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Abstract

This paper is concerned with the boundary stabilization and parameter estimation of an Euler–
Bernoulli beam equation with one end fixed, and control and uncertain amplitude of harmonic dis-
turbance at another end. A high-gain adaptive regulator is designed in terms of measured collocated
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time goes to infinity and meanwhile the estimated parameter converges to the unknown parameter.
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1. Introduction

The objective of the adaptive control for a class of plants with control inputu(t) and
measured outputy(t) is to synthesize a single control law of the form

u(t) = F(t, g(t), y(t)), ġ(t) = H(t, g(t), y(t)), g(0) ∈ R,

which guarantee the resulting closed-loop system with some uncertainty exhibiting some
prescribed dynamic behavior, for example, the stability. For finite dimensional systems, cer-
tainproblemsof this kindstarted from theworkof[13]. Forasurveyof thefinite-dimensional
theory, we refer to[5,14]. Some attempts that have beenmade to generalize traditional adap-
tive control algorithms to infinite-dimensional systems can be found in[11,15]. The first
results on high-gain adaptive stabilization of infinite-dimensional systems were obtained
by [3,6,11].A nice review on this aspect can be found in[10]. Some other attempts on high-
gain adaptive control can also be found in[7] where a non-identity-based adaptive control
is designed and the stabilization of a general collocated first-order system with unbounded
input and output is discussed.[4] gives an exponential stabilization of high-gain adaptive
direct strain feedback control for an Euler–Bernoulli beam. A Recently progress has been
made in[8] where a high-gain adaptive control and regulator are constructed to the stabi-
lization and parameter estimation of a general second order system with unbounded input
and output. Unfortunately, to our knowledge, the existence and uniqueness of the solution
of the closed-loop system are not available in literature and some of conditions are hard to
be verified.
In this paper, we consider an Euler–Bernoulli beam system in the case when one end

is fixed, and control and harmonic disturbance with uncertain amplitude are inputted at
another end



ytt (x, t) + yxxxx(x, t) = 0, x ∈ (0,1), t�0,

y(0, t) = yx(0, t) = yxx(1, t) = 0, t�0,

yxxx(1, t) = u(t) − �̃ sin t, t�0,

y(x,0) = y0(x), yt (x,0) = y1(x),

yout(t) = yt (1, t),

(1.1)

where and henceforthy′ or yx denote the derivative ofy with respect tox andẏ or yt the
derivative with respect tot. u(t) : R+ → R is the boundary control force applied at the free
end of the beam and̃� is the unknown amplitude of harmonic disturbance.yout(t) stands
for the measured signal of the system at timet. y0 andy1 are initial values.
The energy of system (1.1) is defined by

E(t) = 1

2

∫ 1

0
[y2t (x, t) + y2xx(x, t)]dx. (1.2)

It is well known that if there is no disturbance(�̃ = 0), then the closed-loop system under
the output feedback controlu(t) = −kyout(t), k >0, is exponentially stable, that is to say,
there are two positive constantsM and� such that

E(t)�Me−�tE(0), t�0. (1.3)



B.Z. Guo, W. Guo / Nonlinear Analysis 61 (2005) 671–693 673

However, when the system is subjected to a disturbance, one cannot guarantee either expo-
nential or evenasymptotic stability of the system.Theadvantageof theadaptive stabilization
is that stabilization and good control performance can be automatically achieved even in the
presence of various types of uncertainties. In this paper, we consider the following adaptive
output feedback regulator for system (1.1)[7]:


u(t) = k(t)yt (1, t) + �(t) sin t,

k̇(t) = ry2t (1, t), k(0) = 0, r >0,

�̇(t) = yt (1, t) sin t, �(0) = �0,

(1.4)

where�0 is the initial condition of the estimator. Under this adaptive controller, the closed-
loop system (1.1) becomes



ytt (x, t) + yxxxx(x, t) = 0, x ∈ (0,1), t�0,

y(0, t) = yx(0, t) = yxx(1, t) = 0, t�0,

yxxx(1, t) = k(t)yt (1, t) + [�(t) − �̃] sin t, t�0,

y(x,0) = y0(x), yt (x,0) = y1(x),

k̇(t) = ry2t (1, t), k(0) = 0, r >0,

�̇(t) = yt (1, t) sin t, �(0) = �0.

(1.5)

It should be pointed out that our regulator is different from the one developed in[8] for
general second-order collocated system where combination of displacement and velocity
are used in the design.
The paper is organized as follows. In Section 2, using constructive Galerkin approximat-

ing scheme, we show the existence and uniqueness of the classical solution. Section 3 is
devoted to the smooth solution for smooth initial datum satisfying necessary compatible
conditions. The convergence of the solution to standstill and the regulation of the uncertain
parameter are presented in Section 4.

2. Existence and uniqueness of classical solution

LetL2(0,1) be the usual Hilbert space with inner product〈·, ·〉L2 and the inner product
induced norm‖ · ‖L2. Define operatorA in L2 as follows:

A� = �′′′′, ∀� ∈ D(A) = {� ∈ L2|�(0) = �′(0) = �′′(1) = �′′′(1) = 0}. (2.1)

ThenA is an unbounded self-adjoint positive definite operator inL2 with the eigenpairs
{(�n,�n)}∞n=1:


�n = �4

n = o(n4),�n(x) = −1+�
2 e�nx − 1−�

2 e−�nx + � sin(�nx)

+ cos(�nx),

� = e�n−sin(�n)+cos(�n)
e�n−sin(�n)+cos(�n)

→ −1 asn → ∞.

(2.2)

From general operator theory and Lemma 4.6 of[12], {�n}∞n=1 defined by (2.2) are approx-
imately normalized (i.e., 0<c1< ‖�n‖<c2 for some constantsc1, c2 independent ofn)
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and form an orthogonal basis onL2. LetH 2
E(0,1) = {� ∈ H 2(0,1)|�(0) = 0,�′(1) = 0}

with the inner product〈f, g〉H2
E

= ∫ 1
0 f ′′(x)g′′(x)dx be the Hilbert space. It is known from

[16] that[D(A1/2)] = H 2
E(0,1).

Theorem 2.1. Assume that the initial value(y0, y1, �0) ∈ D(A) × D(A1/2) × R. Then in
system(1.5) there exists a unique classical solution y in the sense that for any timeT >0,



y ∈ L∞(0, T ;H 4 ∩ H 3
E), yt ∈ L∞(0, T ; [D(A1/2)]), ytt ∈ L∞(0, T ;L2),

k ∈ C1[0, T ], � ∈ C1[0, T ],
ytt (x, t) = yxxxx(x, t) in L∞(0, T ;L2(0,1)),

y(0, t) = yx(0, t) = yxx(1, t) = 0, t�0,

yxxx(1, t) = k(t)yt (1, t) + [�(t) − �̃] sin t, t�0,

y(x,0) = y0(x), yt (x,0) = y1(x),

k̇(t) = ry2t (1, t), k(0) = 0, r >0,

�̇(t) = yt (1, t) sin t, �(0) = �0,

whereH 3
E ={� ∈ H 3(0,1)|�(0)=�′(0)=�′′(1)=0}.By the Sobolev embedding theorem,

it follows thaty ∈ C([0,1] × [0, T ]).

Proof. We start by showing the uniqueness of the classical solution. However, suppose
otherwise, there exist two solutions(y, yt , k, �) and(ŷ, ŷt , k̂, �̂). Setp(x, t) = y(x, t) −
ŷ(x, t). Thenp satisfies



ptt (x, t) = pxxxx(x, t),

p(0, t) = px(0, t) = pxx(1, t) = 0,

pxxx(1, t) = k(t)yt (1, t) − k̂(t)ŷt (1, t) − [�̂(t) − �(t)] sin t,

p(x,0) = 0, pt (x,0) = 0,

k̇(t) = ry2t (1, t), k(0) = 0,
˙̂
k(t) = rŷt

2
(1, t), k̂(0) = 0,

�̇(t) = yt (1, t) sint, �(0) = �0,
˙̂�(t) = ŷt (1, t) sint, �̂(0) = �0.

(2.3)

Define Lyapunov-like functional is as follows:

V (t) =
∫ 1

0
p2
t (x, t)dx +

∫ 1

0
p2
xx(x, t)dx + [k(t) − k̂(t)]2

2r
+ [�(t) − �̂(t)]2. (2.4)

A direct computation shows that the time derivative ofV (t) along the solution of equation
(2.3) satisfies

V̇ (t) = − 2pt (1, t)pxxx(1, t) + [k(t) − k̂(t)][y2t (1, t) − ŷ2t (1, t)]
+ 2[�(t) − �̂(t)][yt (1, t) − ŷt (1, t)] sin t

= − [k(t) + k̂(t)][yt (1, t) − ŷt (1, t)]2�0. (2.5)
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Hence,V (t) ≡ V (0) = 0 or

(y, yt , k, �) ≡ (ŷ, ŷt , k̂, �̂).

Nowwe turn to existence. Multiply the first equation of (1.5) by� ∈ D(A1/2) and integrate
overx ∈ [0,1] by parts to obtain

〈ytt (·, t),�(·)〉L2 + 〈yxx(·, t),�xx(·)〉L2 = −[k(t)yt (1, t) + [�(t) − �̃] sin t]�(1).
(2.6)

Because system (1.5) is a time-dependent evolution equation, we use standard Galerkin
approximating solution to converge the classical one. The process is as follows. Since the
sequence{�n}∞n=1 defined by (2.2) forms a (orthogonal) Riesz basis forL2(0,1), we expand
both initial valuesy0 andy1 into the Fourier series in terms of�n in L2 space, i.e.,

y0 =
∞∑
n=1

an�n, y1 =
∞∑
n=1

bn�n. (2.7)

For any given positive integerN, we find the Galerkin approximating solutionyN to be of
the form

yN(x, t) =
N∑
n=1

gnN(t)�n(x) (2.8)

subject to the initial conditions

yN(x,0) =

N∑
n=1

an�n → y0 in [D(A)] asN → ∞,

ẏN (x,0) =
N∑
n=1

bn�n → y1 in [D(A1/2)] asN → ∞,

(2.9)

where we have used the assumptions ony0 andy1.
The argument is to make

〈yNtt (·, t) + yNxxxx(·, t),�n〉L2 = 0, n = 1,2, . . . , N

at the time of regarding−kN(t)y
N(1, t)− [�N(t)− �̃] sin t as an approximation of−k(t)

y(1, t) − [�(t) − �̃] sin t . Hence certain nonlinear ordinary differential equations forgnN
must be satisfied. These can be written in the form



g̈nN (t) + �ngnN(t) =
{
−kN(t)

N∑
m=1

ġmN(t)�m(1)

−[�N(t) − �̃] sin t

}
�n(1), n = 1,2, . . . , N,

k̇N (t) = r

[
N∑

m=1
ġmN(t)�m(1)

]2
, kN(0) = 0,

�̇N(t) =
[

N∑
m=1

ġmN(t)�m(1)

]
sin t, �N(0) = �0,

gnN(0) = an, g′
nN(0) = bn, n = 1,2, . . . , N.

(2.10)
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The existence and uniqueness of the solution to (2.10) in some interval[0, tN ), tN >0 is
ensured by local Lipschitz condition. Now we showtN = ∞ by constructing a Lyapunov
function for system (2.10).Multiplying the first equation of (2.10) byġnN (t) and summating
n from 1 toN yields

d

dt
‖ẏN (·, t)‖2

L2 + d

dt
‖yNxx(·, t)‖2L2

= 2{−kN(t)ẏ
N (1, t) − [�N(t) − �̃] sin t}ẏN (1, t).

This shows that the Lyapunov function for system (2.10) defined by

VN(t) = ‖yNxx(·, t)‖2L2 + ‖ẏN (·, t)‖2
L2 + k2N(t)

2r
+ [�N(t) − �̃]2

satisfies

V̇N (t) = −kN(t)[ẏN (1, t)]2�0 (2.11)

along the solution of (2.10). Therefore, (2.10) admits a unique global classical solution.
�

Next we come to the existence of the solution which shall be split into several lemmas.

Lemma 2.1.{
ẏN (1, t) ∈ L2(0,∞),

max
t �0

sup
N

[‖ẏN (·, t)‖L2 + ‖yNxx(·, t)‖L2 + |�N(t)| + kN(t)]<∞. (2.12)

Proof. The result follows from (2.11) that

VN(t)�VN(0) → ‖(y0, y1)‖2[D(A1/2)]×L2 + [�0 − �̃]2 asN → ∞. �

Lemma 2.2.

sup
N

‖ÿN (·,0)‖L2 <∞. (2.13)

Proof. From (2.10)

g̈nN (0) + �ngnN(0) = 0.

Multiplying the equality above by�n(x) and summating forn = 1,2, . . . , N gives

ÿN (x,0) = −yNxxxx(x,0) = −AyN0 (x).

Hence‖ÿN (·,0)‖L2 = ‖AyN0 ‖L2 = ‖yN0 ‖[D(A)]. (2.13) then follows from the assumption
for y0 by (2.9). �

Lemma 2.3. For anyT >0

max
0� t �T

sup
N

[‖ÿN (·, t)‖L2 + ‖ẏNxx(·, t)‖L2 + |ẏN (1, t)|]<∞. (2.14)
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Proof. We rewrite (2.10) into


g̈nN (t) + �ngnN(t) = {−kN(t)ẏ
N (1, t) − [�N(t) − �̃] sin t}�n(1),

n = 1,2, . . . , N,

k̇N (t) = r[ẏN (1, t)]2, kN(0) = 0,

�̇N(t) = ẏN (1, t) sin t, �N(0) = �0,

gnN(0) = an, ġnN(0) = bn, n = 1,2, . . . , N.

(2.15)

Now differentiate the first equation of (2.15) with respect tot to obtain

g′′′
nN(t) + �nġnN(t)

= {−r[ẏN (1, t)]3 − kN(t)ÿ
N (1, t) − ẏN (1, t)sin2 t

− [�N(t) − �̃] cos t}�n(1), n = 1,2, . . . , N. (2.16)

And then multiply (2.16) bÿgnN(t) and sum forn = 1,2, . . . , N to produce

1

2

d

dt
‖ÿN (·, t)‖2

L2 + 1

2

d

dt
‖ẏNxx(·, t)‖2L2

= {−r[ẏN (1, t)]3 − kN(t)ÿ
N (1, t) − ẏN (1, t)sin2 t

− [�N(t) − �̃] cos t}ÿN (1, t).
Therefore,

1

2

d

dt
‖ÿN (·, t)‖2

L2 + 1

2

d

dt
‖ẏNxx(·, t)‖2L2 + r

4

d

dt
[ẏN (1, t)]4

= {−kN(t)ÿ
N (1, t) − ẏN (1, t)sin2 t − [�N(t) − �̃] cos t}ÿN (1, t).

Integrating over[0, t] gives
1

2
‖ÿN (·, t)‖2

L2 + 1

2
‖ẏNxx(·, t)‖2L2 + r

4
[ẏN (1, t)]4

= −
∫ t

0
kN(s)[ÿN (1, s)]2 ds − 1

2
[ẏN (1, t)]2sin2 t

+ 1

2

∫ t

0
[ẏN (1, s)]2 sin 2s ds

− ẏN (1, t)[�N(t) − �̃] cos t + ẏN (1,0)[�N(0) − �̃]

+
∫ t

0
ẏN (1, s){ẏN (1, s) sin s coss − [�N(s) − �̃] sin s}ds

+ 1

2
‖ÿN (·,0)‖2

L2 + 1

2
‖ẏNxx(·,0)‖2L2 + r

4
[ẏN (1,0)]4
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� 3

2

∫ t

0
[ẏN (1, s)]2 ds + �1‖ẏNx (·, t)‖2

+ 1

4�1
[�N(t) − �̃]2 + [ẏN (1,0)]2

2
+ (�0 − �̃)2

+ 1

2
‖ÿN (·,0)‖2

L2 + 1

2
‖ẏNxx(·,0)‖2L2 + r

4
[ẏN (1,0)]4

� 3kN(t)

2r
+ �1‖ẏNxx(·, t)‖2 + 1

4�1
[�N(t) − �̃]2 + [ẏN (1,0)]2

2
+ (�0 − �̃)2

+ 1

2
‖ÿN (·,0)‖2

L2 + 1

2
‖ẏNxx(·,0)‖2L2 + r

4
[ẏN (1,0)]4. (2.17)

The boundedness of‖ÿN (·,0)‖2
L2 follows from Lemma 2.2 and that of‖ẏNxx(·,0)‖2L2 and

hence|ẏN (1,0)| follow from (2.9). Taking�1>0 so that 1− �1>1/2 in above inequality
proves (2.14). �

Proof of existence.Thanks to Lemmas 2.1, 2.3 and Lemma 4 of[1], we may extract a
subsequenceNk which is still denoted byN, without diffusion, having the properties


yN ⇀ y in L∞(0, T ; [D(A1/2)]) weak∗;
ẏN ⇀ ẏ in L∞(0, T ; [D(A1/2)]) weak∗;
ÿN ⇀ ÿ in L∞(0, T ;L2(0,1)) weak∗.

(2.18)

SinceẏN (1, t) = ∫ 1
0 ẏNx (x, t)dx andẏN ⇀ ẏ in L∞(0, T ; [D(A1/2)]) weak star topol-

ogy, and for any fixedt ∈ [0, T ], {ẏNx }∞N=1 is a compact subset ofL2 due to the bound-
edness of{ẏNxx}∞N=1 in L2, where there is a subsequence{ẏNk

x }∞k=1 of {ẏNx }∞N=1 such that
ẏNk
x (·, t) → ẏx(·, t)in L2 ask → ∞, which implies thatẏNk(1, t) → ẏ(1, t) for almost
everyt ∈ [0, T ]. By Lebesgue dominant convergence theorem, it follows thatẏNk(1, t) →
ẏ(1, t) ask → ∞ in L2[0, T ]. For brevity in notation, the sequence{ẏNk(1, t)} is still
denoted by{ẏN (1, t)}. Thus,

�N(t) =
∫ t

0
ẏN (1, s) sin s ds + �0 → �(t)

=
∫ t

0
ẏ(1, s) sin s ds + �0 asN → ∞. (2.19)

Moreover, sincėyN(1, ·) ∈ L∞(0, T ) and

ẏN (1, t) → ẏ(1, t) in L2(0, T )

it follows that[ẏN (1, t)]2 ⇀ ẏ2(1, t) in L2(0, T ) asN → ∞. Therefore, for anyt�0

kN(t) = r

∫ t

0
[ẏN (1, s)]2 ds → k(t) = r

∫ t

0
ẏ2(1, s)ds asN → ∞. (2.20)



B.Z. Guo, W. Guo / Nonlinear Analysis 61 (2005) 671–693 679

Now multiplying the first equation of (2.10) by�n and summating forn= 1,2, . . . , N and
then taking inner product with� ∈ D(A1/2), we obtain

〈ÿN ,�〉L2 + 〈yNxx,�′′〉L2 = {−kN(t)ẏ
N (1, t) − [�N(t) − �̃] sin t}

×
N∑
n=1

〈�n,�〉�n(1) ∀� ∈ D(A1/2).

Next, for any distribution� ∈ D(0, T ), taking inner productwith�onboth sides of equality
above thus gives

∫ T

0
〈ÿN ,�〉L2�(t)dt +

∫ T

0
〈yNxx,�′′〉L2�(t)dt

=
∫ T

0
{−kN(t)ẏ

N (1, t) − [�N(t) − �̃] sin t}�(t)dt
N∑
n=1

〈�n,�〉�n(1)

∀� ∈ D(A1/2),� ∈ D(0, T ).

LettingN → ∞ produces

∫ T

0
〈ÿ,�〉L2�(t)dt +

∫ T

0
〈yxx,�′′〉L2�(t)dt

=
∫ T

0
{−k(t)ẏ(1, t) − [�(t) − �̃] sin t}�(t)dt�(1)

∀� ∈ D(A1/2),� ∈ D(0, T ).

Hence,

〈ÿ,�〉L2 + 〈yxx,�′′〉L2 = {−k(t)ẏ(1, t) − [�(t) − �̃] sin t}�(1)
∀� ∈ D(A1/2) and t ∈ [0, T ] a.e. (2.21)

Now, take particularly� to be the distribution, i.e.,� ∈ D(0,1). We have

〈ÿ,�〉L2 + 〈yxx,�′′〉L2 = 0 ∀� ∈ D(0,1). (2.22)

This shows that the generalized derivativeyxxxx exists and

yxxxx(·, t) = ytt (·, t) ∈ L2(0,1) for t ∈ [0, T ] a.e.
Hencey(·, t) ∈ H 4(0,1). Sinceyxxx(·, t) ∈ L2(0,1), integrating (2.1) by parts over
x ∈ [0,1] yields

〈ÿ,�〉L2 + yxx(1)�x(1) − yxxx(1)�(1) + 〈yxxxx,�〉L2

= {−k(t)ẏ(1, t) − [�(t) − �̃] sin t}�(1)
∀� ∈ D(A1/2) and t ∈ [0, T ] a.e. (2.23)
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Note thatyxxxx(x, t) + ytt (x, t) = 0. It follows from (2.23) that

yxxx(1, t)�(1) = {k(t)ẏ(1, t) + [�(t) − �̃] sin t}�(1), yxx(1)�x(1) = 0

∀� ∈ D(A1/2).

Hence,

yxxx(1, t) = k(t)ẏ(1, t) + [�(t) − �̃] sin t, yxx(1) = 0.

This together with the fact thaty(·, t) ∈ H 4(0,1) shows thaty(·, t) ∈ H 4 ∩ H 3
E .

It remains to show that the initial conditions are satisfied byy. As

yN → y, ẏN → ẏ in L2(0, T ;L2(0,1)),

it follows from Lemma 5 of[1] that 〈yN(·,0),�〉L2 → 〈y(·,0),�〉L2 for every� ∈
L2(0,1). By virtue of (2.9),y(x,0) = y0(x). Similarly, from the fact that

ÿN ⇀ ÿ, ẏN ⇀ ẏ weakly inL2(0, T ;L2(0,1)),

we obtainẏ(x,0) = y1(x). This completes the proof.�

3. Smoother solutions

This section presents the smoother solution to (1.5) under the smooth assumption and
compatible conditions for initial datum. To do so, we need the following Bihari’s
inequality[2].

Lemma 3.1. If L,M�0 andg(s)>0 is nondecreasing fors >0, then the inequality

u(t)�L + M

∫ t

a

v(s)g(u(s))ds, a < t < b

implies that

u(t)�G−1
[
G(L) + M

∫ t

0
v(s)ds

]
,

whereG(u) = ∫ u

u0

1
g(t)

dt, u>u0>0.

Theorem 3.1. For any givenT >0, let the condition of Theorem2.1 be satisfied, and
assume further that

y0 ∈ D(A3/2) = {y ∈ H 6(0,1)|y(0) = y′(1) = y′′(1) = y′′′(1)

= y(4)(0) = y(5)(0) = 0}, y1 ∈ D(A)

and compatible condition

−ry31(1) = �0 − �̃. (3.1)

Then the solutionof equation (1.5) has the regularity property:ÿ ∈ L∞(0, T ; [D(A1/2)]).
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Proof. The proof depends on the estimate ofy′′′(0). To this end, transform (1.5) into an
equivalent problem with zero initial values by the following transformation:

v(x, t) = y(x, t) − u(x, t), (3.2)

u(x, t) = y0(x) + ty1(x). (3.3)

Thenv satisfies


vtt (x, t) + vxxxx(x, t) + uxxxx(x, t) = 0, x ∈ (0,1), t�0,

v(0, t) = vx(0, t) = vxx(1, t) = 0, t�0,

vxxx(1, t) = k(t)[vt (1, t) + y1(1)] + [�(t) − �̃] sin t − uxxx(1, t), t�0,

v(x,0) = 0, vt (x,0) = 0,

k̇(t) = r[vt (1, t) + y1(1)]2, k(0) = 0, r >0,

�̇(t) = [vt (1, t) + y1(1)] sin t, �(0) = �0.

(3.4)

v is a solution of (3.4) if and only ify=v+u is a solution of (1.5). Once again, we adopt the
Galerkin approximation. Still choose{�n}∞n=1 defined by (2.2) which form an orthogonal
basis forL2(0,1).
Let VN be the space generated by�1,�2, . . . ,�N and let

vN(x, t) =
N∑
n=1

fnN(t)�n(x) (3.5)

be the Galerkin approximation ofv, which satisfies the following equation:


〈v̈N (·, t),�〉L2 + 〈vNxx(·, t),�xx〉L2 + 〈uxx(·, t),�xx〉L2

={−kN(t)[v̇N (1, t) + y1(1)] + [�N(t) − �̃] sin t]}�(1) ∀� ∈ VN,

vN(·,0) = v̇N (·,0) = 0,

k̇N (t) = r

[
N∑
n=1

ḟnN (t)�n(1) + y1(1)

]2
, kN(0) = 0,

�̇
N
(t) =

[
N∑
n=1

ḟnN (t)�n(1) + y1(1)

]
sin t, �N(0) = �0.

(3.6)

Once again, there exists a unique classical solution to (3.6) in some[0, tN ), tN >0 and we
split the proof into several lemmas.

The first Lemma 3.2 below shows that one can taketN = T .

Lemma 3.2.

sup
N

[‖v̇N (·, t)‖L2+‖vNxx(·, t)‖L2+|�N(t)|+kN(t)]<∞, t ∈ [0, T ], a.e. (3.7)
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Proof. Taking� = 2v̇N (·, t) in (3.6) we obtain

d

dt
‖v̇N (·, t)‖2

L2 + d

dt
‖vNxx(·, t)‖2L2 + 2〈uxx(·, t), v̇Nxx(·, t)〉L2

= 2{−kN(t)[v̇N (1, t) + y1(1)] − [�N(t) − �̃] sin t}v̇N (1, t).
Hence,

‖vNxx(·, t)‖2L2 + ‖v̇N (·, t)‖2
L2 + [kN(t)]2

2r
+ [�N(t) − �̃]2

�
∫ t

0
kN(s)y21(1)ds + 2

∫ t

0
y1(1)[�N(s) − �̃] sin s ds

− 2
∫ t

0
〈uxx(·, s), v̇Nxx(·, s)〉L2 ds + (�0 − �̃)2. (3.8)

From the fact that

〈uxx, v̇Nxx〉L2 = d

dt
〈uxx, vNxx〉L2 − 〈y′′

1, v
N
xx〉L2, (3.9)

and (3.8), it follows that

‖vNxx(·, t)‖2L2 + ‖v̇N (·, t)‖2
L2 + [kN(t)]2

2r
+ [�N(t) − �̃]2

�
∫ t

0
kN(s)y21(1)ds + 2

∫ t

0
y1(1)[�N(s) − �̃] sin s ds

− 2
∫ t

0
〈uxx(·, s), v̇Nxx(·, s)〉L2 ds + (�0 − �̃)2

=
∫ t

0
kN(s)y21(1)ds + 2

∫ t

0
y1(1)[�N(s) − �̃] sin s ds

+ 2
∫ t

0
〈y′′

1, v
N
xx(·, s)〉L2 ds − 2〈uxx(·, t), vNxx(·, t)〉L2 + (�0 − �̃)2

�
∫ t

0

[ [kN(s)]2
2r

+ r

2
y41(1)

]
ds +

∫ t

0
[y21(1) + (�N(s) − �̃)2]ds

+ 	1‖uxx(·, t)‖2L2 + ‖vNxx(·, t)‖2L2

	1

+
∫ t

0

[
	2‖y′′

1‖2
L2 + ‖vNxx(·, s)‖2L2

	2

]
ds + (�0 − �̃)2. (3.10)

Taking	1>0 and	2>0 so that 1−1/	1=1/	2 and applying the Grownwall’s inequality
to (3.10), we obtain

sup
N

[‖v̇N (·, t)‖L2 + ‖vNxx(·, t)‖L2 + |�N(t)| + kN(t)]<∞, t ∈ [0, T ], a.e.

Therefore, (3.6) admits a unique global classical solution in whole[0, T ]. �
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Lemma 3.3.

sup
N

‖v̈N (·,0)‖L2 <∞. (3.11)

Proof. Settingt = 0 in the first equation of (3.6) gives

〈vNtt (·,0),�〉L2 + 〈vNxx(·,0),�xx〉L2 + 〈uxx(·,0),�xx〉L2 = 0 ∀� ∈ VN. (3.12)

This together with the fact thatvN(·,0) = v̇N (·,0) = 0 leads to

〈vNtt (·,0),�〉L2 + 〈y′′
0,�xx〉L2 = 0.

Take � = vNtt (·,0) in the above equality thus to obtain‖v̈N (·,0)‖L2 �‖y′′′′
0 ‖L2,

proving (3.11). �

Lemma 3.4.

sup
N

[‖v̈N (·, t)‖L2 + ‖v̇Nxx(·, t)‖L2 + |v̇N (1, t)|]<∞ for t ∈ [0, T ] a.e. (3.13)

Proof. Differentiate the first equation of (3.6) with respect tot, to give

〈vNttt (·, t),�〉L2 + 〈v̇Nxx(·, t),�xx〉L2 + 〈y′′
1,�xx〉L2

= {−r[v̇N (1, t) + y1(1)]3 − kN(t)v̈N (1, t)

− [v̇N (1, t) + y1(1)]sin2 t − [�N(t) − �̃] cos t}�(1). (3.14)

Substitution of� by vNtt (·, t) in (3.14) results in that

1

2

d

dt
‖v̈N (·, t)‖2

L2 + 1

2

d

dt
‖v̇Nxx(·, t)‖2L2 + 〈y′′

1, v̈
N
xx(·, t)〉L2

= {−r[v̇N (1, t) + y1(1)]3 − kN(t)v̈N (1, t) − [v̇N (1, t) + y1(1)]sin2 t

− [�N(t) − �̃] cos t}v̈N (1, t).
Hence,

1

2

d

dt
‖v̈N (·, t)‖2

L2 + 1

2

d

dt
‖v̇Nxx(·, t)‖2L2 + r

4

d

dt
[v̇N (1, t) + y1(1)]4

+ 〈y′′
1, v̈

N
xx(·, t)〉L2

= {−kN(t)v̈N (1, t) − [v̇N (1, t) + y1(1)]sin2 t

− [�N(t) − �̃] cos t}v̈N (1, t).
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Integrating over[0, t] then gives

1

2
‖v̈N (·, t)‖2

L2 + 1

2
‖v̇Nxx(·, t)‖2L2 + r

4
[v̇N (1, t) + y1(1)]4

= −
∫ t

0
kN(s)[v̈N (1, s)]2 ds − 1

2
[v̇N (1, t) + y1(1)]2sin2 t

+ 1

2

∫ t

0
[v̇N (1, s) + y1(1)]2 sin 2s ds

− v̇N (1, t)[�N(t) − �̃] cos t + v̇N (1,0)[�N(0) − �̃]
+

∫ t

0
v̇N (1, s){[v̇N (1, s) + y1(1)] sin s coss − [�N(s) − �̃] sin s}ds

+ 1

2
‖v̈N (·,0)‖2

L2 + r

4
[y1(1)]4 − 〈y′′

1, v̇
N
xx(·, t)〉L2

� 3

2

∫ t

0
[v̇N (1, s) + y1(1)]2 ds + 
1[v̇N (1, t)]2 + 1

4
1
[�N(t) − �̃]2

−
∫ t

0
y1(1)[v̇N (1, s) + y1(1)] sin s coss ds

−
∫ t

0
v̇N (1, s)[�N(s) − �̃] sin s ds

+ 1

2
‖v̈N (·,0)‖2

L2 + r

4
[y1(1)]4 + ‖y′′

1‖L2‖v̇Nxx(·, t)‖L2

� 3kN(t)

2r
+ 
1‖v̇Nxx(·, t)‖2L2 + 1

4
1
[�N(t) − �̃]2

− y1(1) cos t[�N(t) − �̃] + y1(1)(�0 − �̃)

+ 1

2
(�0 − �̃)2 + 1

2
‖v̈N (·,0)‖2

L2 + r

4
[y1(1)]4

+ 1

4
2
‖y′′

1‖2
L2 + 
2‖v̇Nxx(·, t)‖2L2

� 3kN(t)

2r
+ 
1‖v̇Nxx(·, t)‖2L2 +

(
1

4
1
+ 1

2

)
[�N(t) − �̃]2 + ‖y′

1‖2L2

+ (�0 − �̃)2 + 1

2
‖v̈N (·,0)‖2

L2 + r

4
[y1(1)]4

+ 1

4
2
‖y′′

1‖2
L2 + 
2‖v̇Nxx(·, t)‖2L2. (3.15)

Take
1>0 and
2>0 so that12 − (
1 + 
2)>
1
2 in (3.15) and note that Lemmas 3.2 and

3.3, we get

sup
N

[‖v̈N (·, t)‖L2 + ‖v̇Nxx(·, t)‖L2 + |v̇N (1, t)|]<∞ for t ∈ [0, T ] a.e.

This gives the required result.�
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Lemma 3.5.

sup
N

‖v̈Nxx(·, t)‖L2 <∞ for t ∈ [0, T ] a.e.

Proof. Differentiating the first equation of (3.14) with respect tot leads to

〈vNtttt (·, t),�〉L2 + 〈v̈Nxx(·, t),�xx〉L2

=
{

− 4r[v̇N (1, t) + y1(1)]2v̈N (1, t) − kN(t)v̈Nt (1, t) − v̈N (1, t)sin2t

− 3

2
[v̇N (1, t) + y1(1)] sin 2t + [�N(t) − �̃] sin t

}
�(1). (3.16)

Again, substitution of� by vNttt (·, t) in (3.16) gives

1

2

d

dt
‖v̈Nt (·, t)‖2

L2 + 1

2

d

dt
‖v̈Nxx(·, t)‖2L2

=
{

− 4r[v̇N (1, t) + y1(1)]2v̈N (1, t) − kN(t)v̈Nt (1, t) − v̈N (1, t)sin2t

− 3

2
[v̇N (1, t) + y1(1)] sin 2t + [�N(t) − �̃] sin t

}
v̈Nt (1, t).

Integrate over[0, t] thus to give

‖v̈Nt (·, t)‖2
L2 + ‖v̈Nxx(·, t)‖2L2 = − 2

∫ t

0
kN(s)[v̈Nt (1, s)]2 ds

− 8r
∫ t

0
v̈Nt (1, s)[v̇N (1, s) + y1(1)]2v̈N (1, s)ds

− 2
∫ t

0
v̈Nt (1, s)v̈N (1, s)sin2 s ds

− 3
∫ t

0
v̈Nt (1, s)[v̇N (1, s) + y1(1)] sin 2s ds

+ 2
∫ t

0
v̈Nt (1, s)[�N(s) − �̃] sin s ds

+ ‖v̈Nxx(·,0)‖2L2 + ‖v̈Nt (·,0)‖2
L2

=
7∑

i=1

Ii . (3.17)
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Now estimate each term on the right-hand side of (3.17).

I2 = − 8r
∫ t

0
v̈Nt (1, s)[v̇N (1, s) + y1(1)]2v̈N (1, s)ds

�4r[v̈N (1,0)y1(1)]2 + 8r
∫ t

0
[v̈N (1, s)]3[v̇N (1, s) + y1(1)]ds

�4r‖v̈Nx (·,0)‖2
L2‖y′

1‖2L2 + 4r
∫ t

0
‖v̈Nx (·, s)‖6

L2 + 4r
∫ t

0
[v̇N (1, s) + y1(1)]2 ds

�4r‖v̈Nx (·,0)‖2
L2‖y′

1‖2L2 + 4r
∫ t

0
‖v̈Nxx(·, s)‖6L2 + 4kN(t);

I3 = − 2
∫ t

0
v̈Nt (1, s)v̈N (1, s)sin2 s ds = −[v̈N (1, t) sin t]2

+
∫ t

0
[v̈N (1, s)]2 sin 2s ds

�
∫ t

0
‖v̈Nx (·, s)‖2

L2 ds�
∫ t

0
‖v̈Nxx(·, s)‖2L2 ds;

I4 = − 3
∫ t

0
v̈Nt (1, s)[v̇N (1, s) + y1(1)] sin 2s ds

= − 3v̈N (1, t)[v̇N (1, t) + y1(1)] sin 2t

+ 3
∫ t

0
[v̈N (1, s)]2 sin 2s ds + 6

∫ t

0
v̈N (1, s)[v̇N (1, s) + y1(1)] cos 2s ds

� 3

2
�1‖v̈Nx (·, t)‖2

L2 + 3

2�1
‖v̇Nx (·, t) + y′

1‖2L2 + 6
∫ t

0
‖v̈Nx (·, s)‖2

L2 ds

+ 3
∫ t

0
[v̇N (1, s) + y1(1)]2 ds;

= 3

2
�1‖v̈Nxx(·, t)‖2L2 + 3

2�1
‖v̇Nx (·, t) + y′

1‖2L2

+ 6
∫ t

0
‖v̈Nx (·, s)‖2

L2 ds + 3

r
kN(t);

I5 = 2
∫ t

0
v̈Nt (1, s)[�N(s) − �̃] sin s ds

= 2v̈N (1, t)[�N(t) − �̃] sin t − 2
∫ t

0
v̈N (1, s)[v̇N (1, s) + y1(1)]sin2s ds

− 2
∫ t

0
v̈N (1, s)[�N(s) − �̃] coss ds
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��2‖v̈Nx (·, t)‖2
L2 + 1

�2
[�N(t) − �̃]2

+
∫ t

0
‖v̈Nx (·, s)‖2

L2 ds +
∫ t

0
[v̇N (1, s) + y1(1)]2 ds

− 2v̇N (1, t)[�N(t) − �̃] cos t + 2v̇N (1,0)[�0 − �̃]

+ 2
∫ t

0
v̇N (1, s){[v̇N (1, s) + y1(1)] sin s coss − [�N(s) − �̃] sin s}ds

��2‖v̈Nx (·, t)‖2
L2 + 1

�2
[�N(t) − �̃]2 +

∫ t

0
‖v̈Nx (·, s)‖2

L2 ds

+
∫ t

0
[v̇N (1, s) + y1(1)]2 ds + [v̇N (1, t)]2

+ [�N(t) − �̃]2 + 2
∫ t

0
[v̇N (1, s) + y1(1)]2 sin s coss ds

− 2y1(1)
∫ t

0
[v̇N (1, s) + y1(1)] sin s coss ds

− 2
∫ t

0
[v̇N (1, s) + y1(1)][�N(s) − �̃] sin s ds

+ 2y1(1)
∫ t

0
[�N(s) − �̃] sin s ds

��2‖v̈Nx (·, t)‖2
L2 +

(
1+ 1

�2

)
[�N(t) − �̃]2 +

∫ t

0
‖v̈Nx (·, s)‖2

L2 ds + 3kN(t)

r

+ ‖v̇Nx (·, t)‖2
L2 − 2y1(1) cos t[�N(t) − �] + 2y1(1)[�0 − �̃] + [�0 − �̃]2

��2‖v̈Nxx(·, t)‖2L2 +
(
2+ 1

�2

)
[�N(t) − �̃]2 +

∫ t

0
‖v̈Nxx(·, s)‖2L2 ds + 3kN(t)

r

+ ‖v̇Nxx(·, t)‖2L2 + 2‖y′
1‖L2 + 2[�0 − �̃]2;

I6 = ‖v̈Nxx(·,0)‖2L2 �C1‖y(6)0 ‖2
L2

whereC1>0 is a constant independent ofN. Now it remains to estimateI7. From (3.16),
it follows that

〈vNttt (·,0),�〉L2 + 〈y′′
1,�xx〉L2 = {−r[y1(1)]3 − [�0 − �̃]}�(1). (3.18)

This together with the compatible condition (3.1) shows that

I7 = ‖v̈Nt (·,0)‖L2 �‖y(4)1 ‖L2.

By these estimates justified and Lemmas 3.2 and 3.4, we obtain, from (3.17), that

‖v̈Nt (·, t)‖2
L2 + ‖v̈Nxx(·, t)‖2L2

�C +
∫ t

0
[4r‖v̈Nxx(·, s)‖6L2 + 8‖v̈Nxx(·, s)‖2L2]ds +

(
3�1

2
+ �2

)
‖v̈Nxx(·, t)‖2L2,
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whereC is a constant independent ofN but depending on initial date. Taking�1>0 and
�2>0 so that 1− (3�1/2+ �2)>1/2, we get

‖v̈Nxx(·, t)‖2L2 �2C + 8
∫ t

0
[r‖v̈Nxx(·, s)‖6L2 + 2‖v̈Nxx(·, s)‖2L2]ds. (3.19)

Apply Lemma 3.1 to (3.19) withL = 2C, M = 8, v = 1, g(s) = rs3 + 2s to produce
supN ‖v̈Nxx(·, t)‖L2 <∞ uniformly for almost everyt ∈ [0, T ]. The proof is complete. �

4. Asymptotic stability

In this section, we establish the convergence of our adaptive regulator system (1.5). To
do this, we need the weak solution of (1.5).

Definition 4.1. For any initial data(y0, y1, �0) ∈ D(A1/2)×L2(0,1)× R, the weak solu-
tion (y, yt , k, �) of equation (1.5) is defined as the limit of any convergent subsequence of
(yn, ynt , k

n, �n) in the spaceL∞(0,∞; [D(A1/2)]×L2(0,1)×R2)where(yn, ynt , k
n, �n)

is the classical solution ensured by Theorem 2.1 with the initial condition

(yn(x,0), ynt (x,0), �
n(0)) = (y0n(x), y1n(x), �0n) ∈ D(A3/2) × D(A) × R

∀x ∈ (0,1)

satisfying

lim
n→∞ ‖(yn0, y1n, �0n) − (y0, y1, �0)‖[D(A1/2)]×L2(0,1)×R = 0.

Definition 4.1 makes sense because from (2.4) and (2.5) we know that{(yn, ynt , kn, �n)}
must be a Cauchy sequence inL∞(0,∞; [D(A1/2)] × L2(0,1) × R2) and its limit does
not depend on the choice of initial datum.

Theorem 4.1. For any initial condition(y0, y1) ∈ D(A1/2)×L2(0,1), the solution of the
system(1.5) is asymptotically stable, that is to say



lim
t→+∞ E(t) = lim

t→+∞
1
2

∫ 1
0 [y2t (x, t) + y2xx(x, t)]dx = 0;

sup
t �0

k(t)<∞;

lim
t→+∞ �(t) = �̃.

(4.1)

Proof. In termsof density argument,wemay regardwithout loss of generality that the initial
value(y0, y1, �0) belongs to∈ D(A3/2)×D(A)×R. Construct Lyapunov functionalU(t)

for the system (1.5) as follows:

U(t) =
∫ 1

0
[y2t (x, t) + y2xx(x, t)]dx + k2(t)

2r
+ [�(t) − �̂]2. (4.2)
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Then the time derivative ofU(t) along the solution of system (1.5) satisfies

U̇ (t) = − 2yxxx(1, t)yt (1, t) + k(t)y2t (1, t) + 2[�(t) − �̃] sin t · yt (1, t)
= 2{−k(t)yt (1, t) − [�(t) − �̃] sin t}yt (1, t) + k(t)y2t (1, t)

+ 2[�(t) − �̃] sin t · yt (1, t)
= − k(t)y2t (1, t).

This shows thatU(t)�U(0) and hence

sup
t �0

[E(t) + |�(t)| + k(t)]<∞, (4.3)

which in particular deduces, from the definition ofk(t) in (1.5), that

yt (1, ·) ∈ L2(0,∞). (4.4)

Similarly, let

Ū (t) = 1

2

∫ 1

0
[y2xxxx(x, t) + y2xxt (x, t)]dx + r

4
y4t (1, t).

It is found that the time derivative of̄U(t) along the solution of system (1.5) can be estimated
as

˙̄U(t) = ytt (1, t){−k(t)ytt (1, t) − yt (1, t)sin
2t − [�(t) − �̃] cos t}

= − k(t)y2t t (1, t) − ytt (1, t)yt (1, t)sin
2t − ytt (1, t)[�(t) − �̃] cos t

� − ytt (1, t)yt (1, t)sin
2t − ytt (1, t)[�(t) − �̃] cos t.

Hence,

Ū (t)� −
∫ t

0
yt (1, s)ytt (1, s)sin

2s ds −
∫ t

0
ytt (1, s)[�(s) − �̃] coss ds + Ū (0)

= − 1

2
y2t (1, t)sin

2t +
∫ t

0
y2t (1, s) sin s coss ds − yt (1, t)[�(t) − �̃] cos t

+ yt (1,0)[�0 − �̃]
+

∫ t

0
yt (1, s){yt (1, s) sin s coss − [�(s) − �̃] sin s}ds + Ū (0)

�2
∫ t

0
y2t (1, s)ds + �y2t (1, t) + 1

4�
[�(t) − �̃]2

+ 1

2
y2t (1,0) + [�0 − �̃]2 + Ū (0)

� 2k(t)

r
+ �‖yxxt (x, t)‖2L2 + 1

4�
[�(t) − �̃]2 + 1

2
‖y′

1‖2L2 + [�0 − �̃]2 + Ū (0),

where 0< �<1/2 is constant. This together with (4.3) shows that

sup
t �0

Ū (t)<C <∞ (4.5)
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for some constantC depending on‖(y0, y1)‖[D(A)]×[D(A1/2)]. Therefore, the trajectory

�(y0, y1,0, �0) = {(y(·, t), ẏ(·, t), k(t), �(t))|t�0}
is precompact inD(A1/2)×L2×R2. In light of Lasalle’s principle[9], the solution of (1.5)
converges asymptotically to the maximal invariant subset of the following set:

S = {(y, ẏ, k, �) ∈ [D(A1/2)] × L2 × R2|U̇ = 0}. (4.6)

The proofwill be accomplished if we can show that the setScontains single point(0,0, k̃, �̃)
only. However, whenU̇ = 0 one hask(t)y2t (1, t) = 0. Sincek(t) is nondecreasing and
bounded, we may assume that

lim
t→∞ k(t) = k̂.

If k̂=0, then it follows from (1.5) thatk(t) ≡ yt (1, t) ≡ 0. However, aŝk �= 0,yt (1, t)=0
for sufficiently larget. In any case, there exists a timet0>0 such that whent > t0 bothk(t)
and�(t) remain constants:k(t) = k̂, �(t) = �̂, and (1.5) reduces to


ytt (x, t) − yxxxx(x, t) = 0, x ∈ (0,1), t > t0,

y(0, t) = yx(0, t) = yxx(1, t) = yt (1, t) = 0,

yxxx(1, t) = (�̂ − �̃) sin t.

(4.7)

In order to show that system (4.7) admits only zero solution, we assume without loss of
generality that the initial values for equation (4.7) are smooth enough. First, we consider
the solution of the equation{

ytt (x, t) − yxxxx(x, t) = 0, x ∈ (0,1),

y(0, t) = yx(0, t) = yxx(1, t) = yt (1, t) = 0.
(4.8)

Introduce a Hilbert spaceH = [D(A1/2)] × L2(0,1) with the inner product

〈(y1, z1), (y2, z2)〉 =
∫ 1

0
[y′′

1(x)y
′′
2(x) + z1(x)z2(x)]dx.

Define a linear operatorA0 associated to the system (4.8)

A0(y, z) = (z,−y′′′′),
D(A0) = {(y, z) ∈ H 4(0,1) × H 2(0,1), y(0) = y′(0) = y′′(1) = 0

z(0) = z(1) = z′(0) = 0}.
(4.9)

The operatorA0 is skew-adjoint with compact resolvent onH.

Lemma 4.1. There is a family of eigenvalues{�n = i�2
n,−i�2

n} of A0, which have the
following asymptotic expansion

�n = i�2
n, �n =

(
n + 1

4

)

 + O(e−n).
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And the corresponding eigenfunctions have the asymptotic expansion:

fn(x) = e−(n+1/4)
x − cos

(
n + 1

4

)

x − sin

(
n + 1

4

)

x

− cos

(
n + 1

4

)

e−(n+1/4)
(1−x)

− sin

(
n + 1

4


)
e−(n+1/4
)(1−x) + O(n−1)

�−1
n �−1

n f ′′′′
n (x) = − i

[
−e−(n+1/4)
x − cos

(
n + 1

4

)

x − sin

(
n + 1

4

)

x

− cos

(
n + 1

4

)

e−(n+1/4)
(1−x)

− sin

(
n + 1

4


)
e−(n+1/4
)(1−x)

]
+ O(n−1) (4.10)

which hold uniformly pointwise forx ∈ [0,1].

Proof. Solving the eigenvalue problem

A0(f, g) = �(f, g)

one hasg = �f with f �= 0 satisfying{
f (4)(x) + �2f (x) = 0,

f (0, t) = f ′(0) = f (1) = f ′′(1) = 0.
(4.11)

Let � = i�2. Then the equation{
f (4)(x) − �4/f (x) = 0,

f (0) = f ′(0) = 0
(4.12)

has the general solution

f (x) = c1(cosh�x − cos�x) + c2(sinh�x − sin �x),

wherec1 andc2 are arbitrary constants. Byf (1) = f ′′(1) = 0, one has(
cosh� − cos� sinh� − sin �
cosh� + cos� sinh� + sin �

) (
c1
c2

)
= 0.

In orderf to be a nonzero solution of (4.11), it is necessary and sufficient that

cosh� sin � − sinh� cos� = 0. (4.13)

Therefore, the solution to (4.11) is given by

f (x) = sinh�(1− x) − sin �(1− x) − sinh� cos�x − sin � cosh�x

+ cosh� sin �x + cos� sinh�x.
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Only�>0 should be considered. From (4.13) one obtains

�n =
(
n + 1

4

)

 + O(e−n).

Taking� = �n, we get

2e−�f (x) = − e−�x − cos�x + sin �x + cos�e−�(1−x)

− sin �e−�(1−x) + O(e−n)

= e−(n+1/4
)x − cos

(
n + 1

4


)
x + sin

(
n + 1

4


)
x

+ cos

(
n + 1

4


)
e−(n+1/4
)(1−x)

− sin

(
n + 1

4


)
e−(n+1/4
)(1−x) + O(en

−1
).

Since

�−3f ′′′(x) = − cosh�(1− x) + cos�(1− x) − sinh� sin �x − sin � sinh�x

+ cosh� cos�x − cosh� cos�x,

we can easily get the required estimate forf ′′′
n (x) by regarding 2e−�f (x) asfn(x). �

Continuation of the proof of Theorem 4.1. Define{
�n = i�2

n, �−n = −i�2
n,

�n = (�−1
n fn, fn), �−n = (�−1

−nfn, fn), n = 1,2, . . . .

Then{�n}n∈Z form a (orthogonal) Riesz basis forH. The solution of (4.7) can then be
represented as

(y(·, t), yt (·, t)) =
∑
n∈Z

ane
�nt�n,

where{an}n∈Z are constants determined by the initial condition. From (4.10), we have

|�−3
n f ′′′

n (1)|�5

for sufficiently larget. Thus in this case, the smooth solution satisfies
∑∞

n=1|an�n|2<∞
and

yxxx(1, t) =
∞∑
n=1

ane
�nt�−1

n f ′′′
n (1) = (�̂ − �̃) sin t

holds for allt�0. By the orthogonality of the system{(sin �2
nt, cos�2

nt)}, we have imme-
diately that allan = 0 and hence

�̂ = �̃, y ≡ 0.

We have thus proved thatS contains only single point(0,0, k̂, �̃). The proof is
complete. �
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