 31, 1019-1024.

Zhu, Q. M. (2003). A back propagation algorithm to estimate the parameters of non-
linear dynamic rational models. Applied Mathematical Modelling, 27, 169-187.

Zhu, Q. M. (2005). An implicit least squares algorithm for nonlinear rational model
parameter estimation. Applied Mathematical Modelling, 29, 673-689.

Zhu, Q., Wang, Y., Zhao, D., Li, S., & Billings, S. A. (2015). Review of rational (total)
nonlinear dynamic system modelling, identification, and control. International
Journal of Systems Science, 46, 2122-2133.

Bigiang Mu was born in Sichuan, China in 1986. He re-
ceived the Bachelor of Engineering degree in Material For-
mation and Control Engineering from the Sichuan Univer-
sity in 2008 and the Ph.D. degree in Operations Research
and Cybernetics from the Academy of Mathematics and
Systems Science, Chinese Academy of Sciences in 2013. He
was a postdoctoral fellow at the Wayne State University
from 2013 to 2014 and also at the Western Sydney Univer-
sity from 2015 to 2016. He is currently an assistant pro-
fessor at the Academy of Mathematics and Systems Sci-

: ence, Chinese Academy of Sciences. His research interests
include system identification and applications.

Er-Wei Bai was educated in Fudan University, Shanghai
Jiaotong University, both in Shanghai, China, and the
University of California at Berkeley. Dr. Bai is Professor
and Chair of Electrical and Computer Engineering, and
Professor of Radiology at the University of lowa where he
teaches and conducts research in identification, control,
signal processing and their applications in engineering and
~ life science. Dr. Bai held the position of World Leading
Research Professor in System Identification, Queen’s
University, Belfast, UK, 2012-2014. Dr. Bai is an IEEE
Fellow and a recipient of the President’s Award for
Teaching Excellence and the Board of Regents Award for Faculty Excellence.

Wei Xing Zheng received the B.Sc. degree in Applied
Mathematics in 1982, the M.Sc. degree in Electrical
Engineering in 1984, and the Ph.D. degree in Electrical
Engineering in 1989, all from Southeast University,
Nanjing, China. He is currently a Professor at Western
Sydney University, Australia. Over the years he has
also held various faculty/research/visiting positions at
Southeast University, China; Imperial College of Science,
Technology and Medicine, UK; University of Western
Australia; Curtin University of Technology, Australia;

: Munich University of Technology, Germany; University of
Virginia, USA; and University of California-Davis, USA. His research interests are in
the areas of systems and controls, signal processing, and communications.

Prof. Zheng is a Fellow of IEEE. Previously, he served as an Associate Editor for
IEEE Transactions on Circuits and Systems-I: Fundamental Theory and Applications,
IEEE Transactions on Automatic Control, IEEE Signal Processing Letters, IEEE
Transactions on Circuits and Systems-II: Express Briefs, and IEEE Transactions
on Fuzzy Systems, and as a Guest Editor for IEEE Transactions on Circuits and
Systems-I: Regular Papers. Currently, he is an Associate Editor for Automatica,
IEEE Transactions on Automatic Control (the second term), IEEE Transactions on
Cybernetics, IEEE Transactions on Neural Networks and Learning Systems, and other
scholarly journals. He is also an Associate Editor of IEEE Control Systems Society’s
Conference Editorial Board.

Quanmin Zhu is Professor in control systems at the De-
partment of Engineering Design and Mathematics, Uni-
versity of the West of England, Bristol, UK. He obtained
his M.Sc. in Harbin Institute of Technology, China in 1983
and Ph.D. in Faculty of Engineering, University of War-
wick, UK in 1989. His main research interest is in the
area of nonlinear system modelling, identification, and
control. Currently Professor Zhu is acting as Editor (and
Founder) of International Journal of Modelling, Identifi-
cation and Control (http://www.inderscience.com/ijmic),
Editor of International Journal of Computer Applications
in Technology (http://www.inderscience.com/ijcat), and president (and founder)
of series annual International Conference on Modelling, Identification and Control
(http://icmic.org.uk/).


http://refhub.elsevier.com/S0005-1098(16)30443-5/sbref3
http://refhub.elsevier.com/S0005-1098(16)30443-5/sbref4
http://refhub.elsevier.com/S0005-1098(16)30443-5/sbref5
http://refhub.elsevier.com/S0005-1098(16)30443-5/sbref6
http://refhub.elsevier.com/S0005-1098(16)30443-5/sbref7
http://refhub.elsevier.com/S0005-1098(16)30443-5/sbref8
http://refhub.elsevier.com/S0005-1098(16)30443-5/sbref9
http://refhub.elsevier.com/S0005-1098(16)30443-5/sbref10
http://refhub.elsevier.com/S0005-1098(16)30443-5/sbref11
http://refhub.elsevier.com/S0005-1098(16)30443-5/sbref12
http://refhub.elsevier.com/S0005-1098(16)30443-5/sbref13
http://refhub.elsevier.com/S0005-1098(16)30443-5/sbref14
http://refhub.elsevier.com/S0005-1098(16)30443-5/sbref15
http://refhub.elsevier.com/S0005-1098(16)30443-5/sbref16
http://refhub.elsevier.com/S0005-1098(16)30443-5/sbref17
http://refhub.elsevier.com/S0005-1098(16)30443-5/sbref18
http://refhub.elsevier.com/S0005-1098(16)30443-5/sbref19
http://refhub.elsevier.com/S0005-1098(16)30443-5/sbref20
http://refhub.elsevier.com/S0005-1098(16)30443-5/sbref21
http://refhub.elsevier.com/S0005-1098(16)30443-5/sbref22
http://refhub.elsevier.com/S0005-1098(16)30443-5/sbref23
http://refhub.elsevier.com/S0005-1098(16)30443-5/sbref24
http://refhub.elsevier.com/S0005-1098(16)30443-5/sbref25
http://refhub.elsevier.com/S0005-1098(16)30443-5/sbref26
http://refhub.elsevier.com/S0005-1098(16)30443-5/sbref27
http://refhub.elsevier.com/S0005-1098(16)30443-5/sbref28
http://refhub.elsevier.com/S0005-1098(16)30443-5/sbref29
http://refhub.elsevier.com/S0005-1098(16)30443-5/sbref30
http://refhub.elsevier.com/S0005-1098(16)30443-5/sbref31
http://refhub.elsevier.com/S0005-1098(16)30443-5/sbref32
http://refhub.elsevier.com/S0005-1098(16)30443-5/sbref33
http://refhub.elsevier.com/S0005-1098(16)30443-5/sbref34
http://www.inderscience.com/ijmic
http://www.inderscience.com/ijcat
http://icmic.org.uk/

	A globally consistent nonlinear least squares estimator for identification of nonlinear rational systems
	Introduction
	Problem formulation
	A standard two-step estimator
	A  N -consistent estimator: Corrected least squares
	Model transformation and bias analysis
	Noise variance estimation
	Corrected least squares estimator and asymptotical normality
	Recursive implementation of CLS

	Numerical examples
	Conclusion
	Acknowledgments
	Appendix
	Auxiliary results on random sequences
	Main proofs

	References


