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Stability of switched linear systems via cascading
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Abstract; In order to investigate the problem of quadratic stability of switched linear systems via
cascading, all the real invariant subspaces of a given linear system were investigated, and the
result was used to provide comparable cascading form of switching models. Using the common
cascading form, a common quadratic Lyapunov function (CQLF) can be found by the set of
CQLF of diagonal blocks.
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1 Introduction

In recent years, one important topic in investigating switched systems is the stability!!+2]

. A very
natural way, but not necessary, is to find a CQLF for all switching models. Such a Lyapunov function
suffices for the stability of systems under arbitrary switchings. For linear switching models the quadratic
Lyapunov function plays an important role.
Definition 1 Consider a switched linear system
= Ay, x ER" (1)
where 6 (t):[0, ©©)—>A is a measurable mapping, and A= {1,--, N}. The system(1) is said to be
quadratically stable if there is a positive definite matrix P >0, such that
PA; + ATP <0 (i € A) (2)
If (2) holds, we say that (1) shares a CQLF. Many different methods have been used to solve
(2)13~3), Recently, a necessary and sufficient condition for the existence of CQLF for a set of stable
matrices was presentedm. In fact, [6] provides a numerical method for the existence. Only when =2, it
becomes an easily verifiable, necessary and sufficient condition. Stabilization for switched system is an even
harder problem, for planar switched linear systems a necessary and sufficient condition was given in [7].

For n >2, the problem remains open. An useful result is given in the following.

Theorem 1®) Let A;,i € A be a set of Hurwitz matrices with same block upper triangular structure,
i.e.
Al_l Al2 ces Als
0 AZ - AF
A,‘ = . .' 'l ? e A (3)
0 0 - AS
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where A¥(k=1,-,5) are n, X n, matrices. Then A; share a CQLF, iff A* share a CQLF forall k=1,
s,

The purpose of this paper is to investigate when the switched linear system (1) can have the cascade
form (3). Then Theorem 2 can be used to test the quadratic stability and stabilization of the system.

The paper is organized as follows. Section 2 considers the relationship between the cascade form and
invariant subspaces. Section 3 provides a complete description of the invariant subspaces of a given linear
system. Section 4 investigates the quadratic stability by using cascading realization. Some examples are
included. Section 5 is the conclusion . All the proofs of proposition and Theorems are omitted because of the

space.

2 Cascade form vs invariant subspace

In this section, it is shown that for a given matrix its cascade form is closely related to its invariant
sub-spaces, which are defined as follows:

Proposition 1 A;,i & A can be converted into the cascade form (3), iff there exists a quasi-flag such
that AV,CV,forall j=1,,5s—1.

Definition 2 For a linear system z = Az,z €R", a subspace vCR" is called A-invariant if AVC V

Definition 3 A sequence of nested subspace of R", V,;C--C V,_;C V,=R" is called a quasi-flag.

Next it is considered when A; in system(1) can be converted into the cascade form (3) simultaneously.

3 Structure of invariant subspaces

In this section we investigate the structures of all real invariant subspaces of a given matrix A. Suppose
the minimum polynomial of A has the form as the following:

m(2) = (A = 2" (2 = )% = 7)) = 7)) (A = 7)) (A = 7)) (4)
where A,,t=1,",k;7;,=a;+ Bi,j=1,-,s, are two groups of different real and complex eigenvalues of
A respectively.

Lemma 1!®)  The whole space R" can be decomposed into several kernel spaces as
R"=VB-DV,OW, D DW, (5)
where  V; = ker(A — AI)%,t = 1,-,k, W; = ker(A% —2aA + (a®> + B)I),j = 1,,s
Proposition 2 If H is A-invariant, then H=H V,D---@GHN V,PHN W, H---BHN W,
Using this Proposition, the supposition that matrix A has only one real eigenvalue or a pair of
conjugate complex eigenvalues is reasonable.
(A1) Matrix A, , has a real eigenvalue A and T ! TA = diag{],lxsl(l)---],_x :_(A) by
where T=[ej rey, , el ep].
Now the author is ready to find any ¢-dimensional A-invariant subspace, say H. The auther denot

s=max{s;[i=1,,m}, Using Z, for the set of positive integers, the auther defines

J

K =1k =(k, k)€ Z t<m, Dk =t,0<k<hy<sl (6)
j=1

Proposition 3 Assume (A1) holds for A,«,, then for each 2 € K, there exists a t-dimensional

subspace H which can be decomposed into a direct sum of z(§;,A), if [}, ,,¢, , 1, j=1,,7, are

Ms
M"—

linearly independent, where it is assumed a set of vectors in H can be expressed as & =

¥ ¢ ¢ and

1
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Z(el’A) ZSPaH{Ej,AEj,”',AkJ_IE} .

(A2) Matrix Aj,x2, has a pair of conjugate complex eigenvalues a *+ Bi, and under basis T=[e},

et ,el -, eZn], A can be expressed as classical form T 'AT = diag{]Z:]XZSl s s J2s x2s 1. The

L

s ~o ~e ~
auther proposes another form for convenience , which is T "'A T = diag {12’1"2’1 v J2s x2s |. Proving
m m

the following relationship, the auther denotes C=A — AI, B=A2—2aA + (% + gI.

~

T = [77{"‘77%",“',771,1”‘772,,51] 771_25._ = 2%, 77%:[,—1 = B Ce? 77%:‘-2 = B B2 771:.:!_—3 = B"2CBe2"
77%5[_—4 — ‘B_ZBZG;ZS" 77% — B-(n—l)Bn—leiZ.vl_ 77} — ‘B—an—lceiZSi

elpd) el B

D E 0 - 0 D E 0 0

0 D O 0 N 0 D O 0
JZSiXZSl_i =|: ]2:lx2sli =

6 0 0 - E 0 0 0 - E

0 0 0 - DJ 0 0 0 - D

Similar to Proposion 3, we have the following result, here K, is defined as {(6).
Proposition 4 Assume (A2) holds for Ay, x2,. Then for each k € K, there exists a 2¢-dimensional

subspace H which can be decomposed into a direct sum of z (&, A), if [ s = hap s = Crop -1 -
s J ’
Aap -1, [rop -1 — c’;,,,2,, -1 ,c’-l’y, "'le,u,](]' =1,--,t) are linearly independent, where we assume a
J ’ s ’ s

24
set of vectors in H can be expressed as & = chfmf and z(&,A) =span{§;,Ag, -, A 7 1g ).

i=l=1
Using Propositions 2, 3 and 4, we can put blocks of different eigenvalues together. Denote by Z, the

set of non-negative integers and define an index set as

k k+s
M, = {/‘ = (F‘l“'/‘lzvl‘k+1"'s#k+;) € Zl(l]+s |;E#,’ +2 E w =t}
i=1 l=k+1

Theorem 2 Assume a matrix A has its minimum polynomial as (4) and R® is decomposed as (5).
Then a z-dimensional real A-invariant subspace H is a direct sum of H(i=1,--,k+5). Each set of {H,;|
is generated from one ¢ € M,. That is, a u;-dimensional subspace H,(i =1,--,%) are obtained from vV,

and a 2 g , ;-dimensional subspace Hy.;(j=1,-+,s) are obtained from W,.

4 Example

Find the CQLF of A,;,7=1,2,

10 -10.5 7 -5 -7 3 -3 2
103 -1373 1073 -2 0 -4 0 0
A = Ay =
46/3 —4373 19/3 -6 -8 8 -9 4
40 -37.5 20 -17 - 5573 55/3 —-40/3 6
Stepl : with straightforward calculating, A, has Jordan form as follows:

-1 1 0 0 -3 1 0 0

. 0 -1 0 0 . 0 -3 0 0
Tl Al Tl = s T2 A2T2 = s

0 0 -1 0 0 0 -4 0

0 0 0 -2 0 0 0 -4


http://www.cqvip.com

D000 http://iwww.cqvip.com|

% 3% ZHU Yahong, et al. : Stability of switched linear systems via cascading - 411 -
1 3 9 5 1 -1 2 -2
0 2 8 2 0 0 2 0
where T, = , T =
2 3 5 6 2 1 0 -4
5 5 10 16 5 00 -9

Step2 : Compute all invariant subspaces of A;,Denote T: = Leres], Ty:= [1]1 1]4] .
(1) 1-dimensional invariant subspace of A;, Vi =spania e, + by esl, V3 =spanie,l
1-dimensional invariant subspace of A,, U} =spanic; 73t d,y 74t U? = span| 1]1}
(2) 2-dimensional invariant subspaces of A;, V}=spanle;,esl, V3=spanie; + be; + ces, e b
Vi=VvidVi
2-dimensional invariant subspaces of A,, U} =span{ 7 72t U3 = spant g3, 741, U3 = UipU?
Step3: By solving equation,if we choose a; =1,6,=0,a,= —1,6,= -1 and ¢; =1,d{ =0, then
under T=[7%y, 93, 72> 72], Ay and A, have the same block upper triangle structure.
Step4: Using the method in [1], we can find CQLF P of T 'AT.
StepS: Back to the original coordinate frame (T HTP(T™!) is the CQLF of A;.

5 Conclusion

This paper provided a systematic method to find all possible real quasi-flags for a given matrix. Using
it, the switched linear system can be expressed as a cascading form. Using this form the verification of
quadratic stability for the switched system can be simplified a lot. The results will be used to solve the

quadratic stabilization problem.
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