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Abstract：In order to investigate the problem of quadratic stability of switched linear systems via 

cascading，all the real invariant subspaces of a given linear system were investigated，and the 

result was used to provide comparable cascading form of switching models．Using the common 

cascading form ，a common quadratic Lyapunov function(CQLF)can be found by the set of 

CQLF of diagonal blocks． 
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1 Introduction 

In recent years．one important topic in investigating switched systems is the stability[ '2。
．  A very 

natural way，but not necessary，is to find a CQLF for all switching models．Such a Lyapunov function 

suffices for the stability of systems under arbitrary switchings．For linear switching models the quadratic 

Lyapunov function plays an impo rtant role． 

Definition 1 Consider a switched linear system 

主： A (t)aT．， X∈R” (1) 

where d(t)：[0，∞) A is a measurable mapping，and A={1，⋯，N}．The system(I)is said to be 

quadratically stable if there is a positive definite matrix P>0，such that 

PA +AT尸<0 ( ∈A) (2) 

If(2)holds，we say that(1)shares a CQLF．Many different methods have been used to solve 

(2)[3-5】．Recently，a necessary and sufficient condition for the existence of CQLF for a set of stable 

matrices was presented[6。
． In fact，[6]provides a numerical method for the existence．Only when，z=2，it 

becomes an easily verifiable，necessary and sufficient condition．Stabilization for switched system is an even 

harder problem．f0r planar switched linear systems a necessary and sufficient condition was given in[7]． 

For，z>2．the problem remains open．An useful result is given in the following． 

Theorem 1 16 J Let A 
，i∈A be a set of Hurwitz matrices with same block upper triangular structure， 

i e． 

A = 

A 

A； 
● 

： 

0 

A 

A 
i∈ A 
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where A (k=1，⋯，s)are，ẑ×，ẑmatrices．Then A share a CQLF，iff A share a CQLF for all k=1， 

⋯

， S ． 

The purpose of this paper is to investigate when the switched linear system (1)can have the cascade 

form (3)．Then Theorem 2 can be used to test the quadratic stability and stabilization of the system． 

The paper is organized as follows．Section 2 considers the relationship between the cascade form  and 

invariant subspaces．Section 3 provides a complete description of the invariant subspaces of a given linear 

system．Section 4 investigates the quadratic stability by using cascading realization． Some examples are 

included．Se ction 5 is the conclusion．All the proofs of proposition and Theorems are omitted because of the 

space． 

2 Cascade form vs invariant subspace 

In this section，it is shown that for a given matrix its cascade form is closely related to its invariant 

sub．spaces，which are defined as follows： 

Proposition I Af， ∈A can be converted into the cascade forill(3)，iff there exists a quasi．flag such 

that AVjc Vj for all J=1，⋯，s一1． 

Definition 2 For a linear system =Ax， ∈R ，a subspace C R is called A．invariant if AVC V 

Definition 3 A sequence of nested subspace of R ，V1c ⋯ c 一1c =R is called a quasi．flag． 

Next it is considered when Af in system(1)can be converted into the cascade form (3)simultaneously． 

3 Structure of invariant subspaces 

In this section we investigate t 

the minimum polynomial of A has 

T／1(．=【)= (．=【一．=【1) -· 

he structures of all real invariant subspaces of a given matrix A ．Suppose 

the form as the following： 

· · (．=L一．=L点) ·(．=L—y1) -(．=L— 

where．=【‘，t 1，⋯ ，k； = a。+ ， =1，⋯ ，s，are two groups 

A respectively． 

y1) 一·(．=【一y ) ，(．=【一 ) ， (4) 

of different real and complex eigenvalues of 

1．emma 1 L J The whole space R can be decomposed into several kernel spaces as 

R = V1 0 ⋯0 0 W1 0 ⋯0 (5) 

where =ker(A 一．=【‘ ) t，t= 1，⋯，k，Ⅵ ：ker(A 一2aA +(0t + ) )， =1，⋯，s 

Proposition 2 If H is A-invariant，then H=HN V10⋯0HN 0Hn w10⋯0Hn 

Using this Proposition， the supposition that matrix A has only one real eigenvalue or a pair of 

conjugate complex eigenvalues is reasonable． 

(A1)Matrix A × has a real eigenvalue．=【and T TA=diag{J 
．(．=【)⋯ × (．=【)}， 

where T=[ei⋯P ，⋯，P ⋯P ]． 

Now the author is ready to find any f—dimensional A．invariant subspace，say H
． The auther denot 

s max{ I =1，⋯，m f，Using Z十for the set of positive integers，the auther defines 
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Z(e，A) span{e，Ae，⋯，A ，一 }． 

(A2)Matrix Az has a pair of conjugate complex eigenvalues口±pi，and under basis T=[el，⋯， 
P 一 ，P1

m ，⋯ ，P，，l
2s

m ]，A can be expressed as classical form 丁 A丁=diag{J2 
．

， ⋯ ，J2 }．The 

auther proposes another form for convenience，which is丁一 A丁=diag{J2 
l
×2 ⋯，J2 }．Proving 

the following relationship，the auther denotes C=A 一2I
， B=A 一2m4+(口 +口 ) ． 

丁=[ }⋯ ，⋯， ’ t] = - ～=卢一 一 =p-iB 2 s。-3=卢一zc& 
～

=fl-2B P ；=fl-(n-1)B P ‘ l_卢一 

。 =(一二 )E=( )～E=( ：) 

J2 2 = 

D E 0 ⋯ 

0 

： 
●  

0 

0 

D 0 

0 

0 

0 0 ⋯ E 

0 0 ⋯ D 

Similar tO Proposion 3，we have the following result
， here Kf is defined as(6)． 

Proposition 4 Assume(A2)holds for A2 X 2n．Then for each k∈Kf there eXists a 2￡一dimensiona1 

subspace H which can be decomposed into a direct sum of z(e，A)，if[c-I
，
2 ⋯  

，2̈ 一c_IⅢ一l⋯一 

， 

，

一

1 J，【 ， 
，

一 1⋯ 一 
， 

．

一 1，一， 
．

⋯  

． 
．

]( =1，⋯，r)are linearly independent，where we aSSume a 

m  
2k

t 

of tOrs in H can be exprassed as乞 善 ，f and z(e，A)=span{e，Ae，⋯，A 一 e f． 
Using Propositions 2，3 and 4，we can put blocks of different eigenvalues together

． DenOte by Z0 the 

set of non—negative integers and define an index set as 

+ 

=

{ =( 1⋯ ， ̈ ⋯， )∈ I，∑一十2∑ f=t} 

Theorem 2 Assume a matrix A has its minimum polynomial as(4)and R“is decomposed as(5)
． 

Then a￡一dimensional real A—invariant subspace H is a direct sum of H (i=1，⋯，k+s)
． Each set of{Hi} 

is generated from one ∈ ．That is，a —dimensional subspace Hi(i=1，⋯，k)are obtained from 

and a 2,uk+ —dimensional subspace + ( ：1，⋯，s)are obtained from Wi． 

4 Example 

Find the CQLF of A ，i 

10 

10／3 

46／3 

=1，2． 

10．5 7 

13／3 10／3 

43／3 19／3 

5 

2 

6 

40 — 37．5 20 — 17 

A2= 

一 7 3 

0 ——4 

— 8 8 

— 55／3 55／3 

Stepl：with straightforward calculating，A has Jordan form as foilows： 

丁 A1丁1= ，丁i A2丁2= 

一

3 1 

0 — 3 

0 0 

0 0 

—

3 2 

0 0 

— — 9 4 

40／3 6 

= 

2  
× 

2  ～ 

0 0 E D 

0  0  O  0  

E D O 0 

D 0 O 0 

0  O  0  4  

— 

0  O  4  0  

0  0  0  2  

— 

0  0  1  0  

— 

1  1  0  0  

～ 

1  0  0  0  

— 
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where T1= ，T2： 

Step2：Compute all invariant subspaces of A ，Denote TI：=[el⋯e4]，T2： 【711⋯ 4 J． 

(1)1一dimensional invariant subspace of A1，V}=span{alP1+blP3}，V；=span{P4} 

I-dimensiona1 invariant subspace of A2，U{=span{c1 3+d1 4}，u}=span{ 1} 

(2)2一dimensional invariant subspaces of A1，V!=span{P1，P3}，V；=span{e2+be1+ce3，el}， 

Vi=Vl0V{ 

2-dimensiona1 invariant subspaces of A2，U!=span{ 1，'72}，U；=span{ 3， 4}，Ui=ul~u} 

Step3：By solving equation，if we choose。1：1，b1=0，n2 一1，62 一1 and Cl 1，dl 0，then 

under T：[ 1， 3， 2， 4]，AI and A2 have the same block upper triangle structure· 

Step4：Using the method in[1]，we can find CQLF P of丁一 A T． 

SteD5：Back to the original coordinate frame(T一 )TP(T一 )is the CQLF of Af． 

5 Conclusion 

This paper provided a systematic method to find all possible real quasi—flags for a given matrix．Using 

it．the switched linear system can be expressed as a cascading form ．Using this form  the verification of 

quadratic stability for the switched system can be simplified a lot．The results will be used to solve the 

quadratic stabilization problem． 

References： 

[1]JEON D，TOMIZUKA M．Learning hybrid force and position control of robot manipulators[J]．IEEE Trans Robot，1996， 

9：423—431． 

[2]SIRA—RANIREZ H．Nonlinear P-I controller design for switch mode de-to-de power converters[J]．IEEE Trans Circuits 

Syst，1991，38(4)：410—417． 

[3]LIBERZON D，HESPANHA J P，MORSE A S．Stability of switched systems：a Lie—algebraic condition[J]．Sys Contr 

Lett，1999，37(3)：117—122． 

[4]OOBA T，FUNAHASHI Y．Two conditions concerning common QLFs for linear systems[J]．IEEE Tram Automat 

Contr，1997，42(5)：719—721． 

[5]SHORTEN R N，NARENDRA K S．Necessary and sufficient condition for the existence of 

Lyapunov function for M-stable linear second order systems [Z]．Proc 2000ACC，2000：359—363． 

[6]CHENG D，GUO L，HUANG J．On quadratic Lyapunov functions[J]．IEEE Trams．Aut．Contr 

890． 

[7]CHENG D．Stabilization of planar switched systems [J]．Sys Contr Lett，2004，51(2)：79—88． 

[8]WAN Zhexian．Lie Algebra[M]．Beiiing：Science Press，1964：31—34． 

a cornriloll quadratic 

，2003，48(5)：885 

(责任编辑 张祥合) 

2  0  4  9  

一 一 一 

2  2  0  0  

1  0  1  0  

— 

1  0  2  5  

5  2  6  

9  8  5  

3  2  3  5  

1  0  2  5  

维普资讯 http://www.cqvip.com 

http://www.cqvip.com

