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Abstract—This paper studies the parameter identification problem of nonlinear abstract parabolic
distributed parameter systems via variational method [1]. Based on the fundamental optimal control
theory and the transposition method studied in [2], the existence of optimal parameter is proved, and
the necessary condition for the optimal parameter is established. (© 2004 Elsevier Ltd. All rights
reserved.
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1. INTRODUCTION

In recent years, there are various theoretical and numerical methods for identifying or estimat-
ing unknown parameter [3-8]. The inverse or parameter identification problem for parabolic
distributed parameter systems has been studied by many researchers, see for example, [9-14].
Reference [15] proposes an approximation process for identification of nonlinearities in parabolic
boundary value problem, and [16] gives a computational approach to identifying functional pa-
rameter using the gradient method. This paper will study the parameter identification problem
for nonlinear parabolic distributed parameter systems involving parameter in differential opera-
tors and nonlinear terms using variational method proposed by Dautary and Lions [1].

Let Q be an open bounded set in R™ with a piecewise smooth boundary I' = 9, ¢q be a
parameter and Q C R! be a parameter set. We introduce two Hilbert spaces H and V with the
Gelfand triple. Consider a system governed by a nonlinear parabolic evolution equation in the
Hilbert space H of the form,

—dy (t’q) + A(t,q)y(t, Q) = f (t7q;y (tvq))v in (O’T) )

dt (1.1)
¥(0,9) = vo, on £,
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where the mapping 4 : [0,T] x Q — L(V, V') is a time-depending differential operator defined by
some bilinear form on Hilbert space V and f : [0,7] x @ x H — H is a nonlinear forcing function.
A and f contain unknown parameter ¢, which should be identified by some identification process.
A powerful tool for identifying unknown parameter is the so-called output least-square estimate.
The optimal control theoretical technique due to Lions {17] has shown its effectiveness in various
applications to practical identification problems. We also use this method for the nonlinear
system (1.1), and consider the output error criterion determined by the quadratic cost as follows,

J(@)=ICy () — zall%y: €QuacCQ (1.2)

where y(g) is a solution of (1.1), C is an observation operator, M is a Hilbert space (observation
space), zq is a desired value in M. Q,q is the admissible subset of . We shall estimate the
unknown parameter ¢ by minimizing the quadratic cost function. This is so-called output least
square identification problem (OLSIP).

We study two fundamental identification problems of system (1.1) with criterion (1.2).

(i) Existence of a minimizing element § € Q,q, such that,
inf J =J(7). 1.3
0€0ma (9) (@ (1.3)

(if) Characterization of such element §.

We shall call § the optimal parameter of the system (1.1) with respect to (1.2).

The purpose of this paper is to prove the existence and to provide necessary conditions of the
optimal parameter for the nonlinear parabolic system (1.1) with respect to (1.2). The content
of this paper is as follows. The notations, definitions and auxiliary theorem will be given in
Section 2. In Section 3, the strong continuity of y(g) with respect to ¢, and the existence of
the optimal parameter § will be proved. Then, a necessary optimality condition for optimal
parameter ¢ will be established. i

2. PRELIMINARIES

First of all, we explain the notations used in this paper. Let H and V' be two real Hilbert
spaces with norm denoted by |- [z and || - ||v, respectively. The symbol (-, )y and (-, )y denote
the inner product on H and V), respectively. V' denotes the dual space of V' and (-, )y v
denotes the dual pairing between V'’ and V. Assume that (V, H,V"’) is a Gelfand triple space
with V — H = H' — V', which means that the embedding V < H is continuous and V is
dense in H. Let 0 < T < 0o, R} = (~00,00) and R* = [0,00). Let @ be a set of R! and Q,q
(respectively Qpa) be a convex (respectively bounded) subset of Q.

For each g € Q and t € [0, 7], we consider a bilinear form a(t, g; ¢, ) on V x V, satisfying

(i) a(t,q;0,%) = a(t,q; ¥, ¢), for all ¢,y € V,t € [0, T];
(ii) there exists a c(q) > 0, such that |a(t,q; ¢, %)} < c(g)ll¢lly ¥y, for all ¢, € V and
te0,7);
(iii) there exist a(g) > 0 and A(q) € R, such that a(t,q; ¢, @) + A(q)|9|% > a(q)||¢]|?, for all
¢€Vandte[0,T}

We suppose that for each Qpq, there exist positive numbers ¢, A, & such that,
c(g) e Alg) €A, a(q) 2 a, for all g € Quq. (2.1)
Then, we can define an operator A(t,q) € L(V, V"), for t € [0,T] via the relation,

a(t,g;0,0) =(At,0) b, 0)v' v, for all g, € V, (2.2)
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where L(V, V') is the Banach space of all bounded linear operators of V' to V' with the uniform
operator’s topology. We often use g’ to express %-‘tl, the time derivative of g.
We define a Hilbert space W (0, T), which will be a solution space, by

W(0,T)={glge L*(0,T;V), g’ € L*(0,T; V')}.
The inner product and the induced norm in W(0,T) are defined by

T
(or9wion = [ (010,92 @)y + (6 (€),65 )y} .

lohwom = (Il + 180 rn)

respectively.

For each fixed ¢ € @, we consider the Cauchy problem for the nonlinear parabolic evolution
equation

dy .
Z tAGy=f(tay), in[0T],
y(0) = yo,

where f: [0,T] x @ x H — H is a nonlinear forcing function.

We impose the following assumptions to the nonlinear term f in (2.3):

(A1) for each (q,y) € Q x H, the mapping ¢t — f(t,q;y) is strongly measurable in H;

(A2) for each q € Q, there exists a 3(-,q) € L2(0,T;R™), such that, for all y,z € H

(2.3)

Ifttay) — ft.g2l < B ly—=z,  ae in [0,T];
(A3) For each g € @, there exists a v(-,q) € L?(0,T; R*), such that,
If (&, g0 <v(tq), a.e. in [0,77.

We suppose that, for each Quq, there exist functions 8, € L?(0,T;R*) and v; € L?(0,T;R*)
such that,

Bty <Bit), Yta<m(), VgeQu, teR" (2.4)
Now, we give the definition of weak solution of (2.3) due to Dautray and Lions {1].
DEFINITION 1. A functiony = y(q) is said to be a weak solution of (2.3), ify € W(0,T), satisfies
W a,vvy+alqya),v) = Gay(h9), vy
for allv € V, in the sense of D' (0,T), (2.5)
y(0,9) =yo € H.
Here, D'(0,T) denotes the space of distributions on (0,T).

The following theorem about existence, uniqueness and regularity of the solution of (2.5) can
be proved by using the Galerkin method as in [18].

THEOREM 1. Assume that a(t,q; ¢,) satisfles (i)-(iii). If yo € H and f(t,q;y) satisfies As-
sumptions (A1)-(A3), then problem (2.3) has a unique weak solution y in W(0,T). Furthermore,
y € C([0,T]; H) has an estimate

wmmPfAM@mescmmwm+ummwﬂ, vte0,7],  (26)

where C(t,q) is a positive constant, depending on g and t but independent of yy and f.

REMARK 1. From conditions (2.1) and (2.4), the constant C(t,q) in (2.6) has a finite upper
bound C(t) € L*®(0,T;R") for each Quq, i.e.,

C(t,q) <C(t) < oo, Vq € Qua-

Hence, (2.6) can be rewritten as

ww@P+Anwamfmscmomﬁ+mﬁmmmﬂ- (2:6)
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3. PROBLEM OF IDENTIFICATION

For each parameter q € Q, we consider the following nonlinear Cauchy problem involving ¢ in
differential operator and nonlinear forcing function

¥y (tg)+ Al qy(tqg) =f({tgy(te), in (0,7),

y(0;9) =yo € H, 31

where A(t, q) is a differential operator, and f(¢, ¢; y) is a nonlinear forcing function satisfying the
assumptions (A1)-(A3). By virtue of Theorem 1, for each parameter ¢ € Q, there is a unique
weak solution y = y(t, q) to (3.1). Therefore, we have a well-defined mapping q — y(q) of Q into
W(0,T). We shall call y(t,¢) the state of system (3.1).

3.1. Strong Continuity of the Solution Mapping on Parameter

In this section, we shall establish the strong continuity of the mapping ¢ — y(t,q). For this
purpose, we require the continuity of A(t,q) and f(,q;y) on the parameter q. More precisely,
we make the following assumptions.

(B1) There exists k; € C([0,T] x R*) with k;(¢,0) = 0 such that,
0 (t.0:6,%) —a(t,5:0,9) < ki (1, la — pllg) I0lly ¥l . VapeQ Vo.veV.
(B2) There exists k2 € C{[0,T] x R* x H) with ka(¢,0,y) = 0 such that,

lf(t,Q)y) - f(t'rp;y)l S k2 (tv “q _p“Q 3 Iyl) ’ anp € Qi ye H.

THEOREM 2. Assume that (i)-(iii) and (B1),(B2) hold. Then, the mapping ¢ — y(q) : Q —
W(0,T) is strongly continuous.

PROOF. For any fixed parameter g, let {¢g.} C Q be a sequence, such that ||g, — gllo — 0, as
n — oo. Let y, = y(g,) be the weak solution of

y:z"'A(tfqn)yn:f(thnyyn)v tG(O,T),

3.2
yn(0) =yo € H. (32)
Since the set Qba = {gn | 7 > 1} U {q} is bounded in Q, it follows from (2.7) that
t
1 OF + [l O ds <C @) (0 + Bilaoran).  VieOT.  @3)

Hence, {y.} is bounded in L>(0,T; H). Also, the boundedness of {f(t,qn;yn)} in L%0,T; H)
follows easily from

If (6 ansyn)l < IS (t,gn;0)| +ﬂ(t).'yn| <y (t) +B(t) lynl,

where 71(t) and $,(t) are square integrable functions corresponding to Qua = {g. | 7 > 1}U{q}.
Since {A(t,qn)yn} is bounded in L?(0,T;V’), {y/,} is bounded in L2(0,T;V’) by (ii). Hence,
{yn} is bounded in W(0,T’), and then, we can extract a sub-sequence, written by {y,} still, and
find a z € W(0,T) with z(0) = yo and a Y € L?(0,T; H), such that,
Yn — 2, weakly in L2 (0,T;V),
Yn — 2, weakly star in L*° (0,T; H),
yr — 2, weakly in L% (0,T; V"),
f(taniyn) =Y,  weakly in L2 (0,T; H).

(3.4)
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Also by (3.4), we know that, for all fixed ¢ € [0, 7],

yn (t) — 2 (t), weakly in V,

3.5
yn (t) = 2/ (1), weakly in V. (35)
The equation (3.2) is rewritten as

Unt A Yn = (A(t,q) — At.n)) yn + f (t,qnitn) - (3.6)
Let ¢ € L%(0,T; V) be fixed. Then, we multiply both sides of the above equality (3.6) by ¢ and
integrate over {0, T]. By the definition of weak solution, we have

T
/0 (Wl + A(t,q) Yos )y dt

T t
- /0 ((A(t,0) = A(,n)) Yns D)vev de + /0 (F (£, Gni y) » &) dt.
Now, in terms of (B1), we deduce

(4 (t9) = A (t0) 8, 3ahvv] < b (84 = ) 18] vnll

Since {y,} is bounded in L?(0,T;V) and k; is continuous, the above inequality implies, by the
Lebesgue dominated convergence theorem, that

T
/0 (A D) = At,a)) byundvrv| dt— 0,  asn — oo

Hence, in the equality (3.7) letting n — oo, and using the weak convergence in (3.4), we have
t

T
/ (& + At q)z By dt = / (V,é) dt,  de I (0,T;V). (3.8)
0 0

This implies that z = 2(t,¢) is a unique weak solution of the linear equation

2 (t,q)+A(t,q) z(t,q) =Y, in (0,T),

2(0,q) = vo € H. (3:9)

We shall show Y (t) = f(t,q; 2), and then, by the uniqueness of the solution of (3.2), we obtain
z = y(q). For this, we shall prove the strong convergence of y, to z. From the energy equality
for y, and z, we have

. <t>|2+2/ 0. (5, i Un () 9 (5)) s
0 (3.10)

t
- |yo|2+2/0 (f (5 qni¥n (), 9n () ds,  Vie [0.T],

and

|z @) + Z/Ota(s,q;z(s) ,2(s)) ds = |yo|* + 2/; (Y (s),2z(s)) ds, Vte[0,T]. (3.11)

For the simplicity of notations, the arguments ¢ and s of function z in the following calculations
are omitted. Adding (3.10) to (3.11), we have

t
Iyn_zl2+2/ a(SaQn;yn—Z,yn—Z)dS
. (312)
=2ZYJ(t)+2/ (f(3,n59n) — F(5,qn;2) ,yn — 2) ds,
; 0
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where
Yr? (t)=- (ymz)Ha
t ¢
Yy (t) = —2/ (a(8,qn; Yn, 2) — a (8,6 Yn, 2)) ds—2/ a(s,q;yn, 2) ds,
0 0
t t
Y2(t) = /O (f(5,qn;2) = f(5,:2) ,yn — 2) d8+/0 (f(s,452) ,yn — 2) ds
t
+/0 (f (51qn;ym) — Y, 2) ds,
t
Yr? (1) =/ (a(syqn;2,2) —a(s,q; z, z)) ds.
1]
Note that,

‘2/0t(f(s,qn;yn)—f(s,qn;Z),yn—Z) ds 52/‘:ﬂ(5)|yn_z)|2 ds.

We set Y, (t) = Y°0_, Y;i(t) in (3.12). By using (i)-(iii), we have

t t
Iy — 217 + 2a / lym — 2II% ds < 2, (£) + 2 / B(s)+ N lym— =2 ds,  (3.19)
0 0

where o, A are positive constants independent of ¢,,. Denote p = min{1, 2a}, and set

t
=l — 2|2 2
B (t) = lym — 22 + /0 lyn — 2| ds,
Zn(t) = 27 Y (1),
h(t)=2u"t (B(t) +A),

then, the inequality (3.13) implies that,

®n (t) € Zn(t) + /th(S) ®n (s) ds.
0

Since Z,(t) is continuous, we can apply the extended Bellman-Gronwall inequality (cf. [19]) to
get

B () < Zn (t) + /Olexp (/t h(r) dr) h(s) Zn (s) ds. (3.14)

We claim that lim,_,o, @, (t) = 0, for each ¢t € [0,T]. Let

K (t,8) = exp (/t h(T) dT) h(s), M, (t) = /t K (t,s) Z, (s) ds. (3.15)
s 0
Then, .
D, (t) <Z,(t) +/ K (t,s) Z, (s) ds.
0

Moreover, it is easy to see that

I (t, )| < exp (Il o.zme) ) B (9),

and M, (t) is uniformly bounded on [0, T]. In order to verify Z,(t) — 0, as n — oo, it is sufficient

to prove
lim Y, (t)=0, Vtel[0,T]. (3.16)

n-—+oc
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By (B1), Lebesgue dominated convergence theorem and boundedness of {y,} € L?(0,T; H), we
have

t
/ a(8,qn;Yn, 2) — a(5,q;Yn, z) ds
[1]

t
< ki{s,logn—q n| 2| ds
| (sl = alg) ol 2
2

t ) 1/2 t ) 1/
< k% (s, |lgn —q z ds) (/ Yn| ds) — 0,
([ # (s19n - alg) 1 [ 1on

as n — o0o. Then, we obtain

¢
lim Y} (t) = —2/ a(s,q;z,z) ds. (3.17)
0

n—oo

Similarly, we have, from the assumptions (B1), (B2), and (3.4), that
t
YO(t) - — 1z]?, Y2 (t) — 2/ (Y, z)v,v ds, Y2 (t) — 0, as n — oo. (3.18)
0

Therefore by (3.11) with |yo| = 0, (3.17) and (3.18), we have the desired result (3.16). This
proves the claim,
lim ®,(t) =0, Vtel0,T].

Hence,
Yn — 2, strongly in C ([0,7);V) and L?(0,T; V). (3.19)
Yn — Z, strongly in C ([0,7]; H) and L* (0,T; H). (3.20)

Now, it is ready to verify Y (t) = f(t,q;2(¢)) in H, for a.e. t € [0,T]. Applying the above
convergence and (B2), we get the inequality

If (G ansyn) — F (a5 2)l SUF (6 ansyn) — f (G ani2)| +1f (8,an5 2) — £ (845 2)]
< B lyn — 21+ ka (£ lan — allg . 121)
Finally, taking the difference of (3.2) and (3.9), we have
(Yo —2)' = (A(t,a2) = A(t,0)y + A(t,9) (yn — 2) + f (t,qniyn) — f (8,05 2)

Note that by (3.21) and (B2), the last term in the right-hand side of the above equality strongly
converges to 0 in L2(0,T; H). Then, it follows from (B1), (3.19), and (3.21) that

(3.21)

Y — 2’ strongly in L2 (0, T; V"),
Since any sequence {¢n} converging to ¢ in @ has a sub-sequence ¢,,, such that y(gq,,) — y{q)
in W(0,T), we conclude that the mapping ¢ — y(q) is strongly continuous in W (0, T).
3.2. Existence of Optimal Parameter

We now consider the problem of existence of optimal parameter. The performance criterion is
given by
2
J(@) = lICy (9) — zallaq» for g € Q, (3.22)
where M is a Hilbert space of observations, C € L{W(0,T), M) is an observation operator and
zq is a desired value belonging to M. Our goal is to find an optimal element § € Q,4, such that

J(q) = Jin J (9), (3.23)

and to derive a necessary condition for optimal parameter §. We call §, the optimal parameter
and y = y(G), the optimal state.
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THEOREM 3. Assume that (B1),(B2) hold. If Qa4 is compact and convex in Q, then, there exists
at least one optimal parameter § € Q.4.
PROOF. Since @.q is a nonempty convex subset of @, there is a minimizing sequence {¢,}, such
that,
lim J = inf J{(q).
(gn) 1eDha (9)

N0

Since Q.4 is compact, there exists a sub-sequence {g,, } and a ¢ € Q,4 such that,

llgne —dlig — O

Hence, by Theorem 1,
Y(qn) = y(9) in W(0,T).

It follows from (3.22) that,

@ =1 (Jfim an. ) = Jim J an) = inf T (0)

This proves that § is an optimal parameter.

3.3. Necessary Optimality Condition

We now consider the necessary condition for the optimal parameter §. One classical method
to obtain the necessary condition for § is to calculate the first variation of J(q) around §. If
y(q) is Gateaux differentiable at § € Q.4 and y'(§) is its Gateaux derivative at ¢ = g, then J(g)
is Gateaux differentiable at ¢ = g, and the necessary condition for the optimal parameter § is
characterized by the following variational inequality,

J(@(@-3) =20, Vg€ Qaq,

where J'(g) denotes the Giteaux derivative of J(g). Therefore, we consider Gateaux differentia-
bility of y(g) at . In the following, for a linear operator L, L* denotes the adjoint of L.
In this section, we pose following assumptions.
(C1) For each y € H, f(t,q;y) is Gateaux differentiable with respect to ¢ € Q.4 for ae., t €
[0,T], and for any q € Qaq, f(t,q;y) is Fréchet differentiable with respect to y € H for
a.e., t € [0,T]. The Gateaux derivative f,(t,¢;y) and the Fréchet derivative f,(t,q;y) are
continuous on Q,q x H for a.e,, t € [0,7]. Moreover, for some bounded subset Hyq4 of H,
there are 3,(-), B2(-) € L2(0, T; R*), depending on Hyq, such that

1f: ¢ a9l om SBE),  V(g,y) € Qaa X Hoa, forae,tel[0,T].
”f; (th;y)“ﬁ(H) < B2 (1), V(q,y) € Qad X Hpa, forae., te[0,T].

(C2) For any ¢,¢ € V, a(t,q; ¢,v) is Gateaux differentiable with respect to ¢ € Qaq, for all
t € [0, T}, and there exists ¥ > 0, such that Gateaux derivative a(t, g; ¢, ¥) satisfies

lag (¢4 8 9) | 2o,y S TSN Il ¥ (8,0) € [0,T] % Qua.

The purpose of this section is to describe the optimality condition (3.24) in terms of proper
adjoint system.

In order to prove the Gateaux differentiability of ¢ — (y(T', q), y(q)) in the space Hx L%(0,T;V),
we use the transposition method. We need some preliminaries on the adjoint equations which
are related to the first variation of (y(T'; q), y(q)) with respect to ¢. Furthermore, let ¥'(7,q ~ q)
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denotes the Gateaux differential of y(g) with respect to ¢ at § in the direction g — g, we shall
derive the equation of ¥'(§,q — §).

For any ¢ € Q.q and X € [0,1], suppose that there is an operator L(g, A\;t) € L(H) for
a.e., t € [0,T]. Consider the following terminal value problem of linear evolution equation,

—¢'+ A (t, )¢+ L(g, \t)p =g, te(0,7),

¢ (T) = ¢r, (325)

where ¢ € H,g € L?(0,T; H). By Theorem 1, if we consider reversed time flow t — T —~ ¢, the
linear problem (3.25) has a unique weak solution ¢ = ¢(q, X; ¢r,g9) € W(0,T). Furthermore, if
there exists a 3(-) € L2(0,T;R*) such that,

IL(a Xl ey S B@),  for,ae,t€[0,T], V(g,A) € Qaa x [0,1], (3.26)
then, we have an estimate

tgg§1n¢nS<:0¢T|+|anHQTJ”), (3.27)

where ¢ depends on g and A but is independent of ¢r and g. This assures that ¢ € H,g €
L*(0,T; H) and L(q, A\;t) € L*(0,T; L(H)).
Let X([g, A] be the set of all weak solutions of (3.25), i.e.,

X{gN={¢l6=0(a0r¢r.9) eW(,T), ¢r€ H, g L*(0,T; H)}. (3.28)

Since the equation (3.25) with L(g, A;t) is linear, we can define an inner product on X{g, A] by

(fﬁq‘/))x[q,,\] = (¢T71/}T)H + (g1 h’)L2(O,T;H) ’

for ¢ = ¢(g, A d7,9), ¥ = (g, \;br, h). 1t is easily verified that (X([q, A, (-, ) x(g,7}) is a Hilbert
space, and the map ¢ = ¢(q, X; ¢1,9) — (¢71,9): Xlg, A onto H x L?(0,T; H) is an isomorphism.
Define the operator

P g, Ait](¢) = —¢' + A" (t,9) & + L(q, \;t) & (3.29)

Using the method of transposition due to Lions and Magenes [2], for a bounded linear functional !
defined on X([g, A], there is a unique solution ¢ € L?(0,T; H) such that,

T
«@Lwﬂm+4<aw@mxﬂmmw:um, forallge X[g,\].  (3.30)

Particularly, for (¢,A) = (4,0) € Qaq x [0,1], we define L(q,0;t) = ~f;(t,q,y(q)) € L(H), and
denote by ®[q,0;t] the corresponding operator in (3.29), by X|g,0] the solution space of this
(4, 0).

THEOREM 4. Assume that (B1),(B2) and (C1),(C2) hold. Then, the map q — y(q) of Q into
W(0,T) is Gateaux differentiable at §, and the Gateaux differential of y(q) at § in the direction
g — G € Q, denoted by z = ¥'(q)(q — q), is the unique solution of

T
@am¢uwﬁ+l<a—W+AWmm¢—ga@m@»@uwm

T T
- [ aear @9 -0 @+ [ Geav@)a-0.9) (3:31)

z(0)=0.

for all p € W(0, 7).



1856 ] Q. WANG, D. FENG AND D. CHENG

PRrROOF. For simplicity, we omit the variable t. We now show Gateaux differentiability of mapping
g — y(q) at § in the direction ¢ — §,q € Q4. For this, set gy = §+ Mg — §), A € [0,1], then
gx € Qad because of the convexity of Qaq and |lgx — gllo = Allg — dllg — 0 as A — 0. Since
{ax}xepo,1) C Qad and Q.q is bounded, by Theorem 2 and (B1)-(B2), we have
y(gn) — (@), strongly in W (0,T), as A — 0. (3.32)
By (3.20), we also have
y(en) »y(@), stronglyin C(0,T:H), asXx—0. (3.33)

We set y» = y(gx) —F for A € [0,1] and § = y(g) € W(0,T)NC(0, T; V)N C(0,T; H). Asin
Section 3, we have the uniform boundedness

t
sup {I.wlz + /0 lyall® ds | (£,¢, %) € [0,T) x Qaa x [0, 11} < . (3.34)

For X € [0,1}, y» satisfies

nDtA@)u=—(Al) - A@) 7+ flanw) - F(GF),  in (0,T),

3.35
yr(0)=0€ H. (3.35)
Divide (3.35) by X and set z5 = A~ly,. Then, z) satisfies
1
G+ A= [ £ (0o +0-0)D) oz
o
_ AN f (e 3.36
=_A(qx)/\ A9, f(qx,y)/\ &9 01, (3.36)
2 {(0)=0€H,
in weak sense. For all (¢, A) € Qaq X [0, 1}, we set
1
Llxit) = = [ .ot + (1~ 6)3) db
0
Note that L(q,0;t) = —f;(t,4,y(7)), for all g € Qaq, because g\ € Qaq and
sup {|6yx (t) + (1 = 6)F (1)} : (£,6,9,A) € [0,T] x [0,1] x Qaq x [0,1]} < o0.
Due to (3.34), it follows from (C1) that
1 -~ ~
“L (q7 )‘»t)”[,(H) S / 52 (t) de = /82 (t)7 a.e., tv fOI' a'n (q’ )‘) € Qad X [01 1] ) (337)
0

so that L(g,A;-) € L%(0,T;L(H)). For each (q,A) € Qaa X [0,1], since (3.37) implies (3.26),
¢r € H and g € L%0,T; H), there is a unique weak solution ¢ = ¢(q, \; é1,9) € W(0,T),
satisfying,

1
Xt =g LX) == [ fobn+1-0)7) db,
¢ (T) = ¢r.
Furthermore, we have the estimate (3.27) of ¢ which is independent of {g, A).

(3.38)
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Multiplying both sides of (3.36) by ¢ € W(0,T) with ¢(T) = ¢r, we have a weak form

(2 (T) . 6 (T)) g + /0 (22 (0), g, 58] () dt

_ [falt,nund) —atGyn ) Loy (@) - F(Gy () (3.39)
= -/o : dt+/0 ( ) ,¢> dt

=5L(¢)+ 12 (¢).

Let us estimate I;, I by using (C1),(C2). There exist 61,82 € [0, 1] such that,

T
m(¢)|=/0 a, 6,3+ 010 (@~ D) ;uni @) (g — ) dt
< Fllg—a <c .
<7lle qlthgrf(z;f;1 flyall max, llgll < ¢ max, ol
and
T
’Iz(¢)l=/0 (£ (8,0 + 022 (g - 0)3;9) (g — ), @) dt
< |8 yllg-q <c :
<81 ey Y10 = Tl macx 61l < € max 1191
Hence, .

1 ()] + 12 (4)] < (' + ") max ||¢],

t€l0,T]

where ¢/, ¢ are positive constants independent of ¢ € Q,q. Then, we can easily show that z,
is bounded in L*°(0,T; H) by taking ¢ = 0,9 = z, in (3.38), also 2, is bounded in L%(0,T;V)
by taking ¢ = 0,9 = A(t,qx)zx in (3.38). Further, taking ¢ = 25(T), g(t) = 0, then, we can
easily see that {z)(T)} is bounded in H. Therefore, we can extract a subsequence {2y}, denoted
by itself, and find a z € L?(0,T; V), 2(T) € H such that,

zy — 2, weakly in L2(0,T;V). (3.40)
2 (T) — (1), weakly in H. (3.41)

Fix ¢ € X[3,0] ¢ W(0,T) with L(q,0;t) = — f3(t,q, 7). then,

dt
A

< /OT <(A (t, ) ;A(t,q))¢,g>w it

+/OT<<A(t,m —A®aS g>w i

I (¢) = /OT a(t.qiyx9) —a(t.Tivr &)

A
=.J + Ja.

By (C2), we have
T
tim i = [ d .65,6) (- D dt.
A0 0

Also by (C2), for some § € (0,1), we have

T
= [ e a+ora-Dim -5 a - d
0
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By the strong convergence of y) — § in (3.33), we have

J2 Nl 20,1 1Ur — Fll 20,70y la — dllg — O, as A — 0.
Hence,

T
lim I, = /0 @, (6,37, 8) (g - ) dt. (3.42)

By similar calculation as in the above, it follows from (C1) that

T . _ =, =
Pirilfz(‘f’):}ii%/o (f(taqx,y(q)))\ f(t,q,y(q)),¢) &t

- (3.43)
=/0 (£ (6,4,9) (¢ - 0) . ¢) db.

Finally, for fixed a.e., t € [0, T}, by (C1) we have, for all § € [0, 1], that,
lim £y (t,ax; 05 + (1= 0)9) = £, (1, 4:9)
in £L(H). Since the convergence is uniform on [0, 1], we also have
,{IL%L (e, Mt) = —f (t,3,9), a.e.,te(0,1].

Applying the Lebesgue dominated convergence theorem, we have

T T
i [ Laxng d=- [ (e f wane) (3.44)

Therefore, taking A — 0 in (3.39), and using (3.40)—(3.44), one sees that z satisfies

T
(Z(T)1¢(T))H+/0 (z’ _¢/+A* (t,q—)(b—f; (t’q’y(q))(p)‘/’v’ i
T T
z_/o a, (:3y(2),¢) (-3 dt+/ov (f1 (t,3¥ (D) (a— 0),9) dt, (3.45)

z(0) =0,

for all ¢ € X([q,0] C W(0,T). Therefore, we can define [ on X[q,0] with L(g,0;¢] = —f;(t,4,9)
as

T T
L)=- [ a(t,Fy(@),.¢)(q—d dt+ | (f7¢tGy(@)(a—3q),9)dt.
0 0

This means that [ is a bounded linear functional on X|[g,0] C W(0,T), satisfying

T
(2 (T), $(T))y + /0 (2, ® [,0:4] (&) vy dt = ().

where z is the unique solution of (3.45). This proves Theorem 4.
REMARK 2. From the above proof, we see that z = ¢/(g,¢ — §) is linear for the variable ¢ — §.
Therefore, (7,9 ~ 4) = y'(@)(a — 3)-

Next, we look for a necessary condition for optimal parameter §. Calculating the Géateaux
derivative of the cost (3.22), the optimality condition (3.24) of optimal parameter g is rewritten

as
J'@(@-9)20, Vg€ Qua (3.46)
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By Theorem 4, y(q) is weakly Géateaux differentiable at ¢ in the direction ¢ — § and (3.46) can
be rewritten as

(C*AMm (Cy (q) — 2za),v" (@) (4 — D)wo,ry woT) =0, Vg € Qaa,

where z4 is the desired value of y(g) in observation space M, A4 is the canonical isomorphism
from M to M'.y'(7){q — §) is weakly Gateaux differential of y(g) at ¢ in the direction q — §.

To avoid the complexity of observation state, we consider distributed observations and terminal
value observations as in Lions {17]. That is, consider the following two cases.

1. Take C € £(L?(0,T;V), M) and observe z(q) = Cy(q).
2. Take C € L(H; M) and observe z{q) = Cy(T; q).

For each case, we introduce an adjoint state system, and form the condition (3.47), we derive
necessary condition of optimality, which solves the problem (ii) in a satisfactory manner.

1. CASE OF C € L(L%(0,T;V), M). In this case, the cost function is given as

J(@) =ICy(a) - zal2, VeeQ. (3.48)

Then, it is easily verified that the optimality condition (3.47) for optimal parameter q is

(cy (q) - Zd’CZ)M 2 09 VCI € Qadv (349)

where z = 3(7)(g — §), G is the optimal parameter for (3.48). Using the isomorphism Aaq, we
can transfer the condition (3.49) to

T
/ (C*Apt (Cy(@) = 2a) . 2hyrw dt >0, Vg€ Qua. (3.50)
0

We introduce the adjoint system by

_%P(JHA* t.p(@) = fy (ty(@)p(D+CAM(Cy (@) ~z),  in (0,T), (3.51)

where p(g) denotes an adjoint state depending on optimal parameter §. Since [y (&, 9(D))p(9)
€ L?(0,T; H) and C*Apm(Cy(q) — za) € L?(0,T; H) as y(q) € H in the two terms, then (3.51) is
a linear equation of p(7). Then by Theorem 1, there is a unique weak solution p(§) € W(0,T).

THEOREM 5. Let C € L(L*(0,T;V), M). Assume that all the conditions of Theorem 4 hold.
Then, the optimal parameter § € Q,q for (3.48) is characterized by

dy (@)

5 TAGLDY@ =y @), in(0.7),

y(0,9) = yo € H;

_dp(q)

LLE A CDr@ = £ ty@)p@ +CAMCy@ - za),  in (0,T),

p(T,q) =0¢€ H,

T

T
—/0 ag(t,q;y(ci),p(ci))(q—«i)dt+/0 (fit,3v(@). (-7 ,p(@) dt >0, Vg€ Qu

with
y(@ew(©0,T), p(@ecW(0T).
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2. CASE OF C € L(H, M). In this case, the cost function is expressed as
T2
J(@=|Cy(T,a) -z, Vee€@, (3.52)
where z] € M is a desired value. Then, the optimal parameter g for (3.52) is characterized by
(CAm(CY(T.9) ~23) 2 (D)viv 20, Vg€ Qua, (3.53)

where 2(T') = ¢'(T,3)(g — §). For the terminal value observation cost (3.52), we introduce an
adjoint system defined by

@+ A D@ = Ly@p@.  n OT),
P(T,9) =C"Am (Cy(T,q) — 27) € H.

(3.54)

Since C*Ap (Cy(T', @) — 24) € H, then (3.54) is a well-posed linear equation of p(q) and permits
a unique weak solution p(q) in W{(0,T), if the change of time variable t — T — ¢ is adapted.
THEOREM 6 LET C € £(H, M). Assume that all the conditions in Theorem 4 hold. Then, the
optimal parameter § for (3.52) satisfies

V@ +ALDY@ =T (Ly6D), i OT),
y(0,9) =y € H;

~Zp@+ A (LDP@ = Ly D)@, i 0.1),
p(T,9) = C*"Am (Cy(T,9) - 2f) € H;

T T
_/O a; (t7qu(q)vp(q)) (q _q) dt+/0 (f(; (t,ci,y((i)) (q—q)»P(Q)) dt Z 0, Vq € Qad

with
y(@),p(@eW(,T).

REMARK 3. It is better to notice that Theorems 5 and Theorem 6 can not be applied to concrete
nonlinear parabolic equation in which H is taken to be L2(Q). In fact, a well known result due
to Krasnoselskii states that the mapping y — f(-,y) is Fréchet differentiable in H = L?(Q) if
only f is affine-linear. Then assumption (C1) makes no sense in these cases.

4. CONCLUSIONS

This paper studied the parameter identification problem of nonlinear parabolic distributed pa-
rameter system via the variational method. For the output error criterion, given by the quadratic
cost, the existence of optimal parameter is proved. Finally, using the transposition method, the
necessary condition for the optimal parameter is given for the case of distributed observation and
terminal observation.
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