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Abstract

Numerical treatment for damped nonlinear Klein–Gordon equations, based on

variational method and finite element approach, is studied. A semi-discrete algorithm is

proposed by using quadratic interpolation functions of continuous time and spatial

dimension one. The Gauss–Legendre quadrature has been utilized for numerical inte-

grations of nonlinear terms, and Runge–Kutta method is used for solving ordinary

differential equation. Finally, three dimensional graphics of numerical solutions are used

to demonstrate the numerical results.
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1. Introduction

This paper deals with the numerical solution of the damped nonlinear
Klein–Gordon equations with Dirichlet boundary condition using variational

method and finite element approximation. The equation is one of the nonlinear

wave equation arising in relativistic quantum mechanics. The Klein–Gordon
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equation with damping term is described by the following hyperbolic partial

differential equation with second order derivative in time
o2y
ot2

þ a
oy
ot

� bDy þ djyjcy ¼ f ; ð1Þ
where a; b; c > 0; d 2 R are physical constants and f is the time varying
external input.

The Klein–Gordon equation has been studied in many literatures, e.g.,

[8,11,15,20]. However, numerical treatment for Klein–Gordon equation is

rarely reported (cf. [4,5,9,12,17]). Particularly, [9] concern with the decompo-

sition method and difference method used in [12] nonlinear problems. The

purpose of this paper is to investigate its numerical solution for damped

nonlinear problems of dimension one. Comparing with other nonlinear

hyperbolic partial differential equations, the difficulty in solving Eq. (1) arises
from the unboundedness of the nonlinear input jyjcy. The new method pro-

posed in this paper can overcome this obstacle.

The contents of this paper is as follows. Section 2 introduces the notations

and mathematical setting for the problems. In Section 3, we state the existence

of approximate solution for Klein–Gordon equation using the variational

formulation (cf. [3]). In Section 4, we construct a numerical solution based on

finite element method using quadratic interpolation functions. In Section 5, we

give the convergence theorem for this solution. Lastly, in Section 6, we do some
numerical simulations and present some 3D graphics of the numerical solution

for various parameters.
2. Notations and mathematical setting

Let X ¼ ð0; lÞ be an open bounded set in R1 and Q ¼ ð0; T Þ � ð0; lÞ. We
consider the damped Klein–Gordon equation described by
o2y
ot2

þ a
oy
ot

� bDy þ dgðyÞ ¼ f in Q; ð2Þ
where a; b; d 2 R are constants representing the gratitude of damping, diffusion

and nonlinearity effects, D is a Laplacian, gðyÞ ¼ jyjcy, c > 0 is a nonlinear

function and f is the force. We pose the Dirichlet condition
yðt; 0Þ ¼ yðt; lÞ ¼ 0; on ½0; T 
 ð3Þ
and the initial values are given by
yð0; xÞ ¼ y0ðxÞ in ð0; lÞ; oy
ot

ð0; xÞ ¼ y1ðxÞ in ð0; lÞ: ð4Þ
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Define two Hilbert spaces H ¼ L2ð0; lÞ and V ¼ H 1
0 ð0; lÞ, according to the

Dirichlet boundary condition (3). H and V are endowed with the usual inner
products and norms as
ðw;/Þ ¼
Z l

0

wðxÞ/ðxÞdx; jwj ¼ ðw;wÞ1=2; for all /;w 2 L2ð0; lÞ;

ððw;/ÞÞ ¼
Z l

0

owðxÞ
ox

o/ðxÞ
ox

dx; kwk ¼ ððw;wÞÞ1=2; for all /;w 2 H 1
0 ð0; lÞ:
Then the pair ðV ;HÞ is a Gelfand triple space with a notation, V ,!H ,!V 0,

which means that embeddings V � H and H � V 0 are continuous, dense and

compact. To use a variational formulation, let us introduce the bilinear form
að/;uÞ ¼
Z l

0

r/ � rudx ¼ ðð/;uÞÞ; 8/;u 2 H 1
0 ð0; lÞ:
Here a is symmetric, bounded on H 1
0 ð0; lÞ � H 1

0 ð0; lÞ, satisfying að/;/ÞP k/k2
for 8/ 2 H 1

0 ð0; lÞ. Then we can define a bounded operator A 2 LðV ; V 0Þ by the
relation að/;uÞ ¼ hA/;ui. This operator A is an isomorphism from V onto V 0,

and the restriction of A on H is self adjoint and has a dense domain

DðAÞ ¼ f/ 2 V jA/ 2 Hg (cf. [18]).
Lemma 1. If y 2 H 1
0 ð0; lÞ, then y 2 L2cþ2ð0; lÞ, that is gðyÞ 2 L2ð0; lÞ for arbi-

trary c > 0, where gðyÞ ¼ jyjcy.
Proof. We recall Gagliardo–Nirenberg inequality (cf. [20]), for 8y 2 H 1
0 ð0; lÞ

and arbitrary p > 1, there exists C > 0 such that
Z l

0

jyj
2p
p�1 dx

� �2ðp�1Þ
6C

Z l

0

jyj2 dx
� �2p�1 Z l

0

jryjdx
� �

: ð5Þ
Taking p ¼ 1þ 1
c > 1 such that 2p

p�1 ¼ 2c þ 2, then by (5) we have that
kyk
4cþ4

c

L2cþ2ð0;lÞ 6Ckyk
2cþ4

c
H krykH : ð6Þ
Then (6) implies that
kykL2cþ2ð0;lÞ 6 kyk
2cþ4
4cþ4
H kyk

2c
4cþ4
H1
0
ð0;lÞ 6 kykV :
It means that
gðyÞ 2 L2ð0; lÞ; for 8y 2 V : ð7Þ
This completes the proof. h
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Remark 2. Lemma 1 means that the exponent c, 06 c < 1 can be taken

arbitrary when n ¼ 1. We infer that the nonlinear operator g : H 1
0 ð0; lÞ !

L2ð0; lÞ;/ ! gð/Þ is well defined.

The problem (2)–(4) is reduced to the following Cauchy problem in H :
d2y
dt2

þ a
dy
dt

� bDy þ dgðyÞ ¼ f in ð0; T Þ;

yð0Þ ¼ y0 2 V ;
dy
dt

ð0Þ ¼ y1 2 H :

8><
>: ð8Þ
For general treatment of the nonlinear second order equations of hyperbolic

type, we refer to [13,14,20].
3. Existence of weak approximate solution

In this section, we consider the existence of weak approximate solution in

the framework of variational methods (cf. [3,7]). For simplicity, we shall write

g0 ¼ dg
dt
, g00 ¼ d2g

dt2
and define the solution space by
W ð0; T Þ ¼ fgjg 2 L2ð0; T ; V Þ; g0 2 L2ð0; T ;HÞ; g00 2 L2ð0; T ; V 0Þg:
Now we give the definition of weak solutions of the problem (cf. [3,20]).

Definition 3. A function y is said to be a weak solution of (8) if y 2 W ð0; T Þ
satisfies
hy00ð�Þ;/iV 0;V þ aðy0ð�Þ;/Þ þ bððyð�Þ;/ÞÞ þ dðjyð�Þjcyð�Þ;/Þ ¼ ðf ð�Þ;/Þ
for all / 2 V in the sense of D0ð0; T Þ;

yð0Þ ¼ y0;
dy
dt

ð0Þ ¼ y1:

8><
>:
Here the symbol h�; �iV 0;V denotes a dual pairing between V and V
0. D0ð0; T Þ

denotes the space of distributions on ð0; T Þ.

Remark 4. By (7) in Lemma 1, we note that jyðtÞjcyðtÞ 2 H a.e. t 2 ½0; T 
 if
y 2 W ð0; T Þ. The nonlinear term is meaningful in weak form (9).

Next we construct an approximate solution for the system (8). Since the
embedding of V into H is compact, then there exists an orthogonal basis of H ,
fwjg1j¼1 consisting of eigenfunctions of A ¼ D, such that
Awj ¼ kjwj; 8j;
0 < k16 k26 � � � ; kj ! 1 as j! 1:

�
ð9Þ
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We denote by Pm the orthogonal projection of H (or V ) onto the space spanned
by fw1; . . . ;wmg. We implement a Faedo–Galerkin method as used in [3].
For each m 2 N , we define an approximate solution of the problem (8) by
ymðtÞ ¼
Xm
j¼1
gjmðtÞwj: ð10Þ
Then the approximate solution ymðtÞ satisfies the approximate equation given by
d2

dt2
ðymðtÞ;wjÞ þ a

d

dt
ðymðtÞ;wjÞ þ bððymðtÞ;wjÞÞ

þdðjymðtÞjcymðtÞ;wjÞ ¼ ðf ðtÞ;wjÞ; t 2 ½0; T 
;
ymð0Þ ¼ Pmy0;

d

dt
ymð0Þ ¼ Pmy1; 16 j6m:

8>>><
>>>:

ð11Þ
We set y0m ¼ Pmy0 and y1m ¼ Pmy1. Then
y0m ! y0 in V ; y1m ! y1 in H as m! 1:
Based on Lemma 1, we show the local Lipschitz continuity for nonlinear

term (cf. [15,20]).

Lemma 5. The operator g is locally Lipschitz from V into H . That is, there exists
a constant k > 0 such that
jgðwÞ � gðuÞj6 kðkwk þ kukÞckw � uk; 8w;u 2 V : ð12Þ
We state the following local existence theorem of the weak solutions (cf.
[15]).

Theorem 6. Let f 2 L2ð0; T ;HÞ, y0 2 V , y1 2 H . Then the problem (8) with
a; b > 0, d 2 R and c arbitrary, has a unique weak approximate solution ym in
W ð0; T Þ.

Proof. For each m 2 N , we define an approximate solution ymðtÞ of the problem
(8) by (10), it also satisfies (11). Therefore, Eq. (11) can be written as m vector
differential equation
d2

dt2
~gm þ a

d

dt
~gm þ bK~gm ¼~kðt;~gmÞ ð13Þ
with initial values
~gmð0Þ ¼

ðy0m;w1Þ
ðy0m;w2Þ

..

.

ðy0m;wmÞ

2
6664

3
7775; d

dt
~gmð0Þ ¼

ðy1m;w1Þ
ðy1m;w2Þ

..

.

ðy1m;wmÞ:

2
6664

3
7775:
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Here ~gm ¼ ½g1m; . . . ; gmm
t, K ¼ diagðki : i ¼ 1; . . . ;mÞ, and
~kðt;~gmÞ ¼

ðf ðtÞ;w1Þ � d
Pm
j¼1
gjmwj

�����
�����
cPm
j¼1
gjmwj;w1

 !

ðf ðtÞ;w2Þ � d
Pm
j¼1
gjmwj

�����
�����
cPm
j¼1
gjmwj;w2

 !

..

.

ðf ðtÞ;wmÞ � d
Pm
j¼1
gjmwj

�����
�����
cPm
j¼1
gjmwj;wm

 !

2
6666666666664

3
7777777777775
;

where ½� � �
t denotes the transpose of ½� � �
. The nonlinear forcing function vec-
tor ~k is locally Lipschitz continuous. Indeed, for ~gm ¼ ½g1m; . . . ;
gmm
t;~hm ¼ ½h1m; . . . ; hmm
t it follows from inequality (12) in Lemma 5 and

Schwartz inequality that
~kðt;~gmÞ
��� �~kðt;~hmÞ

���2 ¼ d2
Xm
i¼1

g
Xm
j¼1
gjmwj

 ! ����� � g
Xm
j¼1
hjmwj

 !
;wi

!�����
2

6 d2m ðg
Xm
j¼1
gjmwj

 !����� � g
Xm
j¼1
hjmwj

 !�����
2

6 d2k2m
Xm
j¼1
gjmwj

�����
�����

 
þ

Xm
j¼1
hjmwj

�����
�����
!c Xm

j¼1
ðgjm

����� � hjmÞwj

�����
6 d2k2m

Xm
j¼1

kj

 !cþ1
2

ðj~gmj þ j~hmjÞc � j~gm �~hmj:
Therefore, by reducing (13) to a first order system and applying Carath�eodory
type existence theorem, there exists a T > 0 such that this second order vector

differential equation (13) admits a local unique solution~gm on ½0; T 
. Hence we
can construct the approximate solutions ymðtÞ of (11) in the form (10) on ½0; T 
.
This completes the proof. h

We state global existence of weak solution (cf. [15,20]).

Theorem 7. Let f 2 L2ð0; T ;HÞ, y0 2 V , y1 2 H . Then the problem (8) with
a; b > 0, c > 0 and dP 0 arbitrary, has a unique global weak solution ym in
W ð0; T Þ.
4. Finite element approach

Let Q ¼ ½0; T 
 � ð0; lÞ. We construct numerical solution to the following
one dimensional Klein–Gordon equation using finite element method (cf.

[2,6,7,21]). We recall the system described by
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o2y
ot2

þ a
oy
ot

� bDy þ djyjcy ¼ f in ½0; T 
 � ð0; lÞ;

yðt; 0Þ ¼ yðt; lÞ ¼ 0 on ½0; T 
;
yð0; xÞ ¼ y0ðxÞ; y0ð0; xÞ ¼ y1ðxÞ in ð0; lÞ;

8>>><
>>>:

ð14Þ
where a; b > 0, d 2 R and c > 0 are constants.

Let 0 ¼ x0 < x1 < � � � < xN < xNþ1 ¼ l be a partition of the interval ½0; l
 into
subintervals Ie ¼ ½xe�1; xe
 of length he ¼ xe � xe�1, e ¼ 1; 2; . . . ;N þ 1. Let Vh be
a set of functions /e

i ; i ¼ 1; 2; 3. e ¼ 1; 2; . . . ;N þ 1 such that /e
i is quadratic

function on each interval Ie, e ¼ 1; 2; . . . ;N þ 1, and continuous on ½0; l
 with
wei ð0Þ ¼ we

i ðlÞ ¼ 0. Then it is clear that Vh � H 1
0 ð0; lÞ. Let us introduce a set of

quadratic interpolation functions (cf. [22]) wei 2 Vh as
we1ðxÞ ¼ 1� x� xe
he

� �
1� 2ðx� xeÞ

he

� �
;

we2ðxÞ ¼
4ðx� xeÞ

he
1� x� xe

he

� �
;

we3ðxÞ ¼ � ðx� xeÞ
he

1� 2ðx� xeÞ
he

� �
; e ¼ 1; 2; . . . ;N :

8>>>>>>><
>>>>>>>:
Assume N ¼ 11, e ¼ 6 and l ¼ 1, the figure of wei for i ¼ 1; 2; 3 on ½0; 1
 is
shown in Fig. 1.

The interpolation functions satisfy the following properties, which are

known as the interpolation properties:
Fig. 1. Quadratic interpolation functions.
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ðaÞ wei ðxe�1Þ ¼
0 if i 6¼ 1;
1 if i ¼ 1;

�
wei ðxeÞ ¼

0 if i 6¼ 3;
1 if i ¼ 3;

�
ð15Þ
ðbÞ
X3
i¼1

wei ðxÞ ¼ 1;
X3
i¼1

dwei
dx

¼ 0:
The e-th element of approximate solution is defined by
yehðt; xÞ ¼
X3
i¼1

nei ðtÞw
e
i ðxÞ; e ¼ 1; 2; . . . ;N :
Here nei ðtÞ is continuous with respect to t on ½0; T 
. According to the Dirichlet
boundary, we set n11ðtÞ ¼ nN3 ðtÞ ¼ 0. Then the total approximate solution can be

represented as
yhðt; xÞ ¼
XN
e¼1

yehðt; xÞ ¼
XN
e¼1

X3
i¼1

nei ðtÞw
e
i ðxÞ 2 Vh; 8t 2 ½0; T 
:
Thus by (14), yeh satisfies
ðye00h ;w
e
jÞ þ aðye0h ;w

e
jÞ þ bðryeh;rwei Þ þ dðjyehj

cyeh;w
e
jÞ ¼ ðf ;wejÞ;

ðyehð0Þ;w
e
jÞ ¼ ðy0;wejÞ; ðye0h ð0Þ;w

e
jÞ ¼ ðy1;we

jÞ; e ¼ 1; . . . ;N :

(

Here nei ðtÞ satisfies the following second order differential equations:
P3
i¼1

ne
00

i ðtÞðw
e
i ;w

e
jÞ þ a

P3
i¼1

ne
0

i ðtÞðw
e
i ;w

e
jÞ

þb
P3
i¼1

nei ðtÞðrwei ;rwe
jÞ þ d

P3
i¼1

jneiw
e
i j

cneiw
e
i ;w

e
j

� �
¼ ðf ;we

jÞ;

P3
i¼1

nei ð0Þðw
e
i ;w

e
jÞ ¼ ðy0;we

jÞ;
P3
i¼1

ne
0

i ð0Þðwi;w
e
jÞ ¼ ðy1;wejÞ; e ¼ 1; . . . ;N :

8>>>>>>>><
>>>>>>>>:

ð16Þ
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Set
We ¼ ðwei ;w
e
jÞ
j¼1;2;3
i¼1;2;3 2 M3�3ðRÞ;

Ue ¼ ðrwei ;rwejÞ
j¼1;2;3
i¼1;2;3 2 M3�3ðRÞ;

NeðtÞ ¼ ½nei ðtÞ; n
e
2ðtÞ; n

e
3ðtÞ


t 2 M3�1ðRÞ;
Ne

0 ðtÞ ¼ ½ne0i ðtÞ; n
e0

2 ðtÞ; n
e0

3 ðtÞ

t 2 M3�1ðRÞ;

Ne
00 ðtÞ ¼ ½ne00i ðtÞ; n

e00

2 ðtÞ; n
e00

3 ðtÞ

t 2 M3�1ðRÞ;

F eðtÞ ¼ ½ðf ðtÞ;we1Þ; ðf ðtÞ;w
e
2Þ; ðf ðtÞ;w

e
3Þ


t 2 M3�1ðRÞ;
Y e0 ¼ ½ðy0;we1Þ; ðy0;w

e
2Þ; ðy0;w

e
3Þ


t 2 M3�1ðRÞ;
Y e1 ¼ ½ðy1;we1Þ; ðy1;w

e
2Þ; ðy1;w

e
3Þ


t 2 M3�1ðRÞ
and
GeðNÞ ¼

ðjne1w
e
1j

cne1w
e
1;w

e
1Þ

ðjne2w
e
2j

cne2w
e
2;w

e
2Þ

ðjne3w
e
3j

cne3w
e
3;w

e
3Þ

2
664

3
775 2 M3�3ðRÞ: ð17Þ
Then Eq. (16) can be expressed in the vector form as
WeNe
00 þ aWeNe0 þ bUeNe þ dGe ¼ F e: ð18Þ
By the continuity of nei ðtÞ on ½0; T 
, we have ne3ðtÞ ¼ neþ11 ðtÞ for e ¼ 1; 2; . . . ;N .
To assemble Eq. (18) into an overall equation, we introduce the following
matrixes and vectors:
W ¼

w111 w112 w113

w121 w122 w123

w131 w132 w1
33 þ w211 w212 w213 0

w221 w222 w223

w231 w232 w2
33 þ w311

� � � � � � � � � � � � � � � � � � � � �
0 wN�133 þ wN11 wN12 wN13

wN21 wN22 wN23

wN31 wN32 wN33

2
66666666666666666664

3
77777777777777777775

;
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U ¼

/111 /112 /113

/121 /122 /123

/131 /132 /1
33 þ /211 /2

12 /213 0

/221 /2
22 /223

/231 /2
32 /233 þ /311

� � � � � � � � � � � � � � � � � � � � �
0 /N�133 þ /N11 /N12 /N13

/N
21 /N22 /N23

/N
31 /N32 /N

33;

2
6666666666666666664

3
7777777777777777775

;

N ¼

n1
n2
n3
n4
n5
..
.

n2N�1
n2N

n2Nþ1

2
66666666666664

3
77777777777775
¼

n11
n12

n13ð¼ n21Þ
n22

n23ð¼ n31Þ
..
.

nN�13 ð¼ nN1 Þ
nN2
nN3

2
66666666666664

3
77777777777775
; N0 ¼

n0
1

n0
2

n0
3

n0
4

n0
5

..

.

n0
2N�1
n0
2N

n0
2Nþ1

2
6666666666666664

3
7777777777777775

¼

n1
0

1

n1
0

2

n1
0

3 ð¼ n2
0

1 Þ
n2

0

2

n2
0

3 ð¼ n3
0

1 Þ
..
.

nN�1
0

3 ð¼ nN
0

1 Þ
nN

0

2

nN
0

3

2
666666666666666664

3
777777777777777775

;

N00 ¼

n00
1

n00
2

n00
3

n00
4

n00
5

..

.

n00
2N�1
n00
2N

n00
2Nþ1

2
6666666666666664

3
7777777777777775

¼

n1
00

1

n1
00

2

n1
00

3 ð¼ n2
00

1 Þ
n2

00

2

n2
00

3 ð¼ n3
00

1 Þ
..
.

nN�1
00

3 ð¼ nN
00

1 Þ
nN

00

2

nN
00

3

2
666666666666666664

3
777777777777777775

; G ¼

G1
G2
G3
G4
G5
..
.

G2N�1
G2N
G2Nþ1

2
66666666666664

3
77777777777775
¼

g11
g12

g13 þ g21
g22

g23 þ g31
..
.

gN�13 þ gN1
gN2
gN3

2
66666666666664

3
77777777777775
:
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and
F ¼

F1
F2
F3
F4
F5
..
.

F2N�1
F2N
F2Nþ1

2
66666666666664

3
77777777777775
¼

f 11
f 12

f 13 þ f 21
f 22

f 23 þ f 31
..
.

f N�13 þ f N1
f N2
f N3

2
66666666666664

3
77777777777775
:

Particular, setting he ¼ h, the W, U can be calculated as
W ¼ h
30

4 2 �1 0 0 � � � 0 0 0

2 16 2 0 0 � � � 0 0 0

�1 2 8 2 �1 � � � 0 0 0

0 0 2 16 2 � � � 0 0 0

0 0 �1 2 8 � � � 0 0 0

..

. ..
. ..

. ..
. . .

. ..
. ..

. ..
. ..

.

0 0 0 0 0 � � � 8 2 �1
0 0 0 0 0 � � � 2 16 2

0 0 0 0 0 � � � �1 2 4

2
6666666666664

3
7777777777775
;

and
U ¼ 1

3h

7 �8 1 0 0 � � � 0 0 0

�8 16 �8 0 0 � � � 0 0 0

1 �8 14 �8 1 � � � 0 0 0

0 0 �8 16 �8 � � � 0 0 0

0 0 1 �8 14 � � � 0 0 0

..

. ..
. ..

. ..
. . .

. ..
. ..

. ..
. ..

.

0 0 0 0 0 � � � 14 �8 1

0 0 0 0 0 � � � �8 16 �8
0 0 0 0 0 � � � 1 �8 7

2
66666666666664

3
77777777777775
:

Then by (18), the overall equation in the vector form can be expressed as
WN00 þ aWN0 þ bUN þ dG ¼ F : ð19Þ
We choose Gauss–Legendre quadrature to integrate the nonlinear terms

involving absolute functions. Given the function rðxÞ and an integer m, we can
find a set of weights rj and abscissas pj such that the approximation
Z 1

�1
f ðxÞdx �

Xm
j¼1
rjf ðpjÞ



Table 1

Gauss–Legendre quadrature points and weights

m Points pj Weights rj

6 ±0.2386191861 0.4679139346

±0.6612093865 0.3607615730

±0.9324695142 0.1713244924
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is exact if f ðxÞ is a polynomial. The weights are rj ¼ 2

ð1�p2j Þ½v
0
mðpjÞ
2

, where vmðxÞ are
Legendre polynomials and the abscissas for quadrature order m are given by

the roots of the Legendre polynomials vmðxÞ. The points pj and weights rj on
interval ½�1; 1
 are given in Table 1.
To apply Gauss–Legendre integrate method to the components of gi, we

divide the element interval ½xe; xeþ1
 into m ¼ 6 points, by normalized the

coordination from ½�1; 1
 to ½xe; xeþ1
 to obtain the abscissas pe1; pe2; . . . ; pem on
½xe; xeþ1
 and weights r1; r2; . . . ; rm. Thus, by (17), G is approximated by the new
function Ĝ, its components are given in below.

1-st component
ĝ1 ¼
Xm
j¼1

n11ðtÞw
1
1ðp1j Þ

��� ���cn11ðtÞw11ðp1j Þw11ðp1j Þrj:

2-nd component
ĝ2 ¼
Xm
j¼1

n12ðtÞw
1
2ðp1j Þ

��� ���cn12ðtÞw12ðp1j Þw12ðp1j Þrj:

3-rd component
ĝ3 ¼
Xm
j¼1

n13ðtÞw
1
3ðp1j Þ

��� ���cn13ðtÞw13ðp1j Þw13ðp1j Þrj
þ
Xm
j¼1

n21ðtÞw
2
1ðp2j Þ

��� ���cn21ðtÞw2
1ðp2j Þw

2
1ðp2j Þrj
and so on, till (2N � 1) component
ĝ2N�1 ¼
Xm
j¼1

nN�13 ðtÞwN�1
3 ðpN�1j Þ

��� ���cnN�13 ðtÞwN�1
3 ðpN�1j ÞwN�13 ðpN�1j Þrj

þ
Xm
j¼1

nN1 ðtÞw
N
1 ðpNj Þ

��� ���cnN1 ðtÞwN
1 ðpNj Þw

N
1 ðpNj Þrj:



Q.F. Wang, D.Z. Cheng / Appl. Math. Comput. 162 (2005) 381–401 393
2N component
ĝ2N ¼
Xm
j¼1

nN2 ðtÞw
N
2 ðpNj Þ

��� ���cnN2 ðtÞwN
2 ðpNj Þw

N
2 ðpNj Þrj:
2N þ 1 component
ĝ2Nþ1 ¼
Xm
j¼1

nN3 ðtÞw
N
3 ðpNj Þ

��� ���cnN3 ðtÞwN3 ðpNj ÞwN
3 ðpNj Þrj:
The external input F can be represented by
F ¼

R x2
x1
gðtÞw11ðxÞdxR x2

x1
gðtÞw12ðxÞdxR x2

x1
gðtÞw1

3ðxÞdxþ
R x2
x3
gðtÞw21ðxÞdxR x3

x2
gðtÞw22ðxÞdxR x3

x2
gðtÞw2

3ðxÞdxþ
R x2
x3
gðtÞw31ðxÞdx

..

.R xN�1
xN�2

gðtÞwN�13 ðxÞdxþ
R xN
xN�1

gðtÞwN
1 ðxÞdxR xN

xN�1
gðtÞwN2 ðxÞdxR xN

xN�1
gðtÞwN3 ðxÞdx

2
666666666666666664

3
777777777777777775

: ð20Þ
If the inverse of W exists, we can convert Eq. (19) into the form of matrixes and

vectors as
N
N0

� �0

þ 0 �I
bW�1U aI

� �
N
N0

� �
¼ 0

W�1F

� �
� 0

dW�1ĜðNÞ

� �
: ð21Þ
By introducing
R ¼ N
N0

� �
; M ¼ 0 �I

bW�1U aI

� �
and
F ¼ 0

W�1F

� �
; GðRÞ ¼ 0

dW�1ĜðNÞ

� �
:

(21) becomes
R0 þMR ¼ F�GðRÞ; ð22Þ
which is a first order vector ordinary differential equation. To solve (22), we use
the fourth order Runge–Kutta method (cf. [22]). Once the nei ðtÞ, i ¼ 1; 2; 3 are
known for e ¼ 1; 2; . . . ;N , we can obtain the numerical solution as

yh ¼
PN

e¼1
P3

i¼1n
e
i ðtÞw

e
i ðxÞ on domain ½0; T 
 � ð0; lÞ.
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5. Convergence of the solution

In this section, we consider the convergence of the scheme proposed in

Section 4.
Theorem 8. The numerical solution yh ¼
PN

e¼1
P3

i¼1n
e
i ðtÞw

e
i ðxÞ converges to the

weak solution y as N ! 1.
Proof. We consider the orthogonal basis of H , fwjg1j¼1 consisting of eigen-
functions of A. The interpolation function we

i 2 V � H can be represented by
the linear combination of fw1;w2; . . . ;wmg as we

i ¼
Pm

j¼1 ae;ij wj. Then the global
approximate solution can be expressed by
yh ¼
Xm
j¼1
gjmðtÞwm;
where gjmðtÞ ¼
PN

e¼1
P3

i¼1 nei ðtÞa
e;i
j . Refer to [15] and by the existence theorem

of weak solution, it is easy to verify that fyhg is bounded in L1ð0; T ; V Þ and
fy0hg is bounded in L1ð0; T ;HÞ. Therefore, by the Rellich�s extraction theorem,
we can find a subsequence of fyhg, denotes by itself, and find

z 2 L1ð0; T ; V Þ � L2ð0; T ; V Þ, z0 2 L1ð0; T ;HÞ � L2ð0; T ;HÞ such that
yh ! z weakly � in L1ð0; T ; V Þ and weakly in L2ð0; T ; V Þ; ð23Þ
y0h ! z0 weakly � in L1ð0; T ;HÞ and weakly in L2ð0; T ;HÞ: ð24Þ
By the classical compactness theorem (cf. [1,19]) the conditions (23) and (24)

imply
yh ! z strongly in L2ð0; T ;HÞ: ð25Þ
Then by the well known theorem on strong convergence and (25), we can
extract a subsequence of yh, denote again by yh, such that
yhðt; xÞ ! zðt; xÞ a:e: in ½0; T 
 � ð0; lÞ:
In fact, we can prove that zðt; xÞ is the weak solution yðt; xÞ of (14) via
uniqueness (cf. [15]). This completes the proof of Theorem 8. h



Fig. 2. Initial function y0 ¼ sinð3pxÞ.

Fig. 3. Initial function y1 ¼ cosð3pxÞ.

Fig. 4. Nonlinear input gðyÞ ¼ yjyj3.
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6. Numerical experiments

In this section, we give the simulation based on the numerical solution given

in Section 4, we obtain 3D graphics of numerical solution for the system with

f ¼ 0, taking the initial function y0ðxÞ ¼ sinð3pxÞ (cf. Fig. 2) and y1ðxÞ ¼
cosð3pxÞ (cf. Fig. 3).
Example 6.1. In the simulation given below, we suppose X ¼ ð0; 1Þ,
a ¼ 1:0, b ¼ 1:0, t0 ¼ 0:0, T ¼ 1:0, Dt ¼ 0:01, c ¼ 3, i.e., gðyÞ ¼ djyj3y (cf.
Fig. 4).

Taking d > 0 and changing the value of d, the numerical solution are shown
in figures (a)–(d) below:
In above graphics, we find the frequency of wave increases with increasing

d and numerical solution is bounded in domain ½0; T 
 � ð0; lÞ. This simula-
tion result illustrates Theorem 7 as c > 1, also refer the theoretical results in

[15].

On the other hand, if we take d < 0 and enlarge the value d, the graphics of
numerical solution can be seen in figures (e)–(h) below:
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We found that the frequency of wave decays and the numerical solution
becomes unbounded in the domain ½0; T 
 � ½0; l
. This explains Theorem 6 as

c > 1 (cf. [15]).

Let x ¼ 0:5 be fixed, Fig. 5 shows the change of the numerical solution with
increasing the time on ½0; T 
.
It showed the wave phenomena with enlarging the coefficients of nonlinear

inputs as c > 1, it is also observed that the solution approaches to the stable

state as time increases.
Fig. 5. x ¼ 0:5, c ¼ 3, d ¼ 100:0.
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Example 6.2. In the simulations given below, we suppose X ¼ ð0; 1Þ,
a ¼ 1:0, b ¼ 0:0001, t0 ¼ 0:0, T ¼ 1:0, Dt ¼ 0:05. The initial func-
tions y0ðxÞ ¼ sinð3pxÞ and y1ðxÞ ¼ cosð3pxÞ are shown in Figs. 2 and 3.

The exponent of nonlinear term c ¼ 0:001 and gðyÞ ¼ dyjyjc are shown in
Fig. 6.

We show the numerical solution with change of nonlinear term, the constant

d is the parameter to be adjusted, see figures (a)–(h) below:



Fig. 6. Nonlinear input yjyjc, c ¼ 0:001.

Fig. 7. x ¼ 0:5, c ¼ 0:001, d ¼ 400:0.
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Let x ¼ 0:5 be fixed, the numerical solution with respect to t is shown in
Fig. 7.

We found an obviously frequency change of the wave as d > 0, and the

numerical solution tends to the steady state as time t increases. This case is
another form of Theorem 7 as c < 1.

If we take d < 0, the feature of numerical solution is shown in figure (i)
below:
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Let x be fixed, the numerical solution with respect to time t is shown in figure
(j). Here x ¼ 0:5, t0 ¼ 0:0, T ¼ 1:0 and Dt ¼ 0:01.
It can be found that the graphics is not a regular wave phenomena and the

numerical solution is unbounded on the domain ð0; T Þ � ð0; lÞ. This is another
evidence of Theorem 6 as c < 1.

The graphics in Example 6.2 showed the wave change with increasing

parameter d as c < 1. One can find the numerical solution possessing wave

phenomena.
7. Conclusions

In this paper, we studied the numerical solution using variational method

and finite element approximation. A semi-discrete algorithm has been devel-

oped for the numerical solution of damped nonlinear Klein–Gordon equation,

for two difference exponents c > 1 and c < 1 of nonlinear input, some

numerical experiments were calculated to verify the effectiveness of the scheme.

The wave graphics of the dynamics systems have been provided for the various

physics parameters. Meanwhile, we can view the tendency with respect to the

time. The results revealed the behavior of solution of nonlinear Klein–Gordon
equation.

Comparing the research results of the equations on physical field (cf.

[10,16]), the periodic wave, narrow kink, oscillating kink phenomena can be

found in our simulation. It verifies the efficient of the numerical treatment to

damped nonlinear Klein–Gordon equation.
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