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A conjecture on the norm of Lyapunov mapping
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Abstract: A conjecture that the norm of Lyapunov mapping L 4 equals to its restriction to the symmetric set, .S, i.e.,
ILa|l = ||Lals|| was proposed in [1]. In this paper, a method for numerical testing is provided first. Then, some recent

progress on this conjecture is presented.
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1 Introduction

This paper considers the conjecture proposed in [1] that
the norm of Lyapunov mapping L, : X — XA + ATX
equals its restriction to the symmetric set, namely S, pre-
cisely, and we introduce some notations first [2].

- M, xn: Set of m X n real matrices.

- M,,: Set of n x n real matrices.

- Let A = (a;5) € My xn, then its row stacking form is

T
‘/;‘(A) = (allu"' s Aln,y st 5y Aml, aamn) ;
and its column stacking form is
T
‘/C(A) = (a117 RN 7 R A U P aamn)
2
- Letxz € R™ , and then
r xr1 X9 e I
1 anrl xn+2 © Top
Vi (x) = ;
LLn(n—1)+1 Ln(n—1)+2 " Tn2
(21 Tn+1 " Tp(n—1)+1
T2 Tnt2 " " Tp(n—1)+2
71 _
Ve (z) =
LLn Top * - Tp2
Let p Myxn — Mpxq be a linear mapping.

X € Mpyxnand Y = p(X) € Myyxy. z = Vi(X) and
y=Vi(Y) (x =V (X) and y = V.(Y)). Then we can find
a matrix MF (respectively, M£) such that
y = MPlx, (respectively, y = MPz). (1)
In the stability and stabilization of linear systems,
quadratic Lyapunov function plays a fundamental role [3,4].
It is well known that for any matrix A € M,

PA+ ATP=—-Q )
is called the Lyapunov equation. A is stable, iff for any
@ > 0 the Lyapunov equation has a unique solution P > 0.
In general, we may describe (2) as a mapping:

Definition 1 A Lyapunov mapping L4 : M,, — M, is
defined as
LaX =XA+ATX, X e M, (3)
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where A € M, is a given matrix.
Proposition1 Letp = L,4. Then

MP=MP =AT®1I,+1,® A", 4)

Identifying M,, with ]R”z, we can use the Euclid norm on
M,,. In this paper, we investigate the norm of L 4.

Next, we cite some known results about the norm of L 4
from [1].

- Let .S and K be symmetric and skew-symmetric sub-
spaces of M, respectively. That is,

S, ={Aec M,|AT = A}, K, = {Ac M,|AT = —A}.
Then both S,, and K, are invariant subspaces of L 4. The
restrictions of L4 on them are denoted by L% and L% re-
spectively.
- S and K are two orthogonal subspaces of M,, ~ R"*",
Moreover,
1 Zall = max{||L3]], |51} (5)

. When n =2, [|La]l = | L]
The conjecture proposed in [1] is
ILall = L3I, VA € My (6)

This paper will give some formulas for numerical anal-
ysis of the norm of Lyapunov mapping. A routine is pro-
vided. Using it, you can test the conjecture numerically tens
of thousand of times with one click. Then a recent theoreti-
cal result shows under a mild assumption that the conjecture
is true.

2 Numerical analysis

First, we give a numerical method to test the norm. In this
approach we need to find the matrix expressions of Li, and

L. Choose an orthonormal basis of M,, as

Slzdzz; Z:L,Tl,
1
Sij= —=(dij+d;), i=1,-- ,n—1,
\/5( »J 7)
1
Kij=—(di;—d;;), i=1--,n—1,
J \/§< sJ J;)
j:i+17"'ana
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where K := (kp, 4) = d; ; means
1, p=tandq =y,

kpq = {07

It is obvious that {.S;;, S;;} and {; ;} are the orthonomal
bases of \S,, and K, respectively.
For notational ease, we denote the ordered bases as

otherwise .

S = [S11---S1n Saz2+ -+ San -+ Snnl
=[51 8 -+ Spl,
where p = w,and
K=[Kig Kip Koz Kop -+ Kn_1yn]
=[K1 K2 - Kyl,
whereq:w.

Next, we use {E;; = d; |4, =1,---
M,,. Then for any A =

,n} as a basis of
(ai;) € M,, it can be expressed as
n

A= 3 ai;Ej;.
ij=1
For the basis elements E;; we have
LEWSIC_S)\U7 iajzla"'7n;k:17"'ap7 (8)
where)\fj eRP,4,5=1,---,n, k=1, pare structure

parameters of the restriction of Lyapunov mapping on S™.
Then we can construct a set of structure matrices as

S _ 1 2
M = |\ 22 ] € M.

Note that Mg are independent of a particular matrix A.
Then for any A € M,, the matrix expression of L is

MA*ZZQM

1=17=

®

Similarly, we have
L, Ky =Ky, i,5=1,--- ,njk=1,---,q, (10)
where uf; € R%,i,j =1,--- ,n,k =1,--- , qare structure

parameters of the restriction of Lyapunov mapping on K™.
Then we can also construct a set of structure matrices as

K _ q
M;; /Lw Mu © g | € M.

M;; X are also independent of A. For any A € M,, the matrix
express10n of L is

3

Mff:ZZa” (11)
1=1j=
Example 1 Letn = 3. We have
10 0] [0 0 0] [ 000
ME=1lo10];ME=|0o00|; M5=] 000
00 0] 101 0] -1 00
[0 0 0] 10 0] [0 00
ME=1001|;ME=|000[; ME={100[;
00 0] 100 1) 1000
00-1 010 000
Mii=100 0|; Mis=[000]; Miy=1010]|.
(00 0 000 001
Similarly, we can calculate Ml i 4,7 = 1,2,3 (to save

space, we skip them here).

49

Now consider a particular matrix as

1 01
A=10-1 2
0 1-1
Then L 4 ZAT®13+13®AT
20 00000 0 0]
0010000 UO0O0
1 20000000
00 00O0O0T1TO0OO0
Li=|0 00 0-2 1010
0001 2-22001
100200000
010020 0-21
10001 00 2 1 2-2]
Using (11), we have
MY = M + M — Mg + 2ME5 + Mis — M35
01 0
= 2 0 0
-1 0-2
Using (9), we have
200 0 00
001 0 00
Mj:ﬁQO 0 0 0
00 0 —2+v2 0
01 02vV2 —2+2
0 0v2 02v2-2]

It is easy to calcula;te that
LAl = ||IL5]| = 5.19677069822662;
| L5 = 2.56155281280883.

A routine in MatLab is provided at “http://Isc.amss.ac.
cn/~dcheng” for calculating the bases of S™ and K™ for any
n > 2. It can also be used to test whether || L || = || L5]]
numerically for arbitrary A assigned by you. For a randomly
chosen A, you may test it as many times as you like.

Note that the numerical test is not a proof. Say, you may
guess ||La|| > ||LX||, which completes the proof of the
conjecture. Numerical test by choosing A randomly can
hardly find a counter-example. However, a trivial counter-
example is A = I,,.

3 An updated result

In this section we provide a new result about the conjec-
ture. We need the concept of swap matrix and its properties.

Definition 2 [2] A swap matrix, W, ) is an mn X mn
matrix constructed in the following way: label its columns
by (11,12,--- ,1n,--- ;ml,m2,--- ;mn) and its rows by
(11,21,--- ;ml,--- ,1n,2n,--- ;mn). Then its element
in the position ((I, J), (4, j)) is assigned as

I.J l,I:iandJ:j,
(L), i) = 05 = {

12
0, otherwise. (12)

When m = n we simply denote W, ,,; by W[,
Example 2 Let m = 2 and n = 3, and then the swap
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matrix Wz 3] is constructed as
(11) (12) (13) (21) (22) (23)

1 0 0 0 0 0\ (11

0 0 1 0 o0f @2

Wo. |0 1 0 0 0 0 (12).

23710 0 0 0 1 0] (22

0 0 1 0 0 o0f(@13

0 0 0 0 0 1/ (23

Proposition 2 [2]

Winn) = W[;n{n] = Wipm- (13)

Proposition 3[2] Let A € M,,«.. Then
Proposition 4[2] Let A € M, x, and B € M,,.
Then
W[mﬂ,] (A X B)W[qm] =B® A.
Now consider the norm of L 4. It is well known that
LAl = Amax(LELA) := A
Hence, let £ be an eigenvector corresponding to \,,, then

ILAE|
Lyl = .

Hence, we have the following result immediately.

Lemma 1 For a given A if there is a symmetric £ (i.e.,
VoL(€) = V71(€) is symmetric), which is an eigenvector
with respect to A, then

S
I Lall = [ILA]l-
For statement ease, if & € R™*"™, the m-transpose of &,

denoted by &%, means the transpose of its corresponding ma-
trix form, i.e.,
&= Vi[(V;7H(€))"] equivalently Ve[(Ve(€))T]-

£ is said to be m-symmetric (m-skew symmetric) if £&¢ = &
€ =-9.

Now we are ready to present our main result. Using the
above notations, we have

Theorem 1 For a given A if there is a £, which is an
eigenvector with respect to A\, and is not m-skew symmet-
ric, then

5)

IZall = IILA]-
Proof It is easy to calculate that
LiLs =1, AT+ AT L) (1, AT+ AT ® I,,)
=([,A+ARL)I, AT+ AT ® I,)
=L, AAT + AT@ A+ AR AT + AAT ® I,.
(16)
It follows from Proposition 4 that
Wiy (LALA)Wia) = LiLa. (17)
Now assume ¢ is an eigenvector with respect to \,,. Then
we claim that ¢! is also an eigenvector with respect to \,,.

To prove this claim, note that because of Proposition 3
& =Wk
Using (17) and Proposition 2, we have
LALAWin€ = Wi LaLaW Winé
= W[n]LELAE = )\maxW[n]g‘
Now one sees that W,,;£ is also an eigenvector with respect
t0 A, Now if € is not m-skew symmetric, then £ + £? is an

m-symmetric eigenvector with respect to A,,,. The conclu-
sion follows.

4 Conclusions

This paper revealed some new developments in the con-
jecture of the norm of Lyapunov mapping:

[Lall = | Lalsll-
It is proven that if the largest eigenvalue \,,, of Ly L 4 has

a non-skew symmetric eigenvector, the conjecture is true.
Some formulas for numerical analysis were provided.
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