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Abstract

This paper is concerned with the boundary stabilization and parameter estimation of an Euler—
Bernoulli beam equation with one end fixed, and control and uncertain amplitude of harmonic dis-
turbance at another end. A high-gain adaptive regulator is designed in terms of measured collocated
end velocity. The existence and uniqueness of the classical solution as well as smooth solution of the
closed-loop system are justified. It is shown that the state of the system approaches the standstill as
time goes to infinity and meanwhile the estimated parameter converges to the unknown parameter.
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1. Introduction

The objective of the adaptive control for a class of plants with control imgutand
measured output(z) is to synthesize a single control law of the form

ut)=F,g),y®), gt)y=H(t, g@),y), g0 R,

which guarantee the resulting closed-loop system with some uncertainty exhibiting some
prescribed dynamic behavior, for example, the stability. For finite dimensional systems, cer-
tain problems of this kind started from the worf®8]. For a survey of the finite-dimensional
theory, we refer t§5,14]. Some attempts that have been made to generalize traditional adap-
tive control algorithms to infinite-dimensional systems can be four{diril5] The first
results on high-gain adaptive stabilization of infinite-dimensional systems were obtained
by [3,6,11] A nice review on this aspect can be foundif]. Some other attempts on high-
gain adaptive control can also be found7h where a non-identity-based adaptive control
is designed and the stabilization of a general collocated first-order system with unbounded
input and output is discussefd] gives an exponential stabilization of high-gain adaptive
direct strain feedback control for an Euler—Bernoulli beam. A Recently progress has been
made in[8] where a high-gain adaptive control and regulator are constructed to the stabi-
lization and parameter estimation of a general second order system with unbounded input
and output. Unfortunately, to our knowledge, the existence and uniqueness of the solution
of the closed-loop system are not available in literature and some of conditions are hard to
be verified.

In this paper, we consider an Euler—Bernoulli beam system in the case when one end
is fixed, and control and harmonic disturbance with uncertain amplitude are inputted at
another end

YIt(x»t)+Yxxxx(xat)=O’ xe(o’l)a t>oa

y(0,1) = yx(0,1) = yxx(1,1) =0, 120,

yerx (L 1) =u(t) — 0sint, >0, (1.1)

y(xv O) = yO(X), yt(-x7 0) = yl(x),

Yout(t) = y: (1, 1),
where and henceforti or y, denote the derivative of with respect toc andy or y; the
derivative with respect to u(r) : R*™ — Ris the boundary control force applied at the free
end of the beam anf is the unknown amplitude of harmonic disturbangg () stands

for the measured signal of the system at timg) andy; are initial values.
The energy of system (1.1) is defined by

1 1
E(t) = 5/0 [y2(x, 1) 4+ y2, (x, 1)] dx. (1.2)

It is well known that if there is no disturbancé = 0), then the closed-loop system under
the output feedback contrelr) = —ky,,(¢), k > 0O, is exponentially stable, that is to say,
there are two positive constarisandw such that

E(t)<Me “"E0), t=>0. (1.3)
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However, when the system is subjected to a disturbance, one cannot guarantee either expo-
nential or even asymptotic stability of the system. The advantage of the adaptive stabilization
is that stabilization and good control performance can be automatically achieved even in the
presence of various types of uncertainties. In this paper, we consider the following adaptive
output feedback regulator for system (1[Z]x

u(t) =k(t)y:(1,1) + 0(z)sint,

k() =ry?(1,1), k(0)=0, r>0, (1.4)

0(r) = y:(1, 1) sinz, 0(0) = 0o,
wheref is the initial condition of the estimator. Under this adaptive controller, the closed-
loop system (1.1) becomes
Vir (X, 1) + Yaxax (6, 8) =0, x €(0,1), =0,
¥(0,0) = yx(0,1) = yxx (1, 1) =0, 120,
Yexx (L 1) =k(®)y,(L,1) + [0@) — O] sint, >0,
y(x, 0) = yo(x), yi(x,0) = yi(x),
k() =ry?(1,1), k() =0, r>0,
0(r) = yi(1, 1) sint, 0(0) = bp.

(1.5)

It should be pointed out that our regulator is different from the one develog&{ for
general second-order collocated system where combination of displacement and velocity
are used in the design.

The paper is organized as follows. In Section 2, using constructive Galerkin approximat-
ing scheme, we show the existence and uniqueness of the classical solution. Section 3 is
devoted to the smooth solution for smooth initial datum satisfying necessary compatible
conditions. The convergence of the solution to standstill and the regulation of the uncertain
parameter are presented in Section 4.

2. Existence and unigueness of classical solution

Let L2(0, 1) be the usual Hilbert space with inner prodict); 2 and the inner product
induced nornj| - ||, 2. Define operatoA in L? as follows:

Ap=¢"", Vo e D(A)={¢p € L?p(0)=¢' 0 =¢" (1) =¢" (1) =0}. (2.1)
ThenA is an unbounded self-adjoint positive definite operatof frwith the eigenpairs
{(Zns D)}

in =By =0, §,(x) = -5 ebx — L e P 4y sin(,x)

+cogB,x), (2.2)
y = n=sin(p,)+cosp,)

y = Fn—sin(f ) rcosfL) — —1 asn — .

From general operator theory and Lemma 4.8a, {¢,}°2 ; defined by (2.2) are approx-
imately normalized (i.e., & c1 < ||¢, || < c2 for some constantsy, c; independent oh)
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and form an orthogonal basis @7. Let H2(0, 1) = {¢ € H?(0, 1)|¢(0) =0, ¢'(1) = 0}
with the inner product, g)HE =f01 f"(x)g” (x) dx be the Hilbert space. It is known from
[16] that[D(AY?)] = H2(0, 1).

Theorem 2.1. Assume that the initial valugyo, y1, 0o) € D(A) x D(AY?) x R. Then in
systen{1.5)there exists a unique classical solution y in the sense that for anyftizn®,

y € L®(0,T; H¥*N HE), y, € L®(0, T; [D(AY?)]), y, € L0, T; L?),
ke clo, 1, 0eclo, 1],

Yir (%, 1) = yyxxx (x, 1) in L0, T3 L?(0, 1)),
)’(O,f)=yx(0,t)=yxx(1,f)=0, t >0,

Yorr (L, 1) = k(0)y (1, 1) + [0(t) — Osinz, >0,

y(x, 0) = yo(x), yi(x,0) =yi(x),

k() =ry?(1,1), k(0 =0, r>0,

0(t) = y,(1, t)sinz, 6(0) = bp,

whereH2 ={¢ € H3(0, 1)|¢(0)=¢'(0)=¢" (1) =0}. By the Sobolev embedding theorem
it follows thaty € C ([0, 1] x [0, T']).

Proof. We start by showing the uniqueness of the classical solution. However, suppose
otherwise, there exist two solutionis, y;, k, 0) and (§, ¥, k, 0). Setp(x, 1) = y(x, 1) —
v(x, 1). Thenp satisfies

DPir (X, 1) = prxxx (X, 1),

p(oat)=Px(0’t)=pxx(1vt)207 .

Prxx (L 1) =k@®)y: (1, 1) —k(®)3:(1, 1) — [0(t) — O()]sint,

p(xso) =Os pl(-xvo) :07

k() =ry?(1,1), k(0)=0, (2.3)
k(ty=r$%@, 1), k0)=0,

0(t) = y:(1, 1) sinz, 0(0) = 0o,

@(t) =y,(1, 1) sint, @(O) = (.

Define Lyapunov-like functional is as follows:

[k(t) — k(1)1?

+100) — 012 (2.4)
2r

1 1
V(t):/ p,z(x,z)dx+/ p2 (x,0)dx +
0 0

A direct computation shows that the time derivativé/af) along the solution of equation
(2.3) satisfies

V()= —2p;(L, 1) paxx (L, 1) + [k(r) — k(DI[YP(L, 1) — $P(L, )]
+ 2[0(r) - OOy (L, 1) — 3: (L, t)]sin¢
= — [k(t) + k(O]ly (L, 1) — $,(1, 1)]?<0. (2.5)
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Hence,V(t) = V(0) =0 or

(y7ytvk7 G)E (5}7_91‘7127 é)

Now we turn to existence. Multiply the first equation of (1.5)dy D(AY/?) and integrate
overx € [0, 1] by parts to obtain

e G 1), @O p2 + (Vx5 1), Py (D) 2 = —[k(®)y: (1, 1) + [0(1) — O] sin t]p(1).
(2.6)
Because system (1.5) is a time-dependent evolution equation, we use standard Galerkin
approximating solution to converge the classical one. The process is as follows. Since the

sequencée, }o° ; defined by (2.2) forms a (orthogonal) Riesz basigf(0, 1), we expand
both initial valuesyp andy; into the Fourier series in terms ¢f, in L? space, i.e.,

o0

Yo = Z an(ﬁw y1= Z bn¢n~ (27)

n=1 n=1

For any given positive intege, we find the Galerkin approximating solutiof to be of
the form

N
W =" g, (2.8)

n=1
subject to the initial conditions

N
yN(x,00 =Y ay¢, — yoin [D(A)] asN — oo,

";1 (2.9)
- N _ : 12
Y (x,00= 3 by, - y1in [D(AY9)] asN — oo,

n=1

where we have used the assumptiong@andy;.
The argument is to make

ONCGO+HYN 0, 0,)2=0, n=12_...,N

at the time of reg@rdingkN OYN@ ) —[0n@) — é] sin ¢ as an approximation efk(z)
v(1,1) — [0(r) — 0] sin ¢. Hence certain nonlinear ordinary differential equationsgfoy
must be satisfied. These can be written in the form

N
gun (1) + ;bngnN(t) = {_kN(t) Z—:l gmN(t)d)m(l)

—[BN(t)—@]sint}qﬁn(l), n=12...,N,
. N 2 (2.10)
kN(t)=V[ > gmN(t)¢m(1)i| , kn(0)=0,

m=1

. N

(1) = [ 5 g'mN<r>¢>m<1>] sint, Oy(0) = o,
m=1

gn©) =a,, g N0 =b,, n=12,...,N.
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The existence and uniqueness of the solution to (2.10) in some inf€rval), ty >0 is
ensured by local Lipschitz condition. Now we shaw= oo by constructing a Lyapunov
function for system (2.10). Multiplying the first equation of (2.10)¢hy () and summating
nfrom 1 toN yields

d .n 2 d w 2

Elly G Dlly2 + Ellyxx(n D72

=2{—kn )3V (L, 1) — [On (1) — O sin 1} (1, 1).

This shows that the Lyapunov function for system (2.10) defined by

N 2 N ,  kE@) ~ 5
satisfies
Vn () = —ky O[3V (L. H1?<0 (2.11)

along the solution of (2.10). Therefore, (2.10) admits a unique global classical solution.
O

Next we come to the existence of the solution which shall be split into several lemmas.

Lemma 2.1.
yN(1, 1) € L?(0, 00),

maxsup([|$" (-, D)l .2 + 2% (- Dll 22 + 10n ()] + ki (1] < 0. (2.12)
20 y
Proof. The result follows from (2.11) that
Lemma 2.2.
sup|[ ¥ (-, )l 2 < oo. (2.13)
N

Proof. From (2.10)
&nn (0) + Zngnn (0) = 0.
Multiplying the equality above by, (x) and summating for = 1,2, ..., N gives
PV (. 0) = =y (v, 0) = —Ayg (x).

Hence|[iV (-, 0)ll2 = IAyY Il .2 = 17 lip(ay- (2.13) then follows from the assumption
for yo by (2.9). O

Lemma 2.3. ForanyT >0

max_ sup[ | ¢, Ol .2 + 190 G, Ol 2 + [V (L )] < 00. (2.14)
0<t<T y
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Proof. We rewrite (2.10) into

Enn (1) + Angun (8) = {—kn (I (1, 1) — [0 (1) — 0] sin 1), (D),

n=12...,N
kv =riN @ 0P, ky(0) =
Oy =31, 0sint, O (0) = b,
gnN(O)ZCln, gnN(O):bn, n=1721""N
Now differentiate the first equation of (2.15) with respect to obtain

"

g (@) + Angun (1)
=~V (@ 0P — kv OV (L 1) — 3V (L, 1)sin’ e
—[0n (1) — O1cost}p, (1), n=1,2, ..., N.

And then multiply (2.16) by, y () and sum forn =1, 2, ..., N to produce

1d 1d
54 ||y G, f)lle-l- IIyxx( l)IILz

={—ryV @, 0P - kN(t)yN(L 1) — V(L sintt
— [0 (1) — 01cost}3V (1, ).

Therefore,

1d 1d
53 ||y G, t)IILz-l- IIyxx( l)||L2+ —[y €, n1*

= {—knOFN (L 1) — YN (L )sin’r — [0y (1) — 01 cost}iN (L, 1).

Integrating ovefO, ¢] gives
1
§||'y'N(~,t>||iz+ 92 C. r>||L2+ V(L 01t
t
_ f v @ ) Pds — 2 (34 @, 0 Psi
0
1 t
+= / N (1, $)1?sin 25 ds
2 Jo
— ML 0)[0n (1) — O1cost + 3™ (1, 0)[0n (0) —

I ~
+ / j}N(l, s){)')N(l, s)sins coss — [Oy(s) — 0]sins}ds
0

1 . 1 . ro.
+ 5||y”(~, 012, + Ennyxm 02, + 2 Y 014

677

(2.15)

(2.16)
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3 [t .
< fo Y (L )12 ds + 8115V ¢, 1))

~ .N 2 ~
+in<t>—9]2+—[y (;’0” + (0 — 0)
znyN( 0>||L2+ ||yxx( 0>||L2+4 V01
k() [V (L 0)1? -
<3 o oG 0l +E[9N<z)—e] +T+(90—9)
+ §||yN(~, 02, + ény'xc, 02, + 3 LV, o1 (2.17)

The boundedness ¢f" (-, O)|| follows from Lemma 2.2 and that dfy Y. (., 0)||22 and

hencey" (1, 0)| follow from (2.9). Takingo; > 0 so that 1- 61 > 1/2 in above inequality
proves (2.14). O

Proof of existence.Thanks to Lemmas 2.1, 2.3 and Lemma 4[4f, we may extract a
subsequenc#; which is still denoted by, without diffusion, having the properties

yN — yin L0, T; [D(AY?)]) weak';
3N =y in L=(0, T; [D(AY?)]) weak; (2.18)
NV — §in L0, T; L?(0, 1)) weak'.

SinceyN (1, 1) —fo ¥ (x, 1) dx andy™ — yin L>®(0, T; [D(AY?)]) weak star topol-
ogy, and for any fixed € [0, T], {yjc"}N 1 is a compact subset d@f? due to the bound-
edness ofyN}%_, in L?, where there is a subsequerfg€’*}2° ; of {y¥13°_, such that

INEC 1) = Ye (-, p)in L2 ask — oo, which implies thatyV*(1, 1) — y(1, ) for almost
everyt € [0, T]. By Lebesgue dominant convergence theorem, it followsjt&t1, r) —
y(1,1) ask — oo in L2[0, T']. For brevity in notation, the sequen¢g"*(1, 1)} is still
denoted by(y" (1, 1)}. Thus,

t
Oy (1) = f ¥V (A, s)sinsds + 0g — 0(r)
0
t
= / y(1,s)sinsds 4+ 0p asN — oo. (2.19)
0

Moreover, sincg’V (1, -) € L>(0, T) and
V(L) > 31 1) in L3O, T)

it follows that[y™ (1, £)1> — y2(1, 1) in L2(0, T) asN — oo. Therefore, for any >0

t t
ky(t) = rf N (@, $)12ds — k(1) =r/ y2(1,s)ds asN — oo. (2.20)
0 0
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Now multiplying the first equation of (2.10) by, and summating for =1,2, ..., N and
then taking inner product witth € D(AY/2), we obtain

GV, o 4+ ML @) 2 = (—kn )3V (L 1) — [0y () — O] sin 1)

N
X Yy D)D) Vo € D(AY?).

n=1

Next, for any distributiony € £(0, T), taking inner product witky on both sides of equality
above thus gives

T

T
/O GV, ) 2w (o) di + /0 O ) 2o di
N

T ~
= [tk @03 @) = 0w ) = D sin ) 8 Y6, $16 D

n=1

Vo € D(AY?) € 20, T).

Letting N — oo produces

T T
/O (5. ) 20 (0) di + /0 (s &) 20/ (1) di

- /O U=k 1) = 106) — Bl sin 1) drb(D)
V¢ € D(AY?), € 2(0, T).
Hence,
(3, @) 12 + (e ¢ 2 = (kO (L. 1) = [0() = O sin 1) (D)
V¢ € D(AY?) andr € [0, T] ae. (2.21)
Now, take particularlyp to be the distribution, i.e¢p € 2(0, 1). We have
(3, )2+ (Vexs 9") 2 =0 Vo € 2(0, ). (2.22)
This shows that the generalized derivativg, . exists and
Yerex (1) = yu (-, 1) € L2(0,1) for 1 €[0, 7] ae.

Hencey(-, 1) € H*(0,1). Sincey..(-,1) € L2, 1), integrating (2.1) by parts over
x € [0, 1] yields

(¥, ¢>L2 + Yxx (1)¢x Q@ - yxxx(l)d)(l) + (Vxxxxs d))LZ
= {—k(®)y(L, 1) — [0() — O]sin 1} (D)
V¢ € D(AY?) andt € [0, T] ae. (2.23)
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Note thaty, .y (x, 1) + y; (x, t) = 0. It follows from (2.23) that
Yexx (L DG = (k@O Y(A, 1) + [0(r) — O1sin 1}p(D), yax (D, (1) =0
V¢ € D(AY?).
Hence,
Yere (L ) =k(OF (L, 1)+ [00) = 01sint, (1) =0

This together with the fact that(-, 1) € H*(0, 1) shows that (-, 1) € H* N H32.
It remains to show that the initial conditions are satisfieq.bis

yN =y, v — yin L2, T; L?%(0, 1)),

it follows from Lemma 5 of[1] that (y¥(-,0), ¢),2 — (y(-,0), ¢),2 for every ¢ ¢
L?(0, 1). By virtue of (2.9),y(x, 0) = yo(x). Similarly, from the fact that

gV~ 5. 3V —~ y weakly in L2(0, T; L?(0, 1)),

we obtainy(x, 0) = y1(x). This completes the proof.[]

3. Smoother solutions

This section presents the smoother solution to (1.5) under the smooth assumption and
compatible conditions for initial datum. To do so, we need the following Bihari's
inequality[2].

Lemma 3.1. If L, M >0andg(s) > 0 is nondecreasing far > 0, then the inequality

t
u(t)<L+M/ v(s)g(u(s))ds, a<t<b

implies that
t
ut)<G™ 1t [G(L)+M/ v(s)ds],
0

whereG (u) = [, g(—l,) df, u > ug>0.

Theorem 3.1. For any givenT > 0, let the condition of Theorerf.1 be satisfiedand
assume further that

yo € D(A¥?) ={y € H%0, D|y(0) =y’ (D) = y"(1) = y" (D)
=y?P0)=y®(0) =0}, y1€ D(A)
and compatible condition
—ry3(1) = 6 — 0. (3.1)

Then the solution of equation (1.5) has the regularity propgreyZ°°(0, T'; [D(AY/2)]).
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Proof. The proof depends on the estimateydf(0). To this end, transform (1.5) into an
equivalent problem with zero initial values by the following transformation:
vl 1) =y 1) —u(x, 1), (3.2)
u(x, 1) = yo(x) + ty;(x). (3.3)

Thenv satisfies
U (X, 1) 4+ Vserxx (0, 1) +Urax (x, 1) =0, x €(0,1), =0,

v(0,1) =v,(0,1) = v (L, 1) =0, >0,

Vere (L 1) = k(O[v, (L, 1) + y1(D)] 4 [0() — 01sin t — uyr (1, 1), 10,
(3.4)

v(x,0 =0, v(x,0) =0,

k@) =rlvi (1, 1) + y1(D1%, k(©0) =0, r=>0,

0(t) = [v;(1, t) + yr(D)]sinz, 6(0) = .

v is a solution of (3.4) if and only i = v +u is a solution of (1.5). Once again, we adopt the
Galerkin approximation. Still choose, }>> ; defined by (2.2) which form an orthogonal
basis forL2(0, 1).

Let Vy be the space generated by, ¢o, . . ., ¢, and let

N
N, D=7 fn (¢, (x) (3.5)

n=1
be the Galerkin approximation of which satisfies the following equation:
(NG 0, @)z + (OG0, ayd 2 + (e (LD, D) g2
=(—kNO[N (L, 1) + y1(D] + [0V (1) = O] sin 11}p(1) V¢ € Vy,
vV (., 00=0"(-,0 =0,
N 2 (3.6)
N (1) = r[ > fan@® ¢, (D) + yl(l)} . kN(0) =0,

n=1

. N
0N(t) = [Z fan@® ¢, (D +y1(1)] sint, 0" (0) = 0o.

n=1
Once again, there exists a unique classical solution to (3.6) in fame), 7y > 0 and we
split the proof into several lemmas.

The first Lemma 3.2 below shows that one can take- T'.

Lemma 3.2.

sup[[|0Y (-, Ol 210N ¢ Ol 24+10Y @) [ +kY (1)]<o0, 1 €[0,T], ae (3.7)
N
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Proof. Taking¢ = 20" (-, 1) in (3.6) we obtain

. d .
g 1PN CDIZ2 + S0 DT + 20w (0, 05C, D) 2

= 2{—kN O[0N (L 1) + y1 (D] — [0 (1) — O1sin 1} (1, 7).
Hence,
N ()12 -
o8 D12, + 15, 0122 + E 2 410V (o) — P

t t ~
g[ KN (s)y2(1) ds+2/ (DO (s) — 0]sin s ds
0 0

t ~
- 2/0 (txx (-, 8), 0N (-, $)) 12 ds 4 (0o — 0)2. (3.8)
From the fact that
. d
<uxx» v)lf\;>L2 = E(MXXV U)Ic\;)LZ - (yi/i vfx;)LL (39)

and (3.8), it follows that

(KN ()]
2r

t t N
</ kN (s)y3(1) ds +2/ (D[N (s) — 0] sin s ds
0 0

o Co0l2, + 116V ¢ o7, + +[0V (1) — 012

- 2f0t<u“<~,s>, oY )) 2 ds + (0o — 0)?
- /0 Y o2y ds + 2 /0 Y110V s) — Blsin s ds

+ 2fol<y’1’, V(0 8)) 205 = 20uxi (1), v (D) g2 + (00 — 0)?
< /0 t [[kN(s)]z 4 %yf(l)} ds + /0 B2 + 0¥ () — D)1 ds

2r
N 2
”vx)(('v t)”LZ

M1

! P ARO[ -
+ A nz||y1||L2+n— ds + (0o — 0)“. (3.10)
2

+ Myllxe G D122 +

Takingn, > 0 andy, > 0 so that - 1/, = 1/5, and applying the Grownwall's inequality
to (3.10), we obtain

suplllo™ ¢ Oll 2 + 10N Dl + 108 @O + kN (1)) <00, 1 €[0,T], ae.
N

Therefore, (3.6) admits a unique global classical solution in wf@Il#&]. O
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Lemma 3.3.
(3.11)

sup||iV (-, 0)]| 2 < 0.
N

Proof. Settings = 0 in the first equation of (3.6) gives
<v[}>,('70)’ ¢)L2+<v£§('vo)v ¢xx>L2+<uxx('vo)v (i)xx)Lz:O Vd) € VN (312)

This together with the fact that" (-, 0) = vV (-, 0) = 0 leads to

(W (,0), @) 12 + (3G, Pyy) 2 =0.

"

Take ¢ = v} (-,0) in the above equality thus to obtaifii™ (-, 0)|l,2 <[yl .2,
proving (3.11). OJ
Lemma 3.4.

sllvjp[qu(-,z)uLer 10N ¢ 0l 2 + 10V (L, 1)1 <oo forre[0,T]ae  (3.13)
Proof. Differentiate the first equation of (3.6) with respect.tto give

WG D)2 4+ (03 (5 0, b 12 + O, b2

= {—r[o" @, D) + ()P = KN O)FV (L, 1)
(3.14)

— WN@ ) 4 yi]sirt s — [0 (1) — 0] cost}d (D).
Substitution ofg by v (-, #) in (3.14) results in that
d . 1d . -
5 g e Olz2+ 5 LG D22 + (yf, B¢, D) 2
={—r" (L) + WP - OV A 1) — BV (L 1) + yr(D]sint ¢

— 10N (t) — 01 cost}i™ (L, 1).

Hence,

1 d N 2 1 d N 2 r d N 4
= e = el "2V 1
2dt”v GOz + 2dt”v”(’t)”L2+4dt (0" (1, 1) + y1(D]

+ (], BN, ) 2

={—kN OV, 1) — VL 1) + y1(D)]sinP

— [0V () — O1cost}iN (1, 1).
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Integrating ovefO, 7] then gives
1
SIBYC, DI, + = ||vxx( DI, + -~ [vN<1 H+y1*
t
—f KN ()oY @, $)1%ds — > [i)N(l, 1) + yu(D)]?sin’ ¢
0
t
+ % / [N (1, s) + y1(D)]?sin 25 ds
0
— oM@, 10N @) — 01 cost + vV (1, 0[O (0) — 0]
l ~
+/ oM@, (N (L, 5) + yi(D)]sin s coss — [0V (s) — 0] sin s} ds
O
—||vN< 012, + - [y1<1>] O, 0 G 0) 2
<2 f [0V (L) + yrDPds + &40V (L 2 + = [0V (1) — D2
2 Jo 484
t
- [ yi(D[ON (1, s) + y1(1)]sin s coss ds
0
l ~
— / oV (@, $)[ON (s) — O] sin s ds
0
1
+ 5157 0lZ: + 5[y1<1)]4 + 7l lof o0l
3N (¢
© 4 e, DI, + L o¥e —ap2

2r 4
— y1(D) cost[0V () — 01 + y1(1) (0 — 0)

1 ~ 1 . r
+ 5 00— 0%+ S5V, 0172 + 7 [ (1*

<

1 .
+ 7||y{||iz + &Y. 0117,

3N (1)

<
2r

1 1
+ &l (., r)||L2+<4\f + )[6%)—9] +11y1122
+ (0o — 0)* + EnvNc, 0l + C @1

1 .
+ 4—52||y1’||§2 + &l 012 (3.15)

Takeé; > 0 andé, > 0 so that} — (&1 + &) > 3 in (3.15) and note that Lemmas 3.2 and
3.3, we get

suplll5Y ¢, )l 2 + 100 G Dl 2 + [0V (L )1 <oo forte[0,T] ae
N

This gives the required result.]
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Lemma 3.5.

sup||v (t)|l;2<oo forte[0,T] ae.

Proof. Differentiating the first equation of (3.14) with respect teads to

<vi‘]\t/t[('7 t)a ¢>L2 + <v)15\;(7 t)’ ¢xx>L2

{ 40N (@, 1) 4+ yiIZN A 1) — kKN 0N (@ 1) — 5V (A, 1)sine

- g [N, 1) + yi(D)]sin 2 + [0V (r) — O] sin r} d1). (3.16)
Again, substitution otp by v/, (-, ) in (3.16) gives

d . 1d ..
> anv,Nc, 02, + > anvx(-, D12,

- { — &[N (L 1)+ y1(IFN @ 1) — KV BN @ 1) — 5V (L 1)sin?e

3 -
-3 W@, 1) + yr(D]sin 2 + [0V (1) — 0] sin t} N1, 1).
Integrate ovefO, 7] thus to give

15 GOz + 152 ¢ Ol = — fo l KN ()Y (L, )1 ds
—8r fo UYL Y (L )+ (WIZEY A 5) ds
—~ 2fol 5N (1, 5)v" (1, s)sin? s ds
—sf N, [0 (A, 5) + y1(D)]sin 2 ds

—|—2/ vy N1, s)[0N (s) — ]Slnsds

+ 1520 C 02, + 15 ¢, 0117

7
=Y L. (3.17)

i=1
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Now estimate each term on the right-hand side of (3.17).

1
Ip= —8r f 5N @, )0 (@, 5) + y1(D1PN (L, 5) ds
0
t
<4l (1, 0y (DI + 8 / [V (L )TN (L s) + ya(D]ds
0
t t
<A (BN ¢ 012, lypl7 + 4r/0 15 )18, + 4r/0 [V (L, 5) + y1(D1? ds

t
<4rli¥ ¢, 012, 14112, + 4r/0 1Y, )18, + 4N (0);

t
I3 = —2/ 5N (1, 5)v" (1, s)sin s ds = —[6V (1, 1) sin 1]?
0
t
+ f [5V (1, )1 sin 2 ds
0
t t
</O ||ﬁ§v<~,s>||izds<fo 152 )12, ds:
t
Ih= — 3/ 3N (L, )N (L, 5) + yr(D]sin 25 ds
0

= =3V N 1) + yr(D)]sin 2

t t
+ 3/ [V (1, s)1%sin 25 ds + 6/ N (@, 5)[0N (1, 5) + y1(1)] cos 2 ds
0 0
<ol 2+ 5 ) + ||22+6ft 15 (-, 5)11%, ds
2 x \" L 261 X\ 1y 0 X\ L
t
43 / 5V (L) + y1 (D2 ds:
0
3 3 . ,
=§al||vﬁ(-,r)||§2+T‘luvfc,myluiz
t
3
+6/ 15 (-, 1172 ds + = &V (1)
0 r
t ~
Is = 2/ b'tN(l, IOV (s) — 0] sin s ds
0

» t
=2V (L, [0 () — O)sint — 2 / M (@, )N (L, 5) + y1(D)]sin’s ds
0

t ~
- 2/ N (1, $)[ON (s) — O] coss ds
0
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<ol B (. 0)lI7 + 0_—12 (0" (1) — 017

+ /0 152 (. 9)l172 ds + /Ot[i)N(l, 5) + y1(D]? ds

— 20N (@, [6N (1) — O cost + 20N (1, 0)[Hg — O]

+ 2/0Z N (@ )Y (A, s) + y1(D)]sin s coss — [0V (s) — 0] sin s} ds
<aalli (. D2, + 0_—12 [0V (1) — 02 + /Ot 15 (. )12, ds

+ / V(@ )+ P ds + [V (0 P

+ [0V (1) — 0] +2/Ot[1>N(1,s) + y1(1)]?sin s coss ds

— 2y1(1) /Ot[i)N(l, s) + y1(D]sin s cossds

- 2/(;[13N(1, s) + y1(DON (s) — 0] sin s ds

t ~
+ 2y1(1)f [0N (s) — 0] sin s ds
0

3kN
<oz B (., r)||L2+<1+ )[eNm / 152 (-, )12, ds + (”

+ 10 (. 0I2, = 2y2(1) cost[6” (1) — 0] + 2y1(L[0o — O] + [0 — 01
kNm

<o)V t)||L2+<2+ )[GN(o 017 + filvxx( )12, ds +
+ 19N Co012, + 214l 2 + 2[00 — 01

6
Is = IV, (. 0)I12, < C1llyg 12,

whereCy > 0 is a constant independentdf Now it remains to estimatg;. From (3.16),
it follows that

(W00, d) 2 + (3], b2 = (—rlyr(DI° = [60 — O} p(D). (3.18)
This together with the compatible condition (3.1) shows that
Iz =15 (-, 0)]| 2 < ||y1 ||L2
By these estimates justified and Lemmas 3.2 and 3.4, we obtain, from (3.17), that
15 ¢ 0025 + 152.CL 012,

! . . 301 .
<C +/0 [4r |52 Co )18, + 8115, (. 5) 11221 ds + (7 + 02) 15, 012,
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whereC is a constant independent Nfbut depending on initial date. Takirg > 0 and
02> 0sothat 1- (301/2 + a2) > 1/2, we get

t
152 0112, <2C + 8/0 [P )82 + 205, )11 2] ds. (3.19)

Apply Lemma 3.1 to (3.19) with. =2C, M =8, v =1, g(s) = rs° + 2s to produce
supy ||i}jc‘;(-, )|l ;2 < oo uniformly for almost every € [0, T']. The proof is complete. [

4. Asymptotic stability

In this section, we establish the convergence of our adaptive regulator system (1.5). To
do this, we need the weak solution of (1.5).

Definition 4.1. For any initial datayo, y1, 0p) € D(AY?) x L?(0, 1) x R, the weak solu-

tion (y, yr, k, 0) of equation (1.5) is defined as the limit of any convergent subsequence of
(", ¥, k™, 0™) in the spacd.* (0, oo; [D(AY?)] x L2(0, 1) x R?) where(y", y", k", 0")

is the classical solution ensured by Theorem 2.1 with the initial condition

O"(x,0), y'(x, 0), 0"(0)) = (you (x), y1(x), O0s) € D(A¥?) x D(A) x R
Vx € (0,1)

satisfying

nILmoo | (¥n0, Y12, O0n) — (Yo, y1. 00)||[D(A1/2)]><L2(0,l)><R =0.

Definition 4.1 makes sense because from (2.4) and (2.5) we kno(fiaty;", k", 0")}
must be a Cauchy sequenceliff (0, co; [D(AY2)] x L2(0, 1) x R?) and its limit does
not depend on the choice of initial datum.

Theorem 4.1. For any initial condition(yo, y1) € D(AY2) x L2(0, 1), the solution of the
systen(1.5)is asymptotically stablghat is to say
; BT 11l 2 2 —0
Jim CE@ = lim 3 foli e D+ v 0lde = 0;
SUpk(t) < oo;
t}(l)a (4.1)

rﬂToo 0() = 0.

Proof. Interms of density argument, we may regard without loss of generality that the initial
value(yo, y1, 0p) belongs tas D(A%2) x D(A) x R. Construct Lyapunov functional (¢)
for the system (1.5) as follows:

K2(t)

1 N
Ul(r) =/ [y2(x, 1) 4 y2, (x, )] dx + -+ [0(t) — 012 (4.2)
0
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Then the time derivative dff () along the solution of system (1.5) satisfies
Ut)= = 2yeee (L, Dy (L, 1) + k@YF (L, 1) + 2[0) — O] sin 1 - yi (1, 1)
= 2(—k(®)yi (L, 1) — [0(t) — O] sin 1}y, (L, 1) + k() yf (L, 1)
+ 2[0(r) — O]sint - y,(1,1)
= —k()y} (1, 1).
This shows that/ (r) < U (0) and hence

SUPLE(?) + [0(1)] + k(2)] < o0, (4.3)
t>0

which in particular deduces, from the definitionigf) in (1.5), that

yi(1,) € L%(0, 00). (4.4)
Similarly, let

U@t) = % /Ol[yﬁxxx(x, 0+ y2,(x,0]dx + gy;‘(l, 1.

Itis found that the time derivative f (r) along the solution of system (1.5) can be estimated
as

U (1) = yi (L {—k(®)yi (1, 1) — y, (L, H)sint — [0(r) — O] cost}
= —k()y2 (L, 1) — yu (L, 0y (L, )SiRPt — y, (1, 1)[0(r) — 0] cost
< — yu(L 1)y (1, 0)sinPr — y,. (1, H[0(t) — 0] cost.
Hence,

1 1 N _
U< —/ (L, )yer (L, 5)sinPs ds — / yir (1, $)[0(s) — O] coss ds + U (0)
0 0

t ~
- — %y,z(l, t)sinft +/ y2(1,5)sins coss ds — y, (1, )[0(1) — 0] cost
0
+ (1, 0)[0p — 0]
t ~ -
+ f i (L, $){y:(1, s)sins coss — [O(s) — O] sins}ds + U(0)
0

t ~
<2/ ytz(l, s) dS+Cyt2(l, 1)+ %[9([) —9]2
0 {

1 - _
+3 y2(1,0) + [0 — 012 + T (0)

2k(t 1 -, 1, L
<¥+C||yxx,(x,t>||iz+4—C[6(r>—912+Enylnizﬂeo—e]zw(ox

where O< { < 1/2 is constant. This together with (4.3) shows that

supU(r) < C < oo (4.5)
t>0
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for some constar® depending oni(yo, y1) [ p(a)jx[p(al/2);- Therefore, the trajectory

is precompact i (AY2) x L2 x R?. In light of Lasalle’s principlg9], the solution of (1.5)
converges asymptotically to the maximal invariant subset of the following set:

S={(y,y,k, 0) € [D(AY?)] x L? x R?|U = 0}. (4.6)

The proof will be accomplished if we can show that theSsentains single poir(0, 0, k,0)
only. However, when = 0 one hask(t)ytz(l, t) = 0. Sincek(t) is nondecreasing and
bounded, we may assume that

lim k() =k.

t—00

If k=0, then it follows from (1.5) that(r) = y,(1, r) = 0. However, ag # 0, y,(1, 1) =0
for sufficiently large. In any case, there exists a time> 0 such that when> g bothk(z)
andd(r) remain constantg(s) = k, 0(t) = 6, and (1.5) reduces to

Vir(x, 1) — yoxxx(x,2) =0, x €(0,1), ¢>1,
{ y(0,1) =y, (0,1) = yux (1, 1) = y;(1, 1) =0, (4.7)
Yexx(1, 1) = (0 — 0) sin t.

In order to show that system (4.7) admits only zero solution, we assume without loss of
generality that the initial values for equation (4.7) are smooth enough. First, we consider
the solution of the equation
{ylt(xs t) - yxxxx(xv t) = Oa X € (Os 1)1
y(01 t) = yx(oa t) = yxx(lv t) = yt(lv t) = O

Introduce a Hilbert spadd = [D(AY?)] x L?(0, 1) with the inner product

(4.8)

1 -
(1, 71), (2, 22)) =/0 [y () y5 (x) 4+ z1(x)z2(x)] dx.

Define a linear operatotg associated to the system (4.8)

Ao(y,2) = (z,—y""),
{D(Aw = {0, € HY0,1) x H*(0,1),y(0)=y' (0 =y"(1)=0 (4.9)
z(0) =z(1) =7/(0) = 0}.
The operatoig is skew-adjoint with compact resolvent bh

2

Lemma 4.1. There is a family of eigenvaluds, = iw?, —iw?2} of Ag, which have the

following asymptotic expansion

1
/ln :Iw%, Wy = <}’Z+Z>TE+O(G—”)
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And the corresponding eigenfunctions have the asymptotic expansion:
1 . 1
fa(x) = g (n+l/Hmx _ cos(n + Z) x — SIn <n + Z) X
— COS(VI + }) neﬁ(n+l/4)n(lfx)
4

— sin <n + %n) g~ (+/4AmI-0) | o1

’l;lw;lf,:/”(x) — |:_e—(n+l/4)nx — cos(n + %) X — Sin <n + %) X
— cos(n + %) ne~ (+H/AHnd—x)
—sin (n + %n) e‘("+1/4”)(1"‘)] + 0™ (4.10)
which hold uniformly pointwise fox € [0, 1].

Proof. Solving the eigenvalue problem

Ao(f. 8) = Af. 8)
one hag = 4 f with f # 0 satisfying

@ 2 _
{ )+ i/ f(x)=0, ) (4.11)
fO,0)=f0=fD=,"1)=0.
Let 1 = iw?. Then the equation
@ (x) — _
{f (x) /w /f(x)=0, (4.12)
fO)=f0)=0
has the general solution
f(x) = c1(coshwx — coswx) + c2(Sinhwx — sin wx),
wherec; andc; are arbitrary constants. Bg(1) = (1) =0, one has
coshw —cosw sinhw — sinw c1)
coshw +cosw sinhw+sinw /) \c2)
In orderf to be a nonzero solution of (4.11), it is necessary and sufficient that
coshw sin w — sinhw cosw = 0. (4.13)

Therefore, the solution to (4.11) is given by

f(x) =sinhw(l—x)—sinw(l—x)—sinhw coswx — sin w coshwx
+ coshw sin wx + cosw sinh wx.
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Only @ > 0 should be considered. From (4.13) one obtains
1 _
Wy, = n—l—Z n+ 0O(e™).

Takingw = w,,, we get

267 f(x) = — € " — coswx + sin wx + coswe™ L)

— sin we Y L Oe™)

1 . 1
— g (nt+l/Amx _ cos(n + Zn) x + sin (n +7 n) x
+ cos(n 11 n) g (1+l/am =)
4

— sin <n + %n) e~ H1/Am A=) | oY,

Since
o3 f"(x) = — coshw(l — x) 4+ cosw(1l — x) — sinhe sin wx — sin w sinhwx
+ coshw coswx — coshw coswx,

we can easily get the required estimate fgf(x) by regarding 2e® f(x) as f,(x). O

Continuation of the proof of Theorem 4.1. Define
{)bn =iw?, J_,=—iw?

Gy =G fus fu) P =G fur f)s n=1,2.....
Then{®,},c» form a (orthogonal) Riesz basis fét. The solution of (4.7) can then be
represented as

()’(7 t)’ )’t(', t)) = Z a}’le/lnt@)’h
ne?
wherefa, },c » are constants determined by the initial condition. From (4.10), we have

lw, 3£ (1) <5

for sufficiently larget. Thus in this case, the smooth solution satishe¥ ; |a,w, 12 < 0o
and

o0

yxxx(lv r)= Z ane;mti;lf;;”(l) = (é — é) sint
n=1

holds for allz > 0. By the orthogonality of the systeftsin w?t, cos w?t)}, we have imme-
diately that alla,, = 0 and hence

0=0, y=0.

We have thus proved tha® contains only single pointQO, 0,12,9). The proof is
complete. [
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